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The angular distribution of gravitational-wave power from persistent sources may exhibit
anisotropies arising from the large-scale structure of the Universe. This motivates directional
searches for astrophysical and cosmological gravitational-wave backgrounds, as well as continuous-
wave emitters. We present results of such a search using data from the first observing run through
the first portion of the fourth observing run of the LIGO-Virgo-KAGRA Collaborations. We apply
gravitational-wave radiometer techniques to generate skymaps and search for both narrowband and
broadband persistent gravitational-wave sources. Additionally, we use spherical harmonic decom-
position to probe spatially extended sources. No evidence of persistent gravitational-wave signals is
found, and we set the most stringent constraints to date on such emissions. For narrowband point
sources, our sensitivity estimate to effective strain amplitude lies in the range (0.03 — 8.4) x 1072*
across all sky and frequency range (20 — 160) Hz. For targeted sources—Scorpius X-1, SN 1987A,
the Galactic Center, Terzan 5, and NGC 6397—we constrain the strain amplitude with best limits
ranging from ~ 1.1 x 1072° to 6.5 x 1072*. For persistent broadband sources, we constrain the
gravitational-wave flux Fag??’UL(QE) Hz) < (0.008 —5.5) x 10~ ergecm ™25~ Hz~!, depending on the
sky direction 7 and spectral index o = 0, 2/3, 3. Finally, for extended sources, we place upper
limits on the strain angular power spectrum 021/2 < (0.63 — 17) x 107 10sr~ 1,

I. INTRODUCTION two kinds of anisotropy: large-scale and local. Large-
scale anisotropies may arise from the uneven distribu-
tion of sources on cosmological scales [26H34], propaga-
tion effects due to large-scale structures along the line of

sight [35], and kinematic anisotropies caused by the mo-

A gravitational-wave background (GWB) is a diffuse
signal resulting from the incoherent superposition of nu-

merous unresolved gravitational wave (GW) sources. Its ! .
stochastic nature may stem from either the formation tion of the observer relative to the GWB rest frame [36-

mechanisms of the sources or the limited sensitivity of 40]. In contrast, local anisotropies can be caused by
current detectors. A wide range of sources is expected nearby, spatially clustered sources, for example a con-
to contribute to the GWB, each with distinct character- centration of millisecond pulsars in regions such as the
istics and frequency signatures. The GWB is typically Galactic plane and Virgo cluster, leading to prominent
categorized into two main types: the astrophysical GWB hotspots in the sky [30], 41H45].

[1], arising from unresolved sources such as compact bi- The LIGO-Virgo-KAGRA Collaboration (LVK) has
nary coalescences [2H6] and rotating neutron stars [7HI5],  set progressively improved upper limits (ULs) on the

and the cosmological GWB [16], potentially generated by
early-universe phenomena such as inflation [I7HI9], cos-
mic strings [20H23], or phase transitions [24] [25].

While to first order the GWB is expected to be ho-
mogeneous and isotropic across the sky, it may exhibit

* Deceased, September 2024.

GWB energy density of both isotropic and anisotropic
components [46H54]. To look for GWB anisotropies,
the LVK performs directional searches using a GW-
radiometer algorithm to generate skymaps and a
spherical harmonics (SPH) decomposition to compute
angular power spectra [55H57]. These tools can be used to
identify cosmological, astrophysical, or local anisotropies.
In addition, the GW radiometer algorithm designed to
search for GWB is also well suited to look for other types



of persistent GW sources, including continuous gravita-
tional wave (CGW) sources.

Until the third observing run (03), the pixel-based
anisotropic searches [51H53] performed by LVK, targeting
point-like persistent sources, typically followed two ap-
proaches: narrowband radiometer (NBR) searches, which
focused on specific directions (Scorpius X-1, the Galac-
tic Center, SN 1987A, etc.) across multiple narrow fre-
quency bins, and broadband radiometer (BBR) searches,
which scanned the entire sky but averaged over a wide
frequency range. As a result, the prospects of detect-
ing unknown anisotropies were limited, since neither ap-
proach could simultaneously explore the full angular and
spectral properties of the signal. In addition, matched-
filtering-based searches for persistent signals from galac-
tic or extragalactic sources, such as neutron stars [68-
60] or boson clouds around black holes [6IH63], are com-
putationally expensive and inherently limited by signal
modeling assumptions. To address this limitation, we in-
troduced a new strategy in O3: performing directional
searches in narrow frequency bins across the whole sky.
This approach, formalized as the all-sky-all-frequency ra-
diometer (ASAF) search [54], enables a more comprehen-
sive exploration of potential anisotropic signals without
prior assumptions on their location or frequency content.

All of the above searches are performed in pixel basis,
which is well-suited for probing localized sources. How-
ever, as mentioned above, GWB anisotropies can also be
expanded in the SPH basis, which is more appropriate
for studying extended or diffuse sources. The LVK has
also conducted searches using the SPH basis and reported
ULs on the angular power spectra using data up to O3
[EIH53].

In this paper, we present results from all four analy-
ses: ASAF, targeted NBR, BBR, and SPH, performed
on the LVK observational data from the first observing
run (O1), second observing run (02), O3, and the first
portion of the fourth observing run (O4a). These anal-
yses benefit from data collected by an increasingly sen-
sitive global network of GW detectors, whose improved
sensitivity over the years has significantly enhanced our
ability to probe anisotropic sources of persistent GWs.
Despite this progress, we do not find evidence for such
sources in any of the four analyses and therefore set ULs
on the GW emission depending on specific sky directions
or angular scales.

We note that this paper has two companions, one fo-
cusing on new results of the isotropic GWB search [64]
and the other discussing cosmological implications of the
new isotropic search results [65].

The paper is organized as follows. In Sec.[[I} we intro-
duce the GW radiometer algorithm and search method-
ologies. In Sec. [[TI, we present results from ASAF ra-

1 We note that the estimator constructed via cross-correlation is
nearly optimal, given that the auto-correlation is not utilized to
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diometer search, targeted NBR search, BBR search, and
SPH search for extended sources. Finally, in Sec. [[V] we
summarize our findings and outline prospects for future
searches. Comprehensive descriptions of the individual
analyses can be found in the Appendices.

II. MOTIVATION AND METHODS

A. Gravitational Wave Radiometer

The dimensionless GW energy density parameter,
Qcw(f, ), characterizes the energy content of the GWB
per unit logarithmic frequency f and unit solid angle in
the direction n. It is given by

Qo (f.7) = 25 p(f. i 1
GW 7n) 3H§f P(fan)’ ()

where P(f,n) denotes the one-sided power spectral den-
sity (PSD) of the GW strain field. This quantity cor-
responds to the second moment of a stationary, Gaus-
sian, and unpolarized stochastic GW signal [66]. Hy =
67.9kms~'Mpc~! in the above equation denotes the
Hubble constant [67].

We aim to measure the angular distribution of the
GWB, ie., P(f,n), by performing a cross—correlatioﬂ
between data from a pair of detectors (usually referred
to as baseline, denoted by I, with the subscripts ¢ = 1,2
labeling the two detectors) that are geographically sep-
arated. We construct the cross spectral density (CSD)
estimator:

cltf) = §i(t f) 5t 1), (2)

T wyiws

where §;(t; f) represents the short Fourier transform
(SFT) computed from a time segment centered around
time ¢, using a 50% overlapping Hann window with a seg-
ment duration of T' = 192 s. The factor wiws accounts
for the effect of windowing on the estimator [68], 69].

In the presence of Gaussian, additive, and stationary
noise—assumed to be uncorrelated between detectors at
different sites—the noise- and source-averaged correla-
tion, denoted by (-); v, is given by

(1t )i = / Par (6 £ ) PR, (3)

which encodes information about the source anisotropy.
The overlap reduction function (ORF) [70H72],
vI(t; f,7), acts as a transfer function by mapping
the spatial distribution of GW power onto the measured
cross-correlation. It depends on the signal frequency, the
observation time, the source sky location, the individual
detector response functions, and the distance between
the detectors.

detect the GWB signal [50].
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To probe specific types of angular distributions, we discretize the sky P(f,7) using an appropriate basis e, (), i.e.,
) =Y Pulf)euli). (4)
I

The explicit expression for the ORF in an appropriate basis is given by

Vh(t; f) =
A=+,x

> /dQnFl R

o o Azl (t)n
F(t,n) e (i) e 2= (5)

where FiA denotes the individual detector response functions, and Az’ is the separation vector between the detectors.

In this article, we utilize two types of bases: (i) the pixel
basis e, (f) = §?(f—n,,) under the assumption the source
is localized in the direction 7,; and (ii) the SPH basis
eu(n) = Yo (n), with p = (¢, m), under the assumption
the source is spatially extended. We note that the esti-

J

(

mators can be transformed between pixel and SPH basis
via forward and inverse SPH transforms [73]. Addition-
ally, it is important to note that e, () = Yyo(72) corre-
sponds to the isotropic component of the GWB angular
distribution.

Assuming that the CSD for each time segment is a Gaussian random variable, the maximum likelihood estimator
for GWB anisotropy, P.(f), (for positive frequency) is obtained by maximizing the joint likelihood across different

times and baselines as in Ref. [54], and it reads

T —1

Pulf) =D (O e (1) X (). (6)

7%

Here, Xy is the narrowband dirty map and I'y is the narrowband Fisher information matriz, defined as follows

[54, [74):

X;=~}-N;'-Cy,

I‘fzﬂy}-Nfl Y

Xu(f) X

ViR (s f) CL(t; f)
IMZQGI Py(t; f) Pa(t; f)
(s (7)

where Ny denotes the covariance matrix for the CSD and P o(¢; f) are the noise one-sided PSDs. The narrowband
skymaps in the above equations are the foundation of all the anisotropic analyses in this paper.

B. All-sky All-frequency radiometer search

The ASAF radiometer search targets point-like, persis-
tent, narrowband GW sources by scanning the frequency
band and the sky using a HEALPix grid (Ngige = 16)E| [75]
and a frequency bin of 1/32 Hz. Such sources can exhibit
two types of waveforms in the time domain: (i) CGW
signal from a single GW source, and (ii) a narrowband
GWB arising from multiple unresolved sources along a
given line of sight, resulting in an incoherent signal. Be-
ing an unmodeled search, the radiometer search is ro-
bust against the signal model and serves as an alternative
for detecting GW signatures from poorly known sources,

2 This results in a sky grid with 12 N
ering 13.4 deg?.

= 3072 pixels, each cov-

slde

(

e.g., neutron stars having frequent glitches and/or ac-
cretion from a binary companion [76] or unknown CGW
sources [60].

We compute the point estimate, which serves as an
estimator for the signal power and its associated uncer-
tainty due to random noise. This is achieved by utilizing
narrowband dirty maps and the Fisher information ma-
trix shown in Eq. , both constructed in the pixel basis,
as described by the equations below

where there is no summation over n. Owing to the
baseline’s blind spots, the Fisher information matrix in
the pixel basis is highly ill-conditioned [56| [77H8T]. To
avoid introducing numerical noise due to inversion of in-
sensitive modes and their dependence on regularization,



we proceed without incorporating pixel correlations. As
shown in Ref. [80], this approximation is justified given
the current detector sensitivity when constructing clean
map estimators.

C. Targeted-narrowband radiometer search

The radiometer algorithm can be used in a pixel-based
approach to target specific sky locations. For this anal-
ysis, five astrophysically motivated locations have been
selected: three of them—Scorpius X-1, the Galactic Cen-
ter, and the supernova remnant SN 1987A—were also an-
alyzed in previous directional stochastic searches [51H53],
while two globular clusters, Terzan 5 and NGC 6397, are
introduced as new targets. These sources span a range
of astrophysical scenarios, including accreting neutron
stars, dense stellar environments, and young supernova
remnants, and are all plausible hosts of CGW emission
[60]. A brief overview of each source and its relevance to
GW searches is provided in Appendix [C1}

Unlike the ASAF search, targeting specific locations
allows us to account for the specific signal spread caused
by Earth’s Doppler modulation or the intrinsic character-
istics of the source. To do so, we combine the information
from nearby frequency bins by performing a running av-
erage throughout the entire search frequency range. The
characteristic window of the average is defined as the N
neighboring bins around a fixed frequency bin required
to recover all the power spread by the phase evolution of
the source. The output of the bin combination is a new
power spectrum with the same original frequency resolu-
tion § f, but now accounting for the frequency variations
of the signal throughout the observation time. The de-
tails regarding how the values of N can be determined

are given in Appendix

D. Broadband radiometer search

The BBR search is designed to measure the GWB en-
ergy density from point-like sources across the sky and
serves as a crucial tool for identifying persistent sources
when there is stochasticity in the phase evolution of the
signal due to a large number of sources. This search
still relies on the same methods as in the ASAF analy-
sis, while further assuming the point-like GWB sources
are broadband in frequency with an angular power spec-
tral density P(f, 7). Throughout this work, we search for
GWBs whose P(f, 1) can be factorized in one frequency-
dependent and one angular-dependent factor [36], 53, 66],
namely:

P(f, ) = Pa, (f) 8% (i — o) = H(f) P(2),  (9)

where H(f) is the spectral shape of the GWB, normal-
ized such that H(fif) = 1, with fief = 25 Hz [50, [53].
We model H(f) as a simple power law, characterized by
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a spectral index « that is fixed throughout the search,
such that [60]

a—3
H(f)= H(f; @, fret) = (fif) , (10)

P(ﬁ) = ,P<ﬁ7 a, fref) = Poc,ﬁo (fref) 52<’fl — ’ﬁo) . (11)

We consider three different GWB power-law models: o =
0, consistent with a cosmological GWB from slow-roll
inflation or cosmic strings [16]; o = 2/3, compatible with
an astrophysical GWB from compact binary coalescence
(CBC)s [M]; and a = 3, corresponding to a flat strain
power spectrum [82].

By following the same maximum-likelihood approach
presented in Sec. [[TA] one can derive the expressions for
the broadband dirty maps and Fisher matrix:

XﬁZZH(f)Xﬁ(f)y (12)
f
Dan = ZHQ(JC) Caar(f), (13)
f

with X;(f) and Tsz (f) from Eq. (7)), and the maximum-
likelihood estimator for P (1)

5 _ L HWDo*()Paf)
X AR
We rescale this estimator to express it in units of the

GW energy flux spectrum at the reference frequency fief,
where P(fref, 1) = Pai given H(fref) = 1, as

(14)

3
N mC .
fa,ﬁ(fref) = E fl?efpa,ﬁ . (15)

E. Spherical harmonics search

This analysis is intended to search for an anisotropic
distribution of spatially extended sources with a broad-
band spectrum, as opposed to the point sources targeted
by the radiometer analyses discussed above. While we
follow the same factorization as given by Eq. @ of the
BBR search, we adopt the SPH functions as a basis to
characterize the anisotropies of extended sources [57]

Linax

14
PUfa)=H()DY Y. PomYem(d),  (16)

£=0 m=—1¢

where Y},,(72) is an SPH function of the mode (£, m) eval-
uated at the sky position n . Since now we search for
a GWB signal with a broadband spectrum, we construct
a broadband version of the P estimator from its narrow-
band counterpart, following the derivation in Eq. but
adapted to the SPH basis. The P estimator is referred to
as the clean map, and the inversion of the Fisher matrix
physically represents the deconvolution of the antenna
pattern and detector noise.



To interpret the anisotropies of GWBs under the as-
sumption of statistical isotropy, we are more interested
in the angular power of estimated Py,,, rather than their
specific realization on the sky. Therefore, we introduce
the estimator of the angular power spectrum in the unit
of sr=2

Com (P0) LS (1P ()
L= SHg 2€+1 m R)tmm|

(17)
with its variance (under the weak-signal limit) given by:
N 2r2f3 \* 2 2
Var[Cy] ~ rof % m,fm’ )
ar(Ci] < 3H? ) 20+ 1) mzm |(ER e, e

(18)

3R is the covariance matrix of the regularized clean-map
estimator, defined as:

Sp=Tx' T -Ty', (19)

where T is the Fisher matrix of the dirty map on the SPH
basis and I'y is its regularized version, whose details can
be found in Appendix

Also, due to the angular resolution limit, we perform
the analysis for SPH modes only up to the angular scale
given by liax = 3,4, 16 for a« = 0,2/3, 3, respectively [5I-
53]. Technical details concerning the Fisher-matrix regu-
larization as well as the angular resolution are discussed
in Appendices and We eventually compare this
Cy estimator to its theoretical predictions to character-
ize a potential signal or to place constraints on relevant
theoretical models.

The estimator described above, which we refer to as
the auto-C, estimator, has been used in previous LVK
analyses [51H53]. However, Ref. [83] showed that in the
presence of an astrophysical GWB, it is significantly bi-
ased by the shot-noise-dominated nature of the signal,
which arises from the discrete spatial or temporal real-
ization of individual events. This consideration motivates

us to also adopt the cross-Cy estimator, defined as

23 N\ 2
A(cross) 27 fref 1 1 A (E) () *
Co ( 3H? ) 2£+1n(n—1)zzpfmpfm ’

moit
(20)
with its variance (under the weak-signal limiﬂ)
; 2?3\ 2 1
Var[C)] ~ ref
arCi] ( 3H? ) 20+ 1)2 n2(n — 1)2 (1)

X Z Z(Zg))lm,ém’(zg))ﬁm’,lm7

m,m’ i#j

3 While the weak-signal limit mentioned in Sec. assumes the
detector noise to dominate over the GWB signal and astro-
physical shot noise in the individual time-frequency components,
Egs. and involve the whole dataset and subsets, respec-
tively, after marginalizing across times and frequencies.
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where n distinct clean maps are involved and Eg) repre-
sents a covariance matrix of regularized clean maps de-
rived from i-th dataset. See Appendix for how we
divide the whole dataset into subsets in the optimal way.

To either claim a detection of an anisotropic GWB
or place ULs on the angular power spectrum, given the
observed Py, estimator, we evaluate its statistical sig-
nificance. Specifically, we compute p-values for the real
and imaginary parts of the P estimator, respectively, in
each SPH mode using its expected probability density
function (PDF) based on Monte Carlo samples with the
detailed procedure discussed in Appendix[E4] We gener-

ate 50,000 such P samples for the whole dataset and
compute a p-value for each real and imaginary part of
each SPH mode. As a significance indicator, we adopt a
5% p-value threshold, which we refer to as a local thresh-
old. Additionally, due to the presence of multiple ob-
servations across all the SPH modes, we account for the
trials factor in a conservative way by dividing each local
threshold by the number of SPH modes, (fmax + 1)%, to
obtain the global p-value threshold.

III. RESULTS

To perform all the four analyses described above, we
analyze data from O1 and O2 of the LIGO detectors [84}-
90] located in Hanford (H) and Livingston (L); from O3
of LIGO [9IH94] and Virgo [95HI8] (V); and from O4a of
LIGO [99HI02].

These datasets are preprocessed following the proce-
dure described in [64]. Time-domain cuts are applied
by removing segments affected by non-Gaussian features,
hardware injections, and known instrumental artifacts;
applying non-stationarity cuts; and gating loud glitches.
These cuts are identical to those used in [64]. In addi-
tion, frequency-domain cuts are applied to remove bins
identified through coherence studies as contaminated by
instrumental artifacts. Details of the observing run, in-
cluding the time- and frequency-domain cuts and the ef-
fective dataset, are provided in Tab. [[V] of Appendix [A]

We compute the CSD by combining the SFTs of 192-
second segments from all detector pairs, using a coarse-
grained frequency resolution of Af = 1/32 Hz and in-
cluding the corresponding variances.

To reduce computational and storage costs in GWB
searches, we fold the 192-second segments across a side-
real day (23h 56m 4s), leveraging the temporal symmetry
of the ORF due to Earth’s rotation [69] [I03]. This pre-
serves all necessary information while enabling efficient
maximum-likelihood analysis over the full run.

We generate folded datasets for all observing runs [104]
up to and including O4a, and perform all analyses using
the PyStoch package [73] [74], which now provides a uni-
fied framework supporting both pixel- and SPH-based
analyses from O4a onward.



A. All-sky All-frequency radiometer search

To identify a potential GW signature in the data and
set constraints on source parameters in the absence of a
detection, we use the estimators constructed in Sec. [[IB]
following the method outlined in Ref. [54] and detailed
in Appendix [B]

We use a detection statistic, the signal-to-noise ratio
(SNR), defined as

Palf)
oalf)’

to evaluate the significance of the data. The distribution
of this statistic, obtained from O4a data using both the
random (unphysical) timeshift method [54] and the zero-
lag data (i.e., data without timeshift), is shown in Ap-
pendix B1] The zero-lag data is mostly consistent with
the random-timeshifted data within 2-sigma Poisson er-
rors. With a global p-value threshold of 5%, no evidence
is found for a persistent narrowband GW source. A total
of 505 sub-threshold candidates identified for follow-up,
and details are provided in Appendix

Next, assuming that the GW signal remains in the
same frequency bin and sky direction, we combine data
from the O1-O4a observing runs (including multiple
baselines for O3). This assumption sets an upper bound
on the frequency drift of a CGW signal:

pa(f) = (22)

0.03125Hz

=12x 10" Hzs . 23
8.3 years x z8 (23)

We note that incorporating data from multiple datasets
reduced the notch fraction from 11.4% in O4a to 7.9%
in O1-O4a. The zero-lag data remains consistent with
the null hypothesis. Additionally, we investigate the top
three SNR candidates in zero-lag with SNR>5.5. We
find that these candidates are associated with data qual-
ity issues at these frequencies, including hardware injec-
tions and calibration lines [99]. Finally, a total of 562
sub-threshold follow-up candidates have been identified
for the follow-up with methods tuned for searching for a
CGW (see Appendix for the details).

Having found the data to be consistent with Gaussian
noise, we set Bayesian ULs on the effective strain ampli-
tude, defined as

he () = [Pa(f) AF]Y? (24)

with 95% confidence. We note that the effective strain
amplitude defined above is equal to the intrinsic strain
amplitude hg for a circularly polarized CGW, provided
the signal remains confined within a single frequency
bin [I05] [I06]]. In practice, this assumption is violated
due to factors such as arbitrary polarization, Doppler
shifts from the Earth’s orbital motion, and intrinsic
source motion (e.g., proper motion or binary orbital
motion), which introduce biases in the estimator. The
Doppler shift from the Earth’s motion around the Sun
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can be approximated as fy x 2 x 107%cosd, where fy
is GW frequency in the Solar System Barycentre frame
and § is the source declination. Consequently, above
~ 160 Hz, the signal drifts beyond a single frequency bin.
We therefore restrict our UL estimates to the 20-160 Hz
range, which we refer to as sensitivity estimates in further
discussion.

As shown in Tab. [l the sensitivity estimate with Oda
and O1-O3 data across sky and frequencies lie in the
ranges (3.46 — 223.12) x 10726 and (3.39 — 963.23) x
10726 [54], respectively. After combining all available
data (i.e., O1-O4a), the sensitivity lies in range (2.94 —
845.68) x 10726,

To assess the improvement in the sensitivity estimate
with the addition of the latest data, comparing only the
minimum or maximum sensitivity across datasets is not
a robust approach. This is primarily due to two rea-
sons. First, specific frequency bins may be notched in
one dataset but present in another, preventing a uniform
comparison. For example, the notch fraction decreases
from 7.6% in O4a to 0.4% in the combined O1-O4a
dataset (below 160 Hz). Second, the reported sensitiv-
ity incorporates both a point estimate and its associated
uncertainty, both of which can fluctuate across the sky,
introducing intrinsic statistical variability. We therefore
compute the sensitivity improvement using the ratio of
median sensitivity across these shared frequency bins. As
shown in Tab.[l] the median sensitivity ratios for O4a to
01-03 and 01-0O4a to O1-03 are 0.89 and 0.79 respec-
tively, indicating an overall improvement by a factor of
1.12 (1.26).

To understand the variation of sensitivity across sky di-
rections and frequencies, we consider a simplified model
in which the sensitivity for each frequency-pixel pair is
approximated as a combination of the point estimate
and its associated uncertainty. Given that the observed
SNR for frequency-pixel pairs is consistent with Gaus-
sian noise with zero mean, the point-estimate Py (f) can
be assumed to be centered near zero. Consequently, the
sky-averaged sensitivity can be approximated as (using

Egs. [7] and

Sensitivity(f) = (Uﬁ(f)ﬁ/z o (PL(f)P(f)*, (25)

where P;(f) and Pa(f) are noise PSD for detector 1 and
2 in baseline I. The sky-averaged sensitivity as a func-
tion of frequency is shown in the left panel of Fig. [1] for
01-O4a (blue) and 01-03 (yellow). The trend follows
the shape of the typical noise curve, i.e., (Py(f)Pa(f))/4,
with the shaded region indicating 1-sigma sky fluctua-
tions. Similarly, the frequency-averaged sensitivity for a
given sky direction 7 is given by (using Egs. [7] and

1/4
Sensitivity,, = <0'ﬁ(f)>}/2 x (Z Fﬁ(t)) . (26)

where ' (t) = 3", F{(t,n) F5'(t,7) is the combined an-
tenna response [56], and the summation is over observing
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Run Vetoed-Frequency Range Median Median Median (Mean) Ratio
Fraction (%) (x10725) (x10725) Common f (x1072°) e
O4a 7.6 3.46 - 223.12 9.00 9.29 0.89 (0.72)
01-03 1.2 3.39 - 963.23 10.04 10.39 1(1)
01-O4a 0.4 2.94 - 845.68 8.41 8.24 0.79 (0.67)

TABLE I. We present Bayesian sensitivity estimate on the effective strain amplitude heg for three datasets: O4a, O1-03, and
the combined O1-O4a. When comparing the median sensitivity of O4a to O1-O4a, an improvement is observed. To account for
differences in the vetoed frequency bins across observing runs, we also compare median sensitivity over the common frequency

range.

Frequency Averaged Sensitivity O1-Oda

E Common Frequencies
C —— Sky-Averaged Sensitivity (O1-O4a)
r == Sky-Averaged Sensitivity (01-O3)
i 1 — o Sky-Variation of Sensitivity (O1-O4a)
i 1 — o Sky-Variation of Sensitivity (O1-O3) '
1
10—24 —
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2% C | .
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FIG. 1. Bayesian sensitivity estimate to Effective Strain Amplitude h.g: Left panel: Sky-averaged sensitivity from the O1-O3
and O1-O4a datasets are shown as blue and yellow solid lines, respectively. The shaded regions represent 1-sigma variations in
the estimates across the sky. The overall shape of the curves reflects the detectors’ sensitivity profiles. Gaps indicate vetoed
frequency bins, while narrow vertical peaks correspond to instrumental spectral lines that were not vetoed, as their impact
on the analysis was minimal. Top Right Panel: Skymap of frequency-averaged sensitivity using O1-O4a data. The observed
pattern reflects the typical sky sensitivity of an HL-dominated network. As expected, the sensitivity is worse near the poles
and equator, with improved sensitivity in the mid-declination regions. Bottom Right Panel: Skymap showing the ratio of

frequency-averaged sensitivity from O1-O4a to that from O1-O3.

time. This captures the directional variation in detector
response over the full observing run. The correspond-
ing skymap of frequency-averaged sensitivity for O1-O4a
is shown in the top right panel of Fig. [l For the HL
baseline-dominated data, the most sensitive sky regions
lie between declinations of approximately 20°-60°, with
reduced sensitivity near the celestial poles and equator.

The bottom right panel of Fig. [I| presents the ratio
of frequency-averaged sensitivity between O1-O4a and
01-03 across the sky, which varies between 0.63 and
0.71.

1. Marginal Outlier at 92.8125 Hz

Signs of non-Gaussianity are observed in the negative
SNR tails of the zero-lag data, with the samples originat-
ing from the same frequency bin at 92.8125 Hz. While
an actual astrophysical source is not expected to produce

negative SNR in our analysis, this candidate lies close to
the SNR threshold for a two-sided p-value. Therefore, a
follow-up analysis was conducted, with details provided
below.

In the O4a data, we identified a frequency bin at
92.8125 Hz with extreme SNR values: a minimum of
—6.12 and a maximum of 5.2 in the zero-lag dataset. The
minimum SNR lies in the negative tail and is just above
the two-sided threshold of —6.18 corresponding to a 5%
p-value (see O4a SNR histogram in Appendix . While
the positive SNR is not significant enough to be classi-
fied as an outlier, the frequency-pixel pair was selected
as a sub-threshold follow-up candidate. The associated
SNR skymap is given in Appendix In the random-
timeshifted dataset, the SNR range narrows to —2 to 2,
and the skymap structure disappears—consistent with
behaviour expected in the case of a persistent signal. We
investigate both tails to determine whether the excess
power arises from detector noise or a GW signal.



We note that, while most hardware injections were
too weak to be confidently detected with our search
method, the injection near 52.8 Hz was identified as
a sub-threshold follow-up candidate, with an SNR of
4.25—lower than that of the observed “outlier”. As
shown in Appendix [B] the SNR in the outlier frequency
bin steadily builds up in the zero-lag run and stands out
compared to both neighbouring frequency bins and the
random time-shifted dataset.

We also performed a simulation by injecting a GW sig-
nal with SNR~4.9 at the sky location corresponding to
the observed maximum SNR, convolved with the detector
response, and added to numerous noise realizations. We
find that, in approximately 4 out of 10* trials, the neg-
ative SNR exceeds the positive by a magnitude of 0.9,
with the maximum SNR exceeding 5.1, and the observed
skymap is found to be a good match with the simulated
map (see Appendix [B).

When combining O4a data with previous observing
runs (O1-O4a), the SNR decreases from —6.12 to —4.3
and from 5.2 to 3.6. For a persistent astrophysical source
lasting ~ 8 years, we would expect the SNR—particularly
in the positive direction—to increase if earlier data were
sensitive and the signal remained in the same frequency
bin. Otherwise, a decrease in SNR upon combining runs
may instead indicate a detector noise artifact that was
absent in previous runs. We note that O3 HL data
have sensitivity comparable to O4a HL data, while other
datasets were insufficiently sensitive.

We do not see any excess auto-power localized in these
frequency bins in the individual detectors; the nearest
unknown excess power is observed in the L detector at
around 92.7 Hz (3 bins away). We have not identified any
coherent instrumental witness channel that could account
for the elevated SNR. While some periods of elevated de-
tector noise are present, there is no evidence of persistent
or long-term non-stationary noise. Removing these pe-
riods from the analysed data does reduce the SNR, but
the pattern in the sky persists. The results remain in-
conclusive, and this frequency bin will be monitored in
future observing runs to gather additional data.

B. Targeted-narrowband radiometer search

For all five directions, we computed the SNR by com-
bining the appropriately sized frequency bins across the
detectors. The best SNRs after bin combination are
shown in Tab. [[I] together with their p-values. The p-
values are calculated from the maximum SNR distribu-
tion obtained by simulating many realizations of strain
power (details are shown in Appendix [C 3).

Since we do not find any evidence for narrowband
GWs, we place 95% confidence ULs on the GW strain
spectrum from the five selected targets, shown in Fig.
together with the 1o sensitivity. The results indicate a
median improvement by a factor of 1.6-1.7 compared to
previous results from O1 to O3, with strain amplitudes
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ranging from ~ 1.1 x 1072% to 6.5 x 1072* depending on
the target.

Since the O4a data have the best sensitivity so far, it is
worth comparing the contribution that the O4a dataset
is giving to improve the reach of our searches. At higher
frequencies, O4a alone can provide better sensitivity than
the combined O1 to O3 data. It also helps to improve
the previous ULs in all the frequency ranges for all se-
lected targets. The combination with future stages of
the run promises to significantly increase the reach of
our searches.

It is also useful to compare the results obtained with
CGW searches. CGW searches use techniques that, for
sources with at least a partial knowledge of the parame-
ters, grant a much longer coherence time and hence bet-
ter sensitivity than the targeted radiometer (for example,
Ref. [107] for the previous run and [108] for O4a).

Taking into account the several semi-coherent methods
used for the O3 all-sky search for isolated pulsars [109],
the sensitivity estimation over the whole sky is compa-
rable to the ULs shown in this section. However, more
precise UL estimation, like the one shown in the first half
of the third observing run (O3a) all-sky isolated CGW
search [110], can lead to significantly lower limits than
the best ones obtained with SN 1987A of hy ~ 10~2°.
As a reference for the most recent SN 1987A dedicated
search, see also the 90% confidence UL on O3 data in
[111].

A directed search to the Galactic Center in O3, using a
CW semi-coherent method, generally showed better sen-
sitivity estimations than the targeted NBR search [112].

Regarding Sco X-1, to assess the astrophysical signif-
icance of the signal strength probed in this search, a
commonly used benchmark is the torque-balance level.
In most CGW searches of this target (see, for example,
[113] 114], and the studies with updated ephemeris in
[115,[116]), an order-of-magnitude estimate of the torque-
balance level is adopted as a reference point to evaluate
whether the explored parameter space is astrophysically
relevant. Given the absence of a detection in our search,
we compare our ULs with this benchmark and find that
they remain above the torque-balance level.

These upper limits assume a generic polarization and
marginalize over inclination and polarization angle (see
Appendix [C4). However, if we instead consider the cir-
cular polarization case—typically not quoted in our fully
unmodeled analyses—our results indicate that the search
has surpassed the torque-balance threshold under the hy-
pothesis of circular polarization (more details are shown

in Appendix .

C. Broadband radiometer search

We present the results of the BBR analysis for the O4a
dataset only and after combining them with the previ-
ously existing results from O1 to O3, which we also sum-
marize in Tab. [T} We have performed such an analysis
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FIG. 2. Plots showing the ULs for the five targets of the O1-O4a NBR search. In each plot, the black solid line shows the
Bayesian ULs set at 95% confidence level, while the gray line is the 1o sensitivity estimation in the hypothesis of no signal.
The shaded blue area shows the 1o sensitivity estimation with data up to the O3 run, highlighting the sensitivity improvement

granted by adding the O4a run to the analyses.

for three spectral indices, namely a = {0, 2/3, 3}, whose
final results are the skymaps shown in Fig. As in
Ref. [63] we pixelate the sky by employing the HEALPix
scheme [75], but instead of using Ngqe = 32 as in  [53],
here we use Ngge = 16. We have opted for this choice as
a compromise among the different angular resolutions of

the baselines at the lower and upper ends of their most
sensitive frequency bands, for different spectral indices a
[56, IT7]. We recall that we apply the same data quality
prescriptions as detailed in Sec. [[Tl] and Appendix [A]

Following the methods from Appendix[D] we have first
evaluated the SNR maps for o = 0, 2/3, and 3, and then
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Direction Max SNR Frequency band (Hz) p-value (%) |Best UL (x107*°)  Frequency band (Hz)
Scorpius X-1 4.2 1706.09375 — 1707.21875 53.7 1.5 192.9375 — 193.0625
SN 1987A 4.1 1672.6875 — 1672.75 59.0 1.1 246.75 — 246.8125
Galactic Center 4.4 372.28125 — 372.90625 22.5 1.9 227.4062 — 228.03125
Terzanb 4.5 821.46875 — 822.09375 16.3 1.9 260.71875 — 261.34375
NGC6397 4.5 264.84375 — 265.40625 18.2 1.7 251.40625 — 251.96875

TABLE II. Results of the targeted-narrowband radiometer search on the O1-O4a combined datasets. We show the maximum
SNR with its estimated p-value and frequency bin for each search direction. We also give the best 95% confidence-level GW
strain ULs, with the corresponding frequency band, taken as the median of the most sensitive 1-Hz band.

Max SNR (% p-value)

UL ranges (107%)  [ergem™2s™ ' Hz ™!

o Qe (f) H(f) |HL(O4a) O1+02+03+04a |O14+02+03+04a O1+02+03 (HLV)
0 constant o f3 1.7 (93) 2.2 (72) 1.2-55 1.7-76

2/3 o f23 0 o 773 1.8 (97) 2.4 (76) 0.6 — 3.0 0.85 — 4.1
3 o % constant | 3.8 (20) 3.8 (19) 0.008 — 0.092 0.013 - 0.11

TABLE III. The maximum SNR across all sky positions, its estimated p-value, and the range of the 95% ULs on GW energy
flux F25Z"UL(25 Hz) [ergem™2s™! Hz '] set by the BBR search by combining the LIGO data from O1 to O4a and the Virgo
03 data. The median improvement across the sky compared to limits from the O3 analysis is a factor of 1.4-1.7, depending on
a. 01402403 (HLV) ULs reported in the last column differ from the ULSs in [53] due to the different Nsqe parameter we are

employing here.

we have assessed the statistical significance of the max-
imum SNR for each spectral index. We find that these
SNR values are consistent with the noise-only hypothe-
sis, and we therefore proceed with the UL calculation.
There is no evidence of outliers in the BBR results, in
contrast to the ASAF outlier in the 92.8125 Hz skymap.
This is not inconsistent with the ASAF outlier, which is a
narrowband feature and does not contribute significantly
when integrating over the whole frequency band in the
BBR analysis [118].

Fig. illustrates the skymaps showing the 95%
Bayesian ULs on the GW energy flux F, 7(25Hz) in CGS
units for « = 0, 2/3 and 3, obtained by combining the
data from O1 to O4a. When comparing Fig. |3| to the
results from the first three observing runs, we find that
the median improvement in ULs across the sky is a fac-
tor of 1.4 for « = 0, 1.4 for « = 2/3, and 1.7 for o = 3,
respectively.

D. Spherical harmonics search

Following the procedure for significance assessment de-
scribed in Sec. [[TE] we compute the p-value for each real
and imaginary part of the clean map estimator for the
combined dataset across O1-O4a, and compare them to
the local and global p-value thresholds, respectively. We
find that all SPH modes lie within the global p-value
threshold across the three power-law spectrum models,
indicating consistency with a Gaussian distribution. See
Appendix [E4] for more details. Given the absence of a
detected GWB signal, we compute ULs on C’é1 /2 at each
angular scale characterized by the ¢ value, for different

power-law frequency spectrum models. Fig. [4] shows the
C¢ ULs derived from the two estimators for each power-
law spectrum model. Also, the uncertainties of Cy mea-
surement are improved by factors of 1.4-2.2 compared
to the previous search, as discussed with more details in

Appendix [E4]

Note that the variance of the C’( estimator and its ULs
depend on the definition of the ) estimator or even
the specific regularization we apply to the Fisher ma-
trix. Therefore, one should not quantitatively compare
the ULs reported here to those in Ref. [53], where the
regularization was performed differently as compared to
what is presented in this paper. The improvement fac-
tors mentioned above are based on the ULs recomputed
for 01402403 data using the consistent regularization
method, described in Appendix [E2] for either definition
of the Cy estimators. For the same reason, these ULs
cannot be compared between the two different estima-
tors. Even though we apply the same regularization to
both cases, the variance of the cross-Cy estimator also de-
pends on how the entire dataset is split into subsets since
the inversion of a Fisher matrix is not a linear operation.
Therefore, we treat these estimators as two different ways
to present our search results.

Below, we consider the implications of our results for
different astrophysical models. For a = 2/3, the UL
found here for the corresponding ¢ modes is C’Zl/ 2 <
1.2 x 107%sr~!, whereas several theoretical studies in
the literature [II9HI2I] predict a range of C;/2 ~ (02—
5) x 107" sr~! for 1 < ¢ < 4, assuming the normal-
ized GW energy density due to an isotropic GWB of
compact binaries is Qow S (2.2 — 6.7) x 107 [64].
Also, note that the shot noise term is expected to be
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FIG. 3. 95% confidence Bayesian UL skymaps from a BBR search for point-like sources. The maps are presented in the
equatorial coordinate system and show UL skymaps of the GW energy flux from the combination of all the data from O1 to
O4a LIGO observing runs and the Virgo O3 data. a = 0, 2/3, and 3 are represented from left to right.

(C5Pot)1/2 1071011, dominating the anticipated true
astrophysical power spectrum [122], and is still below the
obtained ULs by an order of magnitude. This is consis-
tent with the fact that the point estimates for the two
types of the Cy estimators are not significantly different.
For a = 0, we find the UL to be C,/? < (0.7 — 1.7) x
1079sr! for 1 < ¢ < 3, whereas the theoretical study on
Nambu-Goto strings based on the model 3 in Ref. [123],
combined with the most up-to-date constraints on Gu
using the isotropic component of the GWB [65], Gu <
(2.7 ~ 4.2) x 10715, sets C1/* < 1072511, For both
choices of the power spectra (« = 0 and a = 2/3), we
conclude that the predictions of the theoretical models
are consistent with the search results presented here.

IV. CONCLUSIONS

We do not find evidence for GW signals in any of the
four analyses using data from the first three observing
runs of LIGO, Virgo, and O4a. Hence, each analysis
yielded the most stringent constraints to date from the
directional search for persistent GWs. For the all-sky all-
frequency analysis, we observe a median (mean) improve-
ment factor of 1.12 (1.38) in Bayesian sensitivity estimate
to the effective strain amplitude when comparing O4a to
01-03 in Tab.[l| Combining data from O1-O4a enhances
this improvement by a factor of 1.13 relative to O4a
alone, and the fraction of notched frequency bins is re-
duced from 11.4% to 7.9%. For the targeted-narrowband
radiometer analysis, O4a contributes significantly to im-
prove the upper limits of the entire frequency range (see
Fig. , in particular at higher frequencies. In the broad-
band radiometer analysis, when comparing with the first
three observing runs in Tab. [[TI] the median improvement
across the sky in the upper limits on the GW energy flux
is 1.4, 1.4, and 1.7 for a = 0,2/3, 3, respectively. Lastly,
the spherical harmonic analysis has introduced a cross-Cp
estimator to remove the potential shot noise and GWB
bias as opposed to the conventional auto-Cy estimator.

The uncertainty on the angular power spectrum, Cp, de-
rived from each estimator has improved by a factor of
1.4-2.2 compared to the first three observing runs. Also,
the upper limits for each estimator shown in Fig. [ are
consistent with the predictions of the theoretical models,
such as cosmic strings and kinematic dipole.

During O4a, the Virgo detector was not in science
mode and is therefore not included in our analysis. How-
ever, as noted in previous studies [53], incorporating the
Virgo detector into the network (even with its higher
noise levels compared to the LIGO detectors) serves as
a natural regularizer in extended source searches. This,
in turn, enables us to resolve finer structures in the GW
skymaps. As shown in [124], current directional analyses
are not affected by correlated noise, such as magnetic cor-
relations between detectors. While these contributions
are currently negligible, they are expected to become in-
creasingly important as detector sensitivities improve.

Improvements in detector sensitivity, longer observing
runs, and larger network configuration will get us closer
to the detection of potential local anisotropies or previ-
ously unknown point-like sources. It is also worth noting
that the potential of all-sky all-frequency sources to un-
cover unknown narrowband signals represents an exciting
direction for future investigations. A thorough investiga-
tion of the potential follow-up candidates from the all-sky
all-frequency analyses, as presented in Ref. [125], could
provide valuable insights into the nature and significance
of the identified candidates.

Looking ahead, as the fourth observing run progresses,
we will continue to incorporate additional data and up-
date the findings reported in this paper.
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Appendix A: Observing runs and dataset

Tab. [[V] details each individual observing run of the
detectors from O1 to O4a, including their start and end
times, the amount of data lost through time-domain cuts,
and the effective data available for the GWB directional
searches. As part of the time-domain cuts, we exclude
data contaminated by instrumental artifacts, hardware
injections used for signal validation, and segments con-
taining known GW signals. We also apply a standard
non-stationarity cut [64] to eliminate segments that do
not behave as Gaussian noise. The table also shows the
fraction of frequency bins removed from the analysis.
These removals follow the same frequency-domain cuts
described earlier, based on coherence studies identifying
contamination from instrumental artifacts. The specific
bins removed may vary across analyses depending on sen-
sitivity to narrow spectral features.

Appendix B: ASAF radiometer search
1. Significance

We summarize the statistical framework used here to
identify the GW signal in the ASAF search.

The null hypothesis assumes that the data contain only
Gaussian noise, while the alternative hypothesis is that
a GW source is present in at least one frequency-pixel
pair. The detection statistic is the SNR (Eq. (22)), which
under the null ideally follows a zero-mean Gaussian dis-
tribution.

Because real detector data include non-Gaussian fea-
tures such as narrowband artifacts and glitches, the null
SNR distribution is obtained using the random time-shift
(TS) method [64]. The procedure involves dividing the
data from the entire observing run into multiple jobs
(2493 in the case of O4a), each typically having a max-
imum duration of 5000 seconds. For each job, the data
from one detector is held fixed while the data from the
other detector is shifted by a random time delay, uni-
formly sampled between 1 and 2 seconds. This random
time-shifting process effectively eliminates any coherent
and persistent signals, ensuring that only the noise back-
ground remains in the data [54].

After ensuring the Gaussianity of the null distribution,
we proceed to test the zero-lag (ZL) data (without an
unphysical time-shift) against the null hypothesis. We
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determine the observed highest SNR across frequency-
pixel pairs and compute the local p-value, py,, assuming a
Gaussian distribution for noise. Since many simultaneous
tests increase the chances of false positives (the look-
elsewhere effect). we adjust to global p-value, pg, using
Sidak’s correction [126] [127]:

bc = 1- (1 7pL)N“iAIS ~ Nirials pL for JIARSS L. (Bl)

where Nipials is the number of frequency-pixel pairs. We
reject the null hypothesis if pg < 5%.

2. Follow-up Candidates Identification

After assessing the significance of our data, we
identify sub-threshold candidates for follow-up using
more sensitive methods, such as matched-filtering-based
searches [125]. We first determine the sky pixel with the
maximum SNR,

ﬁmax(f) = maxXp ﬁﬁ(f) ) (B2)

for each frequency bin in both zero-lag and time-shifted
data. The full frequency range is divided into 10 Hz
sub-bands for the time-shifted data. For each sub-band,
we compute the histogram of Pmax(f) and determine
the threshold below which 99% of the histogram area
lies. This results in an array of sub-band-wise thresh-
olds, which are then smoothed using a running average.
Candidates in the zero-lag data with SNR exceeding this
threshold are selected for further investigation. If the
zero-lag data is consistent with random-timeshifted data
(and Gaussian noise), this procedure is expected to yield
at least ~ 513 candidates. The following calculation
shows why this number of candidates is expected:

(1726 — 20) Hz
10Hz

~ 171,

10Hz

Af

Top-1% candidates per sub-band = 320 x 0.01 ~ 3,

Total Top-1% candidates = 171 x 3 = 513.
(B3)

Sub-bands =

Bins per sub-band = =320,

3. Upper Limit Calculation

We adopt a hybrid frequentist-Bayesian approach for
setting constraints [I128]. Assuming the point estimate
is a sufficient statistic for measuring GW source proper-
ties, we apply Bayes’ theorem to construct the posterior
distribution.

For clarity, the dependence of

[ﬁﬁ(f% O'n(f):| and strain parameter hegn(f) on
direction and frequency is assumed to be implicit in

estimators
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FIG. 5. ASAF search results — Significance: Left Panel: Distribution of SNR for the zero-lag (blue) and time-shifted (magenta)
datasets with O4a observing run. The time-shifted (unphysical) distribution is consistent with a Gaussian (gray line) with
mean —5 x 10™* and standard deviation 0.98. Poisson 1- and 2-sigma uncertainties for the time-shifted histogram are shown
as a yellow-shaded region. The zero-lag histogram is largely consistent with the time-shifted data, except for non-Gaussian
excess at negative SNR. Vertical brown lines (solid and dashed) indicate the 1- and 2-sided 5% global p-value SNR thresholds.
Although an astrophysical signal is expected to yield a positive SNR, we investigate the origin of the observed negative SNR
feature. Right Panel: Same as the figure in the right panel but with O1-O4a data.
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FIG. 6. Follow-up sub-threshold candidates: Left Panel: Distribution of the maximum SNR statistic (y-axis) as a function
of frequency (x-axis) obtained with O4a observing run, where Max (SNR) denotes the maximum SNR across the sky within
each frequency bin. Scatter points for the zero-lag and time-shifted datasets are shown in blue and magenta, respectively.
Gray vertical lines indicate vetoed frequency bins excluded due to known instrumental artifacts. The brown horizontal line
indicates the SNR, threshold corresponding to a 5% 1-sided global p-value. The yellow curve shows the maxSNR threshold
corresponding to a 99% local p-value in each 10-Hz band, smoothed over three neighboring bands. While the zero-lag data
is consistent with Gaussian noise, we identify 505 sub-threshold follow-up candidates marked with teal circles, which may be
further analysed using matched-filtering-based CGW search pipelines. Right Panel: Same as the left panel, but using data
from O1-O4a observing runs.



Run Start time End time  Detectors Time Effective data | Frequency notch fraction (%)
[51H54] (UTC) (UTC) dom(a(;r; cut (days) ASAF analysis|Other analyses
0
O1 2015-09-18 15:00 2016-01-12 16:00 H, L 35 29.85 25.5 21.1
02 2016-11-30 16:00 2017-08-25 22:00 H, L 16 99 19.6 15.3
10.7 (uL) 169 L) 21 L) 14.8 (uL)
03  2019-04-01 15:00 2020-03-27 17:00 H, L, V 14.3 mv) 146 mv) 34.8 @mv) 25.2 (uv)
14.7 (v 153 @wv) 28.15 @wv) 21.9 @wv)
O4a 2023-05-24 15:00 2024-01-16 16:00 H, L 8.3 108.65 11.4 | 11.4
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TABLE IV. This table shows the individual observing runs, their start and end times, the detectors involved, the data quality
cuts (both time and frequency domain) applied, and the effective data used in this analysis.

Cumulative SNR

fo = 92.8125 Hz, Af = 0.03125 Hz
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FIG. 7. Details of O4a marginal outlier towards negative SNR tail: The SNR skymap for 92.8125 Hz marginal outlier in O4a
is shown in the top right panel. The positive and negative SNR blobs may be correlated through the point spread function:
a GW source at the location of maximum SNR could produce a corresponding negative SNR feature next to it. To test this,
we simulate skymap by injecting a source in the positive SNR direction and recover a map similar to the observed map, as
shown in the bottom right panel. This motivates further investigation of both blobs. In the left panel, we show the evolution of
cumulative SNR in the direction of maximum SNR (marked by an up triangle in the top right panel) as a function of observing
days during O4a. The thick blue indicates the outlier frequency bin, while the two other thin blue curves represent the adjacent
frequency bins immediately before and after the outlier. The magenta lines represent SNR evolution for random timeshifted
data.



the following discussion. FEach element in the matri-

ces [75, 0'} here represents an observation from the

individual dataset (e.g., baseline or observing run).
. L(P Af|E, hetr) p(hes)
J dhegt L(P Af|E, hegt) p(hes)

(Regr) 2%
0.95 = / dh
0
(B4)

The integrand in the above equation represents the
posterior distribution for heg, where L(P Af|E, hog) is
the likelihood and p(heg) is the prior for heg. The
likelihood L(P Af|E, heg) is modelled as a multivari-
ate Gaussian distribution for the random vector P Af ~
N(heg)? I, E] where I is a column matrix with unit ele-
ments. The prior is assumed to follow a uniform distribu-
tion, heg ~ U[0,10 /o Af] [54] where o2 is squared sum
of variance from individual dataset, ie., 0® = Y, ¥;.
We note that the integration in the denominator spans
the prior-defined range of heg.

Given that the strain data is obtained by calibrating
the detector response to GW strain, our estimator is sub-
ject to calibration uncertainties (see [48-54] [129)] for de-
tails). Marginalization over calibration uncertainty intro-
duces an additional covariance term to the noise variance
matrix of P [I30]. The modified covariance matrix E is
given by

E=3+ (hat)' D, (B5)

where X is the noise covariance matrix, defined as ¥;; =
028;; Af, and D accounts for calibration errors. The
indices 4, 7 run over the number of analyzed datasets. As
an example, for the baselines HL and LV, the D matrix
is

p—(FrALrad L A LL) mo
€L €L T v T erey

where €p, €7, and ey are the amplitude calibration un-

certainties of the individual detectors [I3I][] The off-

diagonal elements in the matrix are present only when

the datasets analyzed from a given observing run share

common detectors.

Appendix C: Targeted narrowband radiometer
1. Source direction and its relevance

In this section, we list the sources chosen for the tar-
geted search, explaining their relevance and selection cri-
teria.

4 The uncertainties adopted for different detectors and observing
runs in this study are as follows: egl = 0.048, 581 = 0.054,
€92 = 0.026, €92 = 0.0385, €93 = 0.0696, 0% = 0.0637, €0 =
0.05, €94* = 0.0693, and €D4® = 0.041.
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Scorpius X-1: It is a neutron star in a low mass X-
ray binary (LMXB) system, considered one of the most
promising targets for CGW searches [58, 59]. In sev-
eral searches [114] [116], [132], a torque balance is as-
sumed between accretion spin-up from the companion
star and angular momentum loss by gravitational emis-
sion (see also [I33] [134]), and it has a known position
and ephemeris. However, its rotational frequency re-
mains unknown [I35], and a spin wandering effect is ex-
pected, caused by stochastic fluctuations of the accretion
rate [I36]. The difficulty in characterizing its rotation
makes it an optimal target for an unmodeled narrowband
search, like the targeted NBR, across a large frequency
range.

Galactic Center: Identified as the location of the super-
massive black hole Sagittarius A*, it has been addressed
as the host of multiple potential GWs sources, making
it a target for dedicated searches for persistent signals
[54, [137, [138]. Being a potential host of many unresolved
sources with unknown parameters, it is another natural
target for our search.

SN 1987A: A young supernova (SN) remnant, SN
1987A has been identified as a promising target for GW
searches due to its recent origin [I39, [140]. However, until
recently, it was not possible to confirm the existence of a
neutron star at its center. This has now been established
through electromagnetic emission detected by the James
Webb Space Telescope [141]. Although the source param-
eters remain unknown, this confirmation underscores the
relevance of SN 1987A as a target for GW searches.

Terzan 5 and NGC 6397: Globular clusters are known
to contain many neutron stars and can be promising tar-
gets for GW searches. Among the possible selection cri-
teria, we follow [I42] and [I43] that point to Terzan 5
and NGC 6397 as a possible host of a large number of
unresolved sources, together with the fact that Terzan 5
alone hosts approximately 18% of the known millisecond
pulsars [144]. However, other criteria exist (for example,
see [145]).

2. Bin Combination

The value of the number N of bins to be combined, for
the individual sources analyzed, is determined as follows:
for Scorpius X-1, assuming torque balance and hence ne-
glecting steady spin variation during the observing time,
it is computed using the evolution predicted by its orbital
parameters (see [140]). For the Galactic Center, Terzan
5, and NGC 6397 — which may host a large number of un-
known sources — we compensate only the Earth’s Doppler
modulation, fixing N = 10 for all of them.

The high latitude of SN 1987A causes a negligible
Doppler spread due to Earth’s motion with the default
frequency resolution used (Af = 1/32 Hz); hence, in this
case, N = 1.

However, SN 1987A is a young supernova remnant, and
it is expected to have a strong spin-down effect due to



rotational energy loss. We did not consider the cumula-
tive effect of different observing runs when establishing
the bin combination, as this would require specific tech-
niques to account for the several-month gaps between
runs, under various assumptions about the source’s spin
derivatives (see, for example, the study carried out in
[47).

This leads to ULs that are less conservative than those
obtained by combining additional bins, under the as-
sumption that the entire signal is confined to a single
frequency bin rather than distributed across several.

3. Significance

For a given target 7, to assess the significance of the
SNR-frequency data results after the bin combination, a
p-value is estimated with the following process: 1) a large
number (n ~ 256) noise-only distributions of Py (f) are
generated, drawing for each frequency bin a value from
Gaussian distributions with mean 0 and the correspond-
ing oy obtained from the data; 2) for each realization, the
generated Py, (f) and the measured o(f) are combined
according to the data from the given target, yielding a
simulated SNR distribution with the same bin combina-
tion; 3) the maximum SNR from each of the simulated
distributions is stored; 4) a range of p-values running
from [0, 1] in n steps are generated and associated with
the maximum SNRs obtained; 5) via a linear interpo-
lation the data SNRs are matched to the SNR—p-value
distribution obtained by the simulations. A frequency
bin whose SNR corresponds to a p-value of less than 5%
is considered an outlier that needs to be analyzed more
thoroughly.

4. Bayesian posterior and UL plots

In the following, the calculation of the upper limits
via the integration of Bayesian posteriors will be broken
down. The starting point is the definition of expectation
value and variance of the cross-correlation statistics for
persistent GW signals. They can be written respectively
[105]:

2 2
S (AT FEES + AT FSFS) (FSFS 4 FISESS)
S (FEFS 4+ FUSFyS)?

wp =
(C1)

and
2P, Py

2
op = , (C2)
T2, > (G FS + FUSFSS)?

where the sum is over the M segments of the semicoher-
ent search with coherence time T}, ; the GW amplitudes
for the two polarizations AT, A~ depend on the source
inclination angle ¢ and the GW strain tensor amplitude
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ho E the antenna patterns for the two polarizations and

the two detectors at the time segment j, F{{IQ’}XJ}, de-
pend explicitly on the polarization angle 1; the single-
sided power spectral density estimations for the two de-
tectors are Pj 2. In the case of circularly polarised signal
At = A% = hg and pup = h3.

The ULs are computed by integrating the Bayesian
posterior function up to the value h{% that returns the
chosen 95% confidence:

gt
0.95 = / p(h0|77, 0'73). (03)
0
For a given frequency bin, the posterior comes from
the marginalization integral

1 /4

p(holP) o / d p(ap)

—1

dcos )p(o) | y

! (ca)
/_ AN D(Plho. 1.0 ()

over the inclination angle ¢, the polarization angle ¢[105]
and the calibration factor A [130].

The priors for the first two integrals—respectively p(¢)
and p(1)—will be uniform distributions within the in-
tegral range, and their values will be absorbed in the x
symbol. The latter integral is over an unknown correction
factor representing the uncertainty in the calibration. We
assume for it a Gaussian prior distribution p(A), with o
as standard deviation, a known parameter called calibra-
tion error.

The likelihood distribution is

2
L(PIho,1.1.3) = exp “ (Frm) ] . (©)

where the dependence on hg,t,% lies within pp.
The marginalized posterior for a generic polarization
will be:

p(holP) o | " d(eoss) / " aw

-1 —m/4

3 _ 2 2
[ aven[ -5 (B222) - 1(2)
1 2 Aop 2 \ oa

(C6)

In the case of a circularly polarized signal, the likeli-
hood becomes independent of ¢ and v, and the posterior
integral will simply reduce to

s L/AP—ho)\® 1/ X)°
sl [ e [2 () -3 (5)

541 = %ho(l + cos? 1) and AX = hgcost, where ¢ is the source
inclination angle.



It has been shown that there is a scale factor of ~ 2.5
between ULs computed with a marginalization for a
generic polarization with respect to the circular polariza-
tion ones, which depends only on the SNR of the search
results [105]. Calculating the integrals in Eq. for
each frequency bin can consume a large amount of com-
puting resources, hence ULs for the two cases are simu-
lated only for a small number of SNR values between -8
and 8. The ratio between the two simulated distributions
will be called “upper limit ratios”.

The final UL values are computed under the computa-
tionally much simpler hypothesis of circular polarization.
Assuming a Gaussian prior for the calibration factor, an
analytical solution for the marginalized posterior exists
[148] 149] in the form of:

1(P—h3)?

;o (C8)

1
V2nE? P

where E = op + hioy. By interpolation on the real SNR
data, the UL ratios are applied to reproduce the ULs for
a generic polarization.

For the combination of datasets, we have to treat the
combined effect of the calibration error of the different
runs, changing how the ULs are produced. It can be
shown that the combined likelihood is the product of the
single dataset likelihood [130]:

HL Pilho, A

With P = {P1,...,Pn} we indicate the vector of the
detection statistics for a fixed frequency bin and with
A = {A1, ..., \n} the vector of the unknown calibration
factor we want to marginalize, across the n datasets. The
marginalized posterior will, in turn, be

L(P|ho, N\ (C9)

p(halP) o [ ANL(PIho, Np(N). (€10

It is important to underline that the detector base-
line calibration uncertainty affecting our results is the
combination of the single detector calibration uncertain-
ties. This, in general, will produce covariance matrices
with off-diagonal elements like in the example in Eq.
that have to be considered in the integration. If, in turn,
we consider the same baseline across different runs, we
can consider the single-run calibration uncertainties in-
dependently of each other and separate the integrals. In
this case as well, the marginalized posterior will be the
product of the single dataset posteriors:

p(holP) = Hp holP;). (C11)

5. Comparison between UL and torque balance for
Scorpius X-1

An order-of-magnitude estimate of the torque-balance
level, often used in Sco X-1 CGW searches [T13], [114] to
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Torque balance UL comparison: SCOI‘p]Ub X-1

01-04a circular polarization 95% UL
—— 01-04a generic polarization 95% UL
==+ Torque balance

S

Strain amplitude (
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FIG. 8. Comparison of the UL for generic polarization (solid
black line) and a circularly polarized signal (solid gray line)
with the torque-balance level from Eq. (C12)) (dashed black
line). While the former does not reach the torque-balance
threshold, the latter lies well below it.

gauge the astrophysical relevance of the explored param-
eter space, is given by

—1/2
ho ~ 3.4 x 10726 _Jo__ : .
600 Hz

This curve is shown in Fig. [§] as a dashed black line.
If we compare the 95% confidence level UL obtained by
the NBR search to the torque-balance curve, it is evident
that for a generic polarization, the search does not reach
amplitudes below the torque balance hypothesis.

On the other hand, if we consider a circularly polar-
ized signal, then the ULs are not marginalized over in-
clination and polarization angle, reaching lower effective
strain amplitudes. In this scenario, and in agreement
with the aforementioned searches, our results surpass the
torque-balance limit.

(C12)

Appendix D: Broadband radiometer search -
Statistical significance

To assess whether a signal is present or not in the BBR
search data in Sec. [[ITC] we consider the SNR map for
each spectral index and evaluate the statistical signifi-
cance of the maximum SNR under the hypothesis that
only noise is present in the data. This is accomplished
by simulating Nia1s realizations of the SNR sky-maps
and selecting the maximum SNR for each of them, hence
constructing the probability distribution function of the
maximum SNR. In practice, for each trial: 1) we simu-
late a skymap where each pixel contains Gaussian noise;
2) we color the noise in each pixel by using the singular
values decomposition of the Fisher matrix to generate



the simulated dirty map in the absence of any signal;
3) we use the diagonal of the Fisher matrix to obtain
o4 = (diag {Tsz})~1/? and the simulated estimator map
75@ noise 101 the absence of a signal; 4) we obtain the SNR
map as 75n noise/ T3 D) we select the maximum SNR and
add it to the histogram of the maximum-SNR distribu-
tion. After Nijais, we evaluate the maximum-SNR sta-
tistical significance (p-value) as the ratio of the number
of histogram entries that exceed the maximum value of
the observed SNRs to the total number of the histogram
entries (i.e., Niyial)-

If the statistical significance of the maximum SNR is
consistent with the noise-only hypothesis, we proceed
with the evaluation of the ULs on the GWB angular
power spectrum. The evaluation of the ULs follows the
same Bayesian approach as that described in Appendix|B|
by replacing h§ with P and P Af with P in Eq.
which we then rescale to GW energy flux units.

Appendix E: Spherical harmonics analysis
1. Angular resolution

The number of SPH modes to evaluate scales as
(lmax + 1)%, and hence, in practice, one cannot search
for arbitrary high-order modes due to substantial com-
putational costs. More importantly, the interferome-
try in general imposes a minimum angular scale below
which a given baseline becomes insensitive to real sig-
nals. For a monochromatic signal at the frequency f*,
the interferometry-limited angular scale is given by

C

9:2df*’

(E1)

where d is the separation of two GW detectors, e.g.,
d = 3000 km for the LIGO detectors. Since SPH
searches target broadband signals, f* cannot be uniquely
determined, but is approximated by the dominant fre-
quency component of the signals. This dominant fre-
quency can be estimated by the tangent point between a
given power-law spectrum and the baseline’s sensitivity
curve, i.e., power-law integrated curve [150]. Therefore,
the larger power-law index « leads to a higher value of
f*, eg., f*=525,256.5 Hz for a = 0, 3, respectively.
Once 6 is known, the highest SPH mode {,x, which
corresponds to the minimum angular scale, can be ex-
pressed as fmax = 7/6. Following this argument, we
have adopted £pnax = 3,4,16 for o = 0,2/3,3, respec-
tively [5IH53].

2. Regularization of the Fisher matrix

Apart from the angular resolution mentioned above,
another numerical issue arises from the fact that the
Fisher matrix is often ill-conditioned—that is, some of
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its eigenvalues are extremely small, which makes the in-
version of the Fisher matrix numerically unstable and
introduces additional numerical noise. This issue can
be mitigated by regularizing the Fisher matrix; in pre-
vious analyses, we addressed this by discarding negligi-
ble eigenmodes. In O4a, we revisited the criterion for
identifying such negligible eigenmodes, taking into ac-
count their residual sum of squares (RSS) to strike a
balance between noise variance and signal recovery bias.
Regularizing the Fisher matrix is a common mathemat-
ical problem, and hence, there are several regularization
methods developed in the field of astronomy [77, 8T, IT51+
153]. Our approach is to replace the singular values for
a subset of the SPH modes (e.g., M out of the total N
modes) that have smaller eigenvalues than a given thresh-
old (Apr) with infinities, i.e.,

UT V =diag(A1, -, A, 5 AN)
— diag(co, -+, 00, Ap41,7 0+, AN),

where U,V are each a unitary matrix, which diagonal-
izes T, and A; are the i-th singular values of T" sorted as
A1 < Ay < --- < Ay. This would effectively remove the
contribution from the regularized SPH modes after in-
verting the Fisher matrix [57]. Note that the clean map
estimator would be affected by a potential bias in the
presence of astrophysical anisotropies

(Pu) =Ty -T-P#P, (E4)
where I' is a regularized Fisher matrix. Although, tech-
nically speaking, the fractional number of singular modes
to keep, freep, is still arbitrary, optimizing the regular-
ization involves a trade-off relation between a lower vari-
ance, i.e., larger SNR, and the accuracy of the clean map
estimator [I17].

Since O1, LVK has adopted an empirical approach that
keeps 2/3 of the total modes, i.e., fxeep = (N —M)/N =
2/3 across different « values [5IH53]. In O4a, we revisit
this approach and introduce an alternative justification
by computing RSS of the clean map estimator for a given
simulated signal [77, [8I]. This is defined as

RSS = [Py — P™M?, (E5)
where P™ is an injected GWB signal and ’f?(k) is a clean
map estimator with the noise realization using the Fisher
matrix derived from the time-shifted O4a dataset, and
the regularization keeping k singular modes. For each
k, we repeat this computation with 10 different noise
realizations and take their mean value. Since the mean

of RSS follows

(RSS) = (| Py[?) - 2Re [(Pyy) - P + [P (F6)

. .12
0723 +‘<’p(k)> — P,
~—

variance

(E7)

bias
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FIG. 9. Normalized RSS as a function of fieep for each o
value.

the first and second terms in Eq. represent the vari-
ance and bias of the clean map, respectively. Therefore,
minimizing (RSS) in terms of % identifies the optimal
point that compromises the variance and bias. In prin-
ciple, RSS values depend on the anisotropy model of the
injected GWB, and here we consider only the monopole
component, i.e., Pp,, =0 (¢ # 0 or m # 0), as a plausible
detection scenario.

Fig. P shows a normalized RSS as a function of fieep
for each a value, which demonstrates the optimal fieep
of 0.3, 0.35 and 0.72 for « = 0,2/3, 3, respectively. We
will adopt these values for the regularization applied to
the main results of the SPH analysis.

Also, Fig. |10| shows the distribution of eigenvalues for
the Fisher matrix with different o values combining O1
to O4a data. The two dashed lines with each color com-
pare the number of modes to keep between the conven-
tional (fxeep = 2/3) and the RSS regularization meth-
ods. Compared to the conventional freep = 2/3, the new
regularization keeps fewer modes for @ = 0,2/3, while
keeping more modes for & = 3. Although this change in
fieep alters the variance of the clean map estimator, we
note that it does not indicate a physical change in the
sensitivity, but rather a different way of presenting the
results.

3. Cross ég estimator

In the limiting case where the detector data con-
tain only detector noise, the auto-C, estimator given by
Eq. is unbiased. However, Ref. [83] showed that
in the presence of an astrophysical GWB, it is signifi-
cantly biased by the shot-noise-dominated nature of the
signal, which arises from the discrete spatial or tem-
poral realization of individual events. Also, this shot
noise effect scales as o« 1/T,ps in terms of Cy, where
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FIG. 10. Distribution of eigenvalues for the Fisher matrix
with different o values combining O1 to O4a data. The two
dashed lines with each color compare the number of modes to
keep between the conventional (fieep = 2/3) and new (RSS)
regularization methods.

Tobs is the observation time, which is the same scaling
expected for the ULs set by the search. As a result,
shot noise may become a limiting factor in future SPH
searches—particularly if sensitivity improves faster than
the 1/Tps scaling, whether due to enhanced detector sen-
sitivity or the inclusion of additional detectors. In such
a regime, the analysis could begin to detect GWB sig-
nals from plausible astrophysical populations, e.g., from
CBCs. In addition, Ref. [83] found that the auto-Cy es-
timator is biased even in the absence of shot noise in the
GWB signal.

Therefore, we introduced the cross-Cy estimator shown
in Eq. , which involves multiple clean maps derived
from subsets of the whole dataset. For each subset, we
compute the corresponding dirty map X and Fisher
matrix T'?) | and follow the same deconvolution procedure
as described earlier to obtain the individual clean maps.
This cross-Cy estimator, obtained by summing over all
pairs of distinct maps, is by construction unbiased, ac-
counting for the fact that the bias arises from autocorre-
lation of each data segment. This concerns contributions
to the bias not only due to the GWB signal and shot
noise but also the detector noise, which is why Xg is no
longer subtracted from the clean map product, unlike in
Eq. . In practice, there are many ways to divide the
total dataset into subsets, with no trivial choice. How-
ever, following Ref. [83], we aim for constructing subsets
of the data with approximately equal sensitivity, leading
to the best UL on the Cy measurement. Therefore, in our
case, we combine data across different observing runs and
baselines to yield data subsets with approximately equal
sensitivity as follows: The data from the O1 and O2, as
well as the HV and LV baselines of the O3, are combined
into one subset. The total dirty map and Fisher matrix



of this subset are then given by

X(l) — XOl +X02 +X03(HV) _’_XO?)(LV)7

() — pO1 L 02 4 pO3(HV) | pO3(LV) (E8)
respectively, similar to Ref. [52]. We construct the first
subset in this manner and divide the HL baseline dataset
from O3 and O4a according to the sensitivity of this
dataset, since O1, O2, and the HV and LV baselines of
03 are significantly less sensitive than the HL baselines
of O3 and O4a. Specifically, the data from the HL base-
line of O3 and O4a are divided equally into 6 and 11
subsets, respectively. For each subset, we compute the
corresponding dirty map, X ®, and Fisher matrix, T'(),
where the index ¢ ranges from 2 to 7 for O3 and from 8
to 18 for O4a.

4. UL and significance computation

Following the procedure for significance assessment de-
scribed in Sec. [TE] we compute the p-value for each
real and imaginary part of the clean map estimator for
the combined dataset across O1-O4a, and compare all
these p-values to the local and global p-value thresh-
olds, respectively. For better visualization, we convert
each p-value to a z-score, which ranges between [—o0, o0,
through the inverse error function. Including the o = 3
case shown in Fig. all SPH modes lie within the
global p-value threshold (the dashed lines) across the
three power-law spectrum models, indicating the consis-
tency with a Gaussian distribution. Similarly, we inves-
tigate p-values for the 18 subsets of data used to com-
pute the cross-Cy estimator and confirm that they remain
within the global p-value threshold with very few excep-
tionsﬂ Therefore, we confirm that no confident detec-
tion is made at a p-value below < 5%. We then compute
the Cp point estimates and their 1o uncertainty using
Eqgs. and for either of the two estimators, re-
spectively. Although the auto-Cy estimator is potentially
biased due to shot noise in an astrophysical GWB signal,
Fig. [[2] shows that the differences between the two es-
timators remain consistently within their 1o error bars
across all £ values. This suggests that such a bias is not
noticeable, as expected in the absence of a detected sig-
nal, given the current search sensitivity.

Given the absence of a detected GWB signal, we com-

pute ULs on Cgl /% at each angular scale characterized
by the ¢ value, for different power-law frequency spec-
trum models, by constructing Bayesian posteriors from

6 Considering all individual data subsets and for a € {2/3, 3}, the
global p-value threshold was exceeded for a negligible number
of SPH modes. For @ = 0, however, this occurred for approx-
imately 4% of all SPH modes. Due to this notable deviation
from Gaussianity in the latter case, the results of the cross-Cy
estimator for o = 0 should be interpreted with caution.
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~ sim

scribed for computing p-values in Sec. [IE| The P
samples generated for the whole dataset and each of the
18 subsets are converted into the auto-Cy and cross-C) es-
timators based on Eq. and Eq. (20)), respectively. We
add the observed Cy point estimates to each sample and
construct the simulated PDF, p(Cy|C/). Furthermore, we
account for the calibration uncertainty by marginalizing
this simulated PDF over the calibration factor A such
that

the Monte Carlo samples using the same irocedure de-

p(CiC) = [ Ap(CACL NP, (B9

where
p(Ce|Co, N) = p(Co/N2|Cp 2o = 1), (E10)
() exp{ (_“2;”) } . &

The variance of the calibration factor, a?\, is given by the
sum of the individual calibration uncertainties measured

in each baseline and observing rurﬂ7 ie., af\ = ief.

Eventually, we identify 95th percentiles of p(Cg|ég) and
define it as the UL at the 95% confidence level.

When we generate the P samples, we need to ac-
count for a complication due to the requirement that the
clean maps be real quantities on the pixel basis; each

sample needs to conserve the following symmetry

T = (1) Th g - (E12)

The clean map estimator ’ﬁgm follows a multi-variate
compler Gaussian distribution with zero mean and the
covariance matrix X given by Eq. . To satisfy this
condition, we draw each real and imaginary part of a
sample separately by constructing a real covariance ma-
trix

Refps%m 0 Yrr 2RI
) ([ B B e

where each block matrix in the real covariance matrix is

7 Technically, for the Cross—é’g estimator, the propagation of the
calibration error differs from the auto—ég estimator because it
computes the cross-power of the clean map across the subsets
rather than its auto-power, and hence this calibration factor
should be derived differently. We leave this modification as fu-
ture work.
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