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This note is based on one of the papers we are writing on the SEOBNRv5 waveform model. It
explains the derivation of the Hamiltonian and PN equations of motion for precessing spins, and
lists the gravitational modes used to build the SEOBNRvSHM model. Please keep in mind, when
reading this note, that citations are not complete. The note has been written with the only scope
of facilitating the review of the SEOBNRv5 model for O4.

NOTATION

We use use units in which ¢ = G = 1.
We consider a binary with masses m; and ms, with m; > mso, and spins S; and S3. We define the following
combinations of the masses:
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where i = 1,2, and define the dimensionless spin vectors
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along with the intermediate definition for a;. The spin magnitudes x; vary between -1 and 1, with positive spins being
in the direction of the angular momentum, and the following combinations of spins:
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Note that, unlike a;, we define a4 to be dimensionless by dividing a; by the total mass.
The spin quadrupole, octupole, and hexadecapole constants are denoted Cipg2, Ciggs, and Ciggqs, respectively.
These constants equal one for black holes (BHs), but are greater than one for neutron stars (NSs). We define

Cips? = Cigse — 1, Cipss = Cipgs — 1, Cipss = Ciggs — 1, ()

Cops? = Cops2 — 1, Copss = Copgs — 1, Copss = Copgs — 1,

such that expressions for BHs can be easily recovered by setting C~' — 0. To simplify the expressions for NSs, we
define the following combinations of spins and multipole constants:
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which are zero for BHs (see below the definition of n).
The relative position and momentum vectors are denoted R and P, with

L2
ﬁ?

where n = R/R, and L is the orbital angular momentum with magnitude L. The total angular momentum J =
L+ S; + S,. For precessing spins, we use the spherical-coordinates phase-space variables (R, 0, ¢, Pr, Py, P;), where
0 is the polar angle, ¢ is the azimuthal angle, and Py and Py are their conjugate momenta. For equatorial orbits
(aligned-spins), the angular momentum L = Py.

For precessing spins, we consider two frames: one with unit vectors (I,n, ), where [ is in the direction of L and
A =1 x n, while the unit vectors in the other frame are denoted (In,n,Ayn), where Ay = Iy X n, and ly is in the
direction of Ly = uR X v, where the velocity v = dR/dT with T being the time variable. The orbital frequency is
denoted €2, and we define the dimensionless frequency parameter v = (MQ)/3.

We use the rescaled dimensionless variables

P2=P%+ Pr=n-P, L=RxP, (6)
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where we use either a lowercase symbol or a tilde to indicate the dimensionless quantities.

I. HAMILTONIAN

The EOB formalism [1, 2] maps the dynamics of a binary to that of a test mass in a deformed Schwarzschild or
Kerr background, with the deformation parameter being the symmetric mass ratio v. The effective Hamiltonian Hg
is related to the two-body EOB Hamiltonian Hgop via the energy map

H
HEOB:M\/1+2V< :H—1>. (8)

For nonspinning binaries, in the v — 0 limit, the effective Hamiltonian reduces to that of a (nonspinning) test
mass in a Schwarzschild background. The nonspinning EOB Hamiltonian was first derived in Refs. [1, 2] with 2PN
information, and then extended to 3PN [3] and 4PN [4], with partial information at 5PN [5, 6] and 6PN orders [7, 8.

For spinning binaries, one can map the binary dynamics to that of a test body in a Kerr background. The first
spinning EOB Hamiltonian [9] was constructed based on the Hamiltonian for the geodesic motion of a test mass
in Kerr spacetime, while including leading-order (LO) spin-orbit (SO) and spin-spin (SS) effects. This was later
extended to the next-to-leading (NLO) [10] and next-to-NLO (NNLO) [11] SO levels, in addition to the NLO SS
level for aligned [12-14] and precessing spins [15], then to NNLO SS for aligned spins and circular orbits [16]. The
complete 4PN conservative dynamics for precessing spins and generic orbits was incorporated in EOB Hamiltonians
in Ref. [17], and the 4.5PN SO dynamics in Ref. [18].

Another category of spinning EOB Hamiltonians is based on the Hamiltonian for a spinning test-body (test spin) in
a Kerr background [19, 20], first developed with NLO SO and LO SS [21], then to NNLO SO [22]. Such a Hamiltonian
is applicable for generic (precessing) spins, and has been extended to 4PN in Ref. [17].

The SEOBNRv2, SEOBNRv3, and SEOBNRv4 waveform models use an effective Hamiltonian that is a deformation of
a test spin in a Kerr background. Here, for SEOBNRv5, we take the effective Hamiltonian to be a deformation of the
test-mass Kerr Hamiltonian. The masses of the background BH and test mass are identified to be M = m; + mo and
w = mimso/M, respectively, while the Kerr spin ake,, is mapped to be

AKerr = @1 + a3 = May. (9)

An advantage of this map is that the Kerr Hamiltonian reproduces all even-in-spin leading PN orders for BHs [23].

To include post-Newtonian (PN) information beyond some leading orders in the EOB Hamiltonian, we write an
ansatz for the coefficients of Hog and solve for the unknowns such that Hgop is related to a PN-expanded Hamiltonian
in another gauge by a canonical transformation. To obtain that transformation, we write an ansatz for a generating
function G, perform the transformation using Poisson brackets

HEEY = HYN 4G, HYN) + 1 {6,{G, N+ (10)



where each bracket introduces a factor of 1/¢?, and finally match the right and left hand sides of the above equation
to solve for the unknown coefficients in Heq and the generating function. (See Ref. [17] for a detailed explanation.)

We include in the Hamiltonian all PN information up to 4PN order for precessing spins, in addition to most of
the 5PN nonspinning contributions [6]. We start from the 4PN precessing-spin Hamiltonian in the gauge of Ref. [24],
then perform a canonical transformation to EOB coordinates. Thus, our EOB Hamiltonian includes spin-orbit (SO)
information up to the next-to-next-to-leading order (NNLO), spin-spin (SS) information to NNLO, as well as cubic-
and quartic-in-spin terms at leading orders (LO).

In the following subsections, we write the Kerr Hamiltonian, and by building on it, we construct the effective
Hamiltonian, which we first present for nonspinning binaries, then for aligned and precessing spins. In Sec. (ITA), we
obtain a more computationally efficient precessing-spin Hamiltonian in an orbit average for circular orbits. Table I
summarizes the Hamiltonians presented in this paper.

TABLE I. Summary of the Hamiltonians presented in this paper and their relations to each other.

Hamiltonian description

H¥ Eq. (11) Kerr Hamiltonian for a nonspinning test mass in a generic orbit

H¥emea Eq. (14) | Kerr Hamiltonian for a nonspinning test mass in an equatorial orbit

H5MY Eq. (16) Schwarzschild Hamiltonian for a nonspinning test mass
HI, Eq. (17) effective Hamiltonian for nonspinning binaries, reduces to H5"™ when v — 0
HYen Bq. (26 effective Hamiltonian for spin-aligned binaries, reduces to H®T in the zero-spin limit, reduces to H¥e™ed
eff eff
when v — 0
HE, Eq. (35) effective Hamiltonian for spin-precessing binaries, reduces to H:;fig“ for aligned spins, reduces to HXeT

when v — 0

H:;rmp, Eq. (48) effective Hamiltonian for precessing-spin binaries, reduces to H:flfign for aligned spins, agrees with H;*
to O(S®) when PN expanded for circular orbits

A. Kerr Hamiltonian

The Kerr Hamiltonian can be written in a 3-vector notation as (see Refs. [15, 17] for details)

1/2
~ 2r ~
ket = ZEay + [AKe"(l + BETp? 4 B (n - p)? + B (n % p- a+>2)} , (1)
where the first term only contains odd-in-spin contributions, while the square root is the even-in-spin part, with
AY r? r2 [A r?
Kerr __ Kerr __ Kerr __ Kerr __
A = T, Bp = i, BTL]) = i |:712 — 1:| s Bnpa = —ﬂ(E + 27"), (12)
and
Y=r*+(n-ay)? A=r®—2r+a?, A= (r*+a3)* - Ad’ +A(n-ay)’ (13)
For equatorial orbits, the Kerr Hamiltonian reduces to
1/2
I"'{Kerr,eq — 2p¢a’+ + AKerr,eq 1 +p2 + BKerr,eqp2 + BKerr,eqpiai (14)
3+ (12+ (r+2) np " npa r2 ’
where
1—2u+ a2 u? r+2
AKerr,eq — + BKerr,eq — 42,2 ) BKerr,eq — _ . 15
1+ a2 u?(2u+1) np a+b “ npa a? (r+2)+rs (15)
with u = 1/7.

In the zero-spin limit, we obtain the Schwarzschild Hamiltonian

A8 — \/(1 — 2u) [1 + (1 — 2u) p2 +piu2}. (16)



B. Effective Hamiltonian for nonspinning binaries

The effective Hamiltonian in the zero-spin (point-mass) limit can be written as!

ﬁggfn = \/Apm {]‘ + APmmep?« +piu2 + me ) (17)
where Qpm (7, pr) is at least quartic in p,. In the test-mass limit, we have

Ap(r) Z81=2u,  Dom(r) 231, Qpm(r,pr) =30, (18)

and the effective Hamiltonian reduces to the Schwarzschild Hamiltonian (16). For the potentials A, D, and @, we use
the results of Ref. [6] (see Table IV there), which are missing two quadratic-in-v coefficients in A and D at 5PN.
The 5PN Taylor-expanded potential A is given by
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where g is the Euler gamma constant, and we replaced the coefficient of u® in A(r), except for the log part, by
the parameter ag, which is calibrated to quasi-circular NR simulations. Note that we pull out a factor of v from ag
compared to the definition in Ref. [6]. Then, we perform a (1,5) Padé resummation of Agily(u), while treating Inu as
a constant, i.e., we use

Apm = P5[A5 (w)]. (20)

The 5PN potential me reads
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where we set the remaining unknown coefficient de to zero, but it can be calibrated in the future to NR results for
eccentric orbits. We perform a (2,3) Padé resummation of D2 (u)

Dy = P [Dyy (u))- (22)

The 5.5PN contributions to A and D are known [6]; however, since we Padé resum these potentials, we find it more
convenient to stop at 5PN.
For the @ potential, we use the full 5.5PN expansion, which is also expanded in eccentricity to O(p%), and it reads

5308  4962561n2  330481n3 61572
Qpm = pfﬁ{2(4 —3v)vu® +u? {10u3 —83v% v (— + ne - )] + u4[ (640 el ) v

15 45 5 32
2 (316337r2 _ 1184vg n 150683 n 33693536In2  6396489In3 97656251n5>
512 ) 105 105 70 126
y (1295219 _ 9303172 10856x 40979464 2 4+ 14203593 1n 3 n 9765625 ln5>
350 1536 105 315 280 504

! The Hamiltonian can be obtained by writing the effective metric in the form ds?; = —Adt? + dr?/(AD) + r2d6? + r? sin? 6d¢?, with
the mass-shell condition 1 + ggflf'pupl, + @ = 0, which can be solved for pg = Heg, yielding the Hamiltonian in Eq. (17).
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The calibration parameter ag is a function of v; to determine its value in the limit ¥ — 0, we use the gravitational-
self-force results of Refs. [25, 26] for the frequency shift of the innermost stable circular orbit (ISCO), which is

MOQISES =673/2(1 + Cq/q),  Cq=1.25101539 +4 x 1075, (24)

The ISCO can be computed from the Hamiltonian by solving 0H/dr = 0 = 8?H/dr* for r and p, with p, = 0.
The value of ag that gives best agreement with QISE is

agl,_o =~ 39.1. (25)

C. Effective Hamiltonian for aligned spins

For aligned spins, the effective Hamiltonian reduces to the equatorial Kerr Hamiltonian (14), and to include higher
PN information, we use the following ansatz:

rralign 1
Hcf‘f

= m [p¢(9a+ a4 + go_da_) + SOcait, + GaS]

1/2
: (26)
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where g,, and g,_ include the SO corrections, SOcaip, is an NR calibration term, and G,s contains S3 corrections.
The nonspinning and SS contributions are included in A, B, and @, while the S* corrections are added in A. The

potential B}fggfﬁq is kept the same as in the Kerr Hamiltonian.

1. Spin-orbit and cubic-in-spin contributions

In some papers, the gyro-gravitomagnetic factors g,, and g,_ in the SO part of the Hamiltonian? were chosen to
be in a gauge such that they are functions of 1/r and p? only [10, 11]. However, other papers [21, 22] have made

2 The SO part of EOB Hamiltonians is usually expressed in terms of S = S1 + Sz and Sx = Sima/mi1 + Sami/ma, using Hgo
(9sS + gs, S+) /3. The relation between the gyro-gravitomagnetic factors in this case and our definition in Eq. (26) is that

1 1
gap = 5 (9s +9s.), ga_ =35 (95 —9s,) - (27)



different choices. For SEOBNRv5, we find better results when using a gauge in which g,, and g,_ depend on 1/r and
L?/r?, but not on p?, such that

L2 ( 4y 15\ 1(2 3
r2 32 32 r\ 32 32

L* /34502 750 105 L? [/ 159102 267v 59 1 /1092 177v 5
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where the square brackets collect different PN orders. These PN expressions were obtained by canonically transforming
the 3.5PN results of, e.g., Ref. [27].
The 4.5PN SO coupling was derived in Refs. [18, 28-30], and can be included in the effective Hamiltonian.?> However,

we found that using a calibration term at 5.5PN had a small effect on the dynamics, and thus only included the 3.5PN
information with a 4.5PN calibration term of the form

1
Ga_ =

v
SOcalib = dso 3Pl (30)
For the cubic-in-spin term G,3, we obtain
3
Do ay 0 9 3 3 .2 3 2
Gas = 7'7 _Z + ZG7G+ + Ci + gCi ((5017 + 3a/+) — §a,Cf , (31)

where only the first two terms contribute for BHs. The coefficients C'y- are defined in Eq. (5).

2. Spin-spin and quartic-in-spin contributions

We include SS and S* PN information in the effective Hamiltonian (26) through the following ansatz (cf. Eq. (15)):
_adu® + Ay + Ags + Aga

A=
1+au?(2u+1) ’
_ 32
Bpp=-1+ aiu2 + ApmDpm + BEE, (32)
Q = me + Q887
where the nonspinning contributions Apm, Dpm and Qpm are given by Egs. (20), (22) and (23), respectively.
The SS contributions are given by
cv 194 5 v o1 > 2] 1 1750 225
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3 The 4.5PN gyros are given by Eq. (5.6) of Ref. [18] in terms of 1/r and p2. Using L2/r2 instead of p2 yields the following 4.5PN terms
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where we recall that the constants Cf are zero for BHs.
The quartic-in-spin contribution in A is given by

1 3 4 3 3 3 3 9 5(12 2 9 2 9 2 9 2
A — |2 _ =2 a Za_C% 2.2 Tt a® Y a“\2 < a“\2 Za_ a 4
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which vanishes for BHs since the Kerr Hamiltonian with the mapping (9) automatically reproduces them [23].

D. Effective Hamiltonian for precessing spins

For precessing spins, the effective Hamiltonian reduces to the Kerr Hamiltonian (11), and to include higher PN
information, we write the following ansatz:

HEp™ = % {IN/ * (9ay @y + ga_da_) + SOcarip, + Ga3]

}1/2, (35)

+[A(14 Bp* 4 Buylnp)? + B (nx p-as ) +Q)

where g,, and g,_ include the SO corrections, SOcaip, is an NR calibration term, and G,s contains S® corrections.
The nonspinning and SS contributions are included in A, By, By, and @, while the S* corrections are added in A.

The potential B,If;’;r is kept the same as in the Kerr Hamiltonian.

1. Spin-orbit and cubic-in-spin contributions

The gyro-gravitomagnetic factors g, and g,_ are given by Eq. (28), since they are exactly the same as in the
aligned-spin case. The calibration term is also the same, except for adding a dot product

UV ~
SOcalib = dso;BL cay. (36)
For the cubic-in-spin term G,3, we obtain
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2.  Spin-spin and quartic-in-spin contributions

3~ 5C, pgs 3 ~ ~
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We include SS and S* PN information in the effective Hamiltonian (35) through the following ansatz for the
potentials (cf. Eq. (12)):

(CL+U +Apm+Amhgn+Auhgn> (1+(n.a+) +Aprec+Aprec)

1+a2u?+2a3u? + (n-aq)?u? —2(n-ay)?ud +ai(n-ay)?ut’
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|
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(38)
5 Zitaie’ + ApwDom + By fss + Bhpss
e 1+ (n-ay)?u? ’
Q _ me + Qahgn [S)gec’
where the nonspinning contributions Apm, Dpm and Qpm are given by Eqgs. (20), (22) and (23), respectively.
The spin-spin contributions to the potentials are given by
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0 (69; B 2) (p-ai)(n-a-)+ (—15”2 v 15
+ (350 — 200%) (51Esz m-a)p-a) & WW) } .

M2

M2 (39g)
The quartic-in-spin contributions in A are given by
align _ 1 1 ~ ~ ~ 3 ~ ~ ~ ~
AL = 7“5{ - Zafag [ClESZ (3C2ps2 +2) + 2C2Es2] - 5(“1 -as)’ [ClES2 Copsz + Cips? + C'QESZ]
_ _ 1 _ _
+aj(ay - a2)(Cips2 — 3C1pss) + 10411(2C1Es2 —3Cipss) +1 ¢ 2}7 (40a)
e 1 21C 35C ~ ~
A% = 7"5{ (n-ay)? ( ;ESZ - iES4> +(n-az) (n-a1)’ (210, gs2 — 35C) psa)
) o 105~ - . - . .
+(n-a1)” | (n-ay) *TC1ES2C2ES2 —21C1ps2 — 21Csps2 | + (a1 - a2)(15C 1 pgs — 12C 1 gs2)

15C ~ 15 ,~ = 3a2C ~
+af (;ES4 - 901E5‘2> + IG§C1ES2 Cops? + w + 3a3Cps2

4 +3CIE5’2 +

~ =~ 155 26’ 2 ~ 36 2
+ (n . 04)0;%(77/ . 0,2)(1501353 — 601ES2) + a% (n . (],2)2 <1ES2ES 2ES >

2 2

~ = 27C1ps2  27Cspge
+ (n . (11)(71 . ag)(al . a,Q) <15CIESQC2ESZ + 1ES =+ 2BS > +1 <« 2}, (40b)

which are zero for BHs since the Kerr Hamiltonian with the mapping (9) reproduces them [23].

E. Hamiltonian in tortoise coordinates

The tortoise-coordinate r, is defined by [31, 32]

dr, 1

ar %v §(r) = Apm(r)y/ Dpm(r). (41)

The conjugate momentum to r, is p,,, which is given by the relation

pr, = pr&(7).

The nonspinning effective Hamiltonian (17) in terms of p,., takes the simpler form

A = o2+ A0) [14 830 + Q)] (43

where we obtain Q(r, p,,) from Eq. (23) by converting p, to p,, using Eq. (42), then PN expand to 5.5PN order.



For both aligned and precessing spins, a convenient choice for £ is

§(r) =

Diht (Apm + a12%)

1+ a%u?

)
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(44)

which is similar to what was used for £ in SEOBNRv4 [32, 33] except for the different resummation and PN orders in
Apm and Dpy. In the v — 0 limit, € reduces to the Kerr value (dr/dr.)ker = (12 — 2r + ai)/(rQ + ai). The PN
expansion of £(r) is given by

ﬂﬂz17;+;5+4—

2 3v  2d?
+ ...

r3

(45)

Instead of replacing p, by p,, /§ everywhere in the Hamiltonian, which would complicate it, we expand Qpm (7, pr)
from Eq. (23) to 5.5PN order to obtain Qpm(7, pr.). We do not include spin contributions in that expansion since the
a? term in Eq. (45) is at 2PN order, and thus contributes to Qpm at 5PN, while the SS PN corrections are included

up to 4PN.

The equations of motion (EOMs) for aligned spins, in terms of p,,, are given by Eqgs. (10) of Ref. [34], which read

O0H
Opr., r ’

. . OH
r=¢ Qf):%y

pT* = a

F. Comparison with other models

(46)

Table IT summarizes the main differences of the SEOBNRv5 Hamiltonian compared to that of SEOBNRv4 [21, 22,
35, 36] and TEOBResumS [14, 16, 37]. The SEOBNRv5 Hamiltonian contains the same spin PN information as the
Hamiltonians derived in Ref. [17], which extended the results of Ref. [15] to higher orders; however, we use different
resummations/factorizations from those employed in the above references.

TABLE II. Summary of the main differences of the SEOBNRv5 Hamiltonian, which builds on the results of Refs. [15, 17], compared
to that of SEOBNRv4 and TEOBResumS.

SEOBNRvbS

SEOBNRv4 [21, 22, 35, 36]

TEOBResumS [14, 16, 37]

nonspinning part
Apm resummation

Dpm, resummation

Hamiltonian in the
v — 0 limit

spin-orbit part

higher-order
information

spin
precessing-spin
Hamiltonian

spin-multipole
constants included

47PN with partial 5PN in Apm and
Dypm, 5.5PN in Qpm

(1,5) Padé
(2,3) Padé

reduces to Kerr Hamiltonian for a
test mass in a generic orbit

3.5PN, in (r, L?) gauge, Taylor ex-
panded

NNLO SS (4PN), LO S? (3.5PN),
LO S* (4PN)

yes

yes

4PN in Apm, 3PN in me and Qpm
horizon factorization and log re-
summation

log

reduces to Kerr Hamiltonian for a
test spin, to linear order in spin, in
a generic orbit

3.5PN, added in the spin map

LO SS (2PN)

yes

no

4PN with partial 5PN in Apm,
3PN in Dpm and Qpm

(1,5) Padé

Taylor expanded (Dpm = 1/Dpm
is inverse-Taylor resummed)

the A potential reduces to Kerr,
but not the full Hamiltonian

3.5PN, in (r,p2?) gauge, inverse-
Taylor resummed
NLO SS (3PN) for circular orbits

no

yes (to NNLO SS, for aligned spins
and circular orbits)
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II. PN-EOB DYNAMICS FOR SPIN-PRECESSING BINARIES

In Sec. ID, we derived an effective Hamiltonian for precessing spins that reduces to the Kerr Hamiltonian for generic
orbits. The EOMs from that Hamiltonian read

P = aﬁgglc?» p _ 781;’1{5181(:3 +F S _ aHEPlg%

op ’ or ’ ! a5,

x S; + SRR (47)
where F is the radiation-reaction (RR) force, and .S"iRR is the RR contribution to the spin-evolution equations, which
starts at O(v11S?) [38, 39] and is thus neglected to the order we consider here.

These equations are computationally expensive to evolve; therefore, we evolve the EOMs in the co-precessing
frame [40-42], in which the z-axis remains perpendicular to the orbital plane, and the dynamics can be approximated
by the aligned-spin case. We use a simpler precessing-spin Hamiltonian that reduces to H, :#gn for aligned-spins and
includes in-plane spin components for circular orbits. This Hamiltonian is used, after orbit-averaging the precessing
terms, to evolve the EOMs for the dynamical variables r,p,, ¢ and pg, while the evolution equations for the spin
and angular momentum vectors are computed in a PN expansion, also in an orbit average for circular orbits. In the
following subsections, we present the Hamiltonian, then derive the PN EOMs for precessing spins, in EOB coordinates,
up to NNLO SO (3.5PN) and NNLO SS (4PN).

A. Simple precessing-spin Hamiltonian

The precessing-spin Hamiltonian presented in Sec. ID reduces to the exact Kerr Hamiltonian (11) for generic orbits.
Here, we consider a simpler Hamiltonian that starts with an ansatz similar to the aligned-spin Hamiltonian in Egs. (26)
and (32), then complement it with precessing-spin corrections for circular orbits only, i.e., we do not include in-plane
spin terms proportional to p}.

We use the following ansatz for the effective Hamiltonian (cf. Egs. (26) and (35))

rrsim 1 T
B = gy (B (e + 00 a) + S0, + G

- - 1/2
L? L a.)?
+AQ+@ﬁ+u+mm%Bmw<;”+Qﬂ , ()

where the gyro-gravitomagnetic factors are the same as in Egs. (28), and the SO calibration term is given by
UV ~
Socalib = dSO,]TSL Ay (49)

with the same value of dgo as the aligned-spin model. The SS corrections are added such that (cf. Eq. (32))

_aiu + Ay + Aglsign + AL

1+adlu?(2u+1)

=1+ Bss, (50)
By = —1+alu’ + ApmDpm + BZE%SHSv
Q = me + lesigny

)

>
|

where the nonspinning contributions are given by Eqs. (19)-(23), the SS corrections A%Ge", Bf;fgsns and Q3E" are the
same as in Eqgs. (39), except for replacing aya_ by a4 - a—. The purely in-plane SS contributions are given by

2(n-ay)’ + ?)C'ﬁ'a2
3

]. ]_ 2 2
+ -t [33571 cayn-a_ + <V - ) (n-a_)*+ (7: - 34) (n-ay)’+36C™ + 3vC”

1 1 41v%  583v 171 2
+r5[5(171/—4)n~a+n-a+ (— 3 + 3 _64> (n-a-)

prec __
ASS -
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187 11?2 1435 81 99 867 1312 179
+< _ e 1/> (n~a+)2+5(y)0f'a2+<224 v 1/> Ci_az], (51a)

64 8 9 16 224 16 56

(n-ay)®> 13 3 3v v 15 o
BE,SS:_%—F?T% 15n~a+n-a,+ 6~ 1 (n-a_)*+ BT (n-aJr)z—l—(?)—3y)CJr
+i5_497V_473 nain-a + 19u2_545y+@ (n-a )+ 111/2_805V+E (n-a,)
r 4 8 A 8 32 64 - 8 96 = 64 *
189 81 1302 203 51
5 (32 - 16”) cre’ 4 < 1; -3 “ 4 32> Cﬁ'“Q]. (51b)
The cubic-in-spin term G,s reads
. L2 |5 n-a)?| 1] a3 5 5
Ge: =1L a+{r i(n-a_)(n-c”_)—% —|—772 —f—Z(n-a+)2+5ﬂ(a+~a_)—5§(n-a_)(n-a+)
1 ~ - 1 - . 3 - -
+ ga% (3501]552 + 401353) + gag (402333 - 302ES’26) — é(al . a2) (CIES2(5 — 3) - CQES2(6 + 3))

3~ 5C1 ps: 3 ~ ~
+(n- 01)2 <—SC1ES2(25 +3) — 12353> + Z(" ~ap)(n-as) (ClEs2(25 —7) = Capg2(20 + 7))

+ é (n - az)? (52];52(65 —9)— 2062353) ] }

- L2 (n - 29
+5L_a{_w+

43 r2

ai 5 1 ~ ~ 1 - ~
_+ +—(n- a+>2 + ga% (401353 — 3OIE52) + ga% (302ES2 - 402353)

24 12
}. (52)
We do not include S* corrections for simplicity.

This Hamiltonian reduces to H:flfgn from Sec. I C for aligned spins. It also agrees with H " from Sec. ID when PN
expanded to 4PN and to O(S?) for circular orbits (p, — 0). We remark that partial precessing-spin EOB Hamiltonian
HEPE takes into account all spin components through (12, a4 - Iy, a4 -1, a; - a_), including orbit-averaged in-plane
spin components, instead of only a4 - I.

3 ~ ~ 3~ 5C) pss
— —(a; - a2) (ClES2(5 —3)+ Cops2(6 + 3)) +(n- 01)2 <—8C1E32(5 —6) — 1QBS>

oo

(TL . al)(n . ag) (51E52 (2(5 — 7) + GQESQ (25 + 7)) + (TL . 02)2 (56’2235‘3 — 262ES2 ((S + 6))

] w

+

B. Orbit averaging the precessing-spin contributions

To simplify the EOMs, we remove the explicit dependence of the Hamiltonian on the n - a; terms by taking their
orbit average. Since the spin-precession timescale (~ v~?) is larger than the orbital timescale (~ v~3), orbit-averaging
the in-plane spin contributions is expected to provide a good approximation for the dynamics.

We define the unit vectors (I, n, Ay) with components

lN = (07071)7
n = (cos ¢, sin ¢, 0), (53)
Ay =ly X n = (—sing,cos¢,0),

where ¢ is the orbital phase and we take Iy to be aligned with the z-axis. When neglecting RR, an orbit average
yields

o _ L Wni — 0 — /)
) = 5= [ wao = 0= ), .

i g i\ Loy i
(nind) = (XM = 5 (67 = i)
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which lead to the following relations for the spin dot products:

1

2

(S = (In - 5)?], (55)
1

((n-Si)n) = (An - Si)An) = 5 [Si — (In - S)IN],

N —

((n-8)%) = ((An - 8)?) =

(n-8S1)(n-82)) = ((An - S1)(An - S2)) = 5 [S1-S2 — (In - S1)(Inv - S2)].

2

The Hamiltonian from Sec. ITA depends on (n-ay)?, (n-a_)? and (n-ay)(n-a_), which we approximate by
their orbit averages, given by

(n-a)? = 5 o~ (b -as)’],
(n-a_)zz% [ — (In -a-)?], (56)
(n-a)n-a)=~_la-a —(y-a)iy-a ).

C. Equations of motion

The “Newtonian” angular-momentum vector Ly is perpendicular to the orbital plane and is defined by

Ly=pRx v, (57)

where v. = R = dR/dT is the velocity. Henceforth, we use dimensionful variables for clarity, and to facilitate
comparisons with the literature.

We consider a co-precessing orthonormal triad (Ix,n, Ax), so that Iy is in the direction of Ly and Ay = Ix X n.
However, the Hamiltonian is expressed in terms of the canonical angular momentum L = R x P. We denote the
L-based unit vectors by (I,n, ), where [ is the direction of L and A =1 x n.

In the co-precessing frame, the dynamics can be approximated by the aligned-spin EOMs

; — 9Heon . OHpop 5, — _ OHEop
oPr opP, OR

+ Fr, P¢ = ]:¢, (58)

where we use the Hamiltonian from Sec. IT A after replacing the n - a; terms by their orbit average using Eqs. (56).
At each time step, we also evolve the PN equations for the spins and angular momentum, given by

Si = Qsi X Si, L= L(lN,’l)7Si), iN = iN(lN,v,Si), (59)

where v = (MQ)Y/3, and Qg, = OHESR/0S; is the spin-precession frequency, computed in a PN expansion from the
EOB Hamiltonian. These equations are derived in the following subsections to NNLO SS in an orbit average for
circular orbits.

The coupled Egs. (58) and (59) can be solved simultaneously for the dynamical variables. Alternatively, Eqgs. (59)
can be solved independently of Egs. (58) by adding to them the PN evolution equation for the orbital frequency,
which can be written as

S (60)
YT 1E@W)/dv’
where E(v) is the energy of the binary system and E is the rate of energy loss.
Since I is perpendicular to R and v, we can write the velocity as
v = Rn + QRAy, (61)

which can be considered as a definition for the orbital frequency €2, implying that Q =y - (n x v)/R.
Circular orbits are defined by Pgr = 0 and Pr = 0. Hence, to obtain R and L for circular orbits as functions of €2,
we solve

d . .
F(R-P)=R-P+R-P=0, and v’ =Mly- ";Y
for r(v,l,n) and L(v,l,n), perturbatively in a PN expansion, after using the EOMs (47) without RR. This yields

expressions in terms of I, and in the following subsection, we obtain them in terms of .

(62)
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D. Angular momentum vector

To obtain the angular momentum unit vector I in terms of Iy, we first use the EOMs (47), and the definition of
Ly from Eq. (57), to get Iy in a PN expansion, i.e.,

Ly _ 1 p. 9H5os

Iy "IN P (63)

lNE

Then, we specialize to circular orbits by setting Pr = 0 and replacing R and L by their solution from Egs. (62). We
also replace X using
= (’I’I,-Si)n-i-()\]\]'Si))\N-i-(lN'Si)lN, (64)
which implies that
A-8)2+(1-8)%=(An-S)*+ (In - )3,

65
That way, the right-hand side of Eq. (63) only depends on I, Iy, Any and v.
To solve Eq. (63) for I(Ix), we expand it in spin, using
UIy) = Iy +15°(n) + 15 (1y), (66a)

where 1 is in the same direction as Iy for nonspinning binaries, while I5° and 1% are the SO and SS parts. Solving

order by order in spin, we obtain

. 3 2
lSO:MV{_U(3X2+V)+U5 |:V_9V+(3V+9)X2:|

M 2 s 8 "\2 38
+u7[£+94"2—217g+<—”22+1i”+f2)xg]}+1@2, (66b)
5= s - 800w - 8005 =) vl S)0hy- )

M2 - {AN - S1) ”62 4 57” + (—113” - ;) XQ} FAn(y SO - Sy) <_76”2 _ 4y>
+In(An - 81)? —V; + %V + (—3: - Z) Xg} +In(Ax - S1) (AN - S2) (‘V; - 3y> }
2{>\N S1)(An - S1) :—Qiif—ﬁ?—?g%- (—432 +2v + 196) Xg]

+In(An - S1)? 524?;2217; <1?22 +9§+ig> X2:|

17902 9?2 3v 32 3v
T Ay S - 52) [144 Tt (8 * 2) X?]
v3 692 v
+In(An - S1)(An - S2) [16+ 3t 8} }+1<—>2 (66¢)

which is independent of the spin-quadrupole constants. Substituting {(Ix) in the solution of Egs. (62) yields R(Iy,n,v)
and L(lx,n,v), which are given in Appendix A.
Finally, we use these relations to obtain L = Ll and take its orbit average using Egs. (55), leading to

L=L5 4+ 150 4 [ 4 [ 4 [5°C, (67a)
1 v 3 v? 19y 27 w312 4172 6889 135
LS = uMiyd -+ (= — )0 - -
a N{v+<6+2>v+<24 8 +8>”+ 1206 " 22 T\ 2a 1w )V a6
L[ st 2m (356035 2255m\ (98869 128y  G455%° 256, , 128logy
31104 1728 3456 576 5760 3 1536 3 3
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2835
* 128”’ (67b)
wooTX v 3X
L5 — 42 |(1y - _v_ 1A _v_ 34
v |:(lN Sl)lN( 12 4 +Sl 4 4
112 55v 550 33 v 1bv 50 9
4 _ U e oY w7
v {(lN SI)IN(144 16 +(24 16) X2>+Sl (48 16 +<8 16>X2>}

53 272 405w 2502 1950 135
6
- o - - ) x
v {(lN Sl)lN[%‘ T 32 +( 32 8 32) 2]

v® 5502 8lv 502 39y 27
_Sr L (2 X 162
+ 5 [96 + o -5 +( =t 32> 2] }+ &2, (67c)

LS152 _ ;\;732 |:lN(2(lN . Sl)(lN . 52) _ (Sl . 52)) + (lN . Sl)S2 + (lN . S2)Sl:|

2 2
5

v 13v 7 2v(Sy - S9) 5 Tv 5 Tv

+ e {lzv [(lN -S1)(In - S2) <36 - 6) + 3] + So(In - Sy) <4 24> +8i(In - 8S2) <4 - 24>}
v’ 36102 361y 15 502 2450 5

gl S8 (g + g )+ (SR 7))

9223 3490 15 223 3490 15
So(ly - S V2 — Si(ly - Sy) [ —222,2 — =2 67d
+ Sa(lw 1)( 288" 64+8>+1(N 2)< 288" 64+8>}’ (67d)
3

2 X X
L5 = J\Ziu {lN {(lN 81)* (X2 —v)+ 57 (12/ - ;)} + (N - 51)81 <22 - ;)}
v° o [1210%  35v 11v 35 NRZ 5v
Fair s [ e () st e (1)
502 1lv 11 v
51l S1) {248+<82>X2”
7

+ 2 Ly - )2 50507 N 3470 LUy 283317 L 199 1LY
Mp 864 96 | 32 288 | 16 32 )°°

2 2
“!‘le2 {51/ " 275v _ 157V " (2951/ _ 455v 15> X2:|

144 48 16 144 48 + 16

23508 5632 21 132 7w 21
+Sl(lN-S1){—V+V—V+(—V 2y )XQHHHQ,

67
288 96 32 32 3 32 (67¢)
= COipge 3X, 3v v X
LSZC: 1ES 3 . 2 (2042 IV 2 (Y A2
7M}L lN v (lN 81) 5 5 + Sl 5 5
2
+0° {(lN 81)? (v* = 3v+ (v +3)Xa) + 57 (_1/3 +rv+(—v-— 1)X2>}
50 147502 1350 6502 550 135
7 l . 2 . _ _ b X
H’{(N SO~ T 6 "\"6 "6 T 16 )
5v 147502 45v 6502 550 45
S1<144 336 +16+(48 4816>X2)]}+1<—>2 (67f)

For aligned spins, L(v) is gauge invariant, and our result agrees with the literature, e.g., with Refs. [24, 43-45].
However, for precessing spins, L is gauge dependent, and our result disagrees with Refs. [43, 46], even at LO SO
because these references used the covariant (Tulczyjew-Dixon) spin-supplementary condition (SSC) [47, 48], while
we use the canonical Newton-Wigner (NW) SSC [49, 50] since we are working in a Hamiltonian formalism [19, 20]
Appendix B shows how to transform between our result and that of Refs. [43, 46] at LO SO.

One consistency check of the above calculations is that using these expansions, we can explicitly check that v-Ay =
QR(ly,n,v), and v-ly =0 =v-n, as expected from Eq. (61).
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E.

Spin-evolution equations

We obtain the spin-precession frequency €2g, by differentiating the Hamiltonian with respect to the spin vector.

Then, we take the circular-orbit limit by setting Pr = 0 and replacing R and L by Eqgs. (Al) and (A2). Finally,
averaging the spin components over an orbit using Egs. (55) yields
Sl = Qsl X Sl, (68&)
_ 3Xo (9 ov v2  15v
QSl‘M{”(z +2> tolsT )Tty
Lo f(E2 _Bw ey B st s
16 4 '16)77 48 16 ' 16
08 v 33Xy 3v v
In|ln-S1|——— | ——=In"-S =S
+MM{N|:N 1(2 2) 5 N 2}4—22}
v8 1702 v 9 15v V2 v V2
. _ - "\ x . A B R
+M2,u {lN [lN S1< 1 1 +(4 1 ) 2)+lN S <12 2>} 452}
vl 1214 91 27w 38502 9Ty 27
In|ly-S - —— 4+ =X
UNYE {N[N 1(144 16 16+( 48 16 16) 2)
1032 13902  9v v3 492 3v
+In -S> (144 T _4>]+(48+ 6 8) 52}’
Cipse 6 [(3v  3Xo o[ 32 9w 9 9
gy SO0 (T =R ) ot = e (- )
3 2 2
10|V 885y 81y 39v 33v 81
—_——t — —_—— == | X b
v {16 2 " 16 \16 16 16)°2 S (68b)

and similarly Sy = Qg, x S, with Qg, given by Eq. (68b) after exchanging the two bodies’ labels 1 <+ 2. The
SO and LO SS parts of the spin-precession frequency agree with the orbit-averaged results given by Egs. (1)-(5) of
Refs. [46, 51], but the NLO and NNLO SS terms do not agree with Refs. [51, 52] because of the different gauge.

F. Evolution of the orbital frequency

The evolution equation for the orbital frequency is given by Eq. (60) in terms of the energy loss and binding energy.
The circular-orbit binding energy can be obtained from the Hamiltonian (minus the rest mass) by setting Pr = 0,
replacing R, L and I by Eqgs. (A1), (A2) and (66), then taking the orbit average. This leads to

BE(v) = — ”;’ (B5° + B0 + BS54 BS” 4 BS°C), (69a)
3 219y 27 350% 15502 (34445 20572 675
S’ - _V _9) 2 T L L O _ _ _ _ 201 6
+< 12 4>”+< 2478 8)U+[5184 96 +(576 96 )” 64}”’(6%)
_ Iy - S, v v? 10v
ESO = = _— 2X —— 45 3—— | X
o (5w oot [ e (35
3 2 1 2
+o7 {—’12—554” %’+ (5';—39 + 47> Xg} }+1<+2, (69¢)
_ v? v0 S5v 5v 512
ES1S2 — e [—3v(ln - S1)(In - S2) +v(S1 - S2)] + M2 {(lN -81)(In - S2) (18 - 3> - ?(Sl : 52)]
8 72103 97317 21y T3 34312 Ty
+ MQMQ {(lN Sl)(lN 52) < 216 79 - 2) + <72 o 4) (S1 ) 52):| ) (69d)
4
-2 U 31 _ 3X2 & . K
T M22 {( 517 2 2 + 51 2 2
v8 8502 15v 15 25v V2 Bu 25v 5
+M2{W51[ B +<4‘4>] &{u 4+<m QXJ}
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144 s 16

v® 9 7771/3 - 38502 21v 74131/2 n 637 21 X
1 144 48  16) ?

(- 85))? {81223 - 634—78"2 - %” (26354”2 - 612” + (152) Xz] } +162, (69€)
oSl (-28) (5 2)
+ 28 {(ZN-Sl)Q <_T+1?’+ (—?—f) X2> + 5% (51”22—5:+ (5:+Z>X2H
+v8[sf (—$+2i58y2—613g+ <—9i22 +747§+?2) X2>
+ Iy - S1)? (74”83 - 29156”2 + 15132” + (9122 - 717—6” - 1;‘;) XQ) ] } +162. (69f)

Note that we did not include the 4PN nonspinning contribution in the binding energy to keep it at the same order as
the energy flux. The nonspinning and SO parts agree with Eqgs. (233) and (415) of Ref. [53], while the SS part agrees
in the aligned-spin limit with, e.g., Refs. [24, 44].

The NNLO SO contribution to the energy flux was derived in Ref. [54], while the NNLO SS (4PN beyond the LO)
contribution was derived in Ref. [45], though the SS tail contribution at 3.5PN is known for aligned spins only. The
result in Ref. [45] is expressed in terms of gauge-dependent quantities. Therefore, we used their EOMs to obtain the
circular-orbit energy flux as a function of v, and orbit-averaged the in-plane spin components, leading to

320210

b= (ESO + ESO 4 ES1S: L (ST 4 5526) , (70a)

= 35 1247 6502 9271 44711 583 8191
ESO:1+1}2<—V—)+47T’U3+’U4< v + v >—|—7m5<— V—)

18 504 9072 24 672
4o {_ 77503 944032 134543y 9 (411/ 16) _ 1712lnwv 1712yp | 6643739519 34241112]

324 3024 7776 48 13 105 105 69854400 105
19338512 2147450 16285
7 - 70b
( 3024 | 1728 504 ) (70D)
- Inv-S; v 5X, 15702 23v 43y 13 17v 31X,
Esozi 3(_2¥Y <42 5 /g = _ P\ Xx 6(__~-'""
My {“( 2 4>+U(18 s "\ 1))t 3 6
+o 11173 N 62502 N 1809551 150102 N 1849y N 9535 +
v — _
54 189 13608 36 126 336 ) 7
21241»%  10069v (130583 7163
8 — — X 142 70
v [ 336 672 +< 2016 672) 2} }+ ’ (70c)
- vt [289 103
ES1S2 _ e {48(11\’ - S1)(Iy - So) — E(51 ) 52)}
S 20230 5647 821y 2123
Iv - I - _ == . fntainied
+ YENE {( N - S1)(n - S2) < ™ 163 > + (81 82) < = T’ ﬂ
o8 216102 60241y 107771 440502 194687y 895429
In-S1)(ly - . _ _ _
YR {(N Su)(ty SQ)< B8 T2 T2 )HSl SQ)( 144 1008 9072 ”
63mvv?
W(IN - S1)(In - Sa2), (70d)
- 4 27X, 287y 89y 89X
Bt Y In - 2 2 2 (O 2
M2:2 {(N SU” 6 A T
Vb 262102 12550  [461y 1255 1850 801 7272 801w
— (ly- 2 — X 2 ) X, - 27 7
+M2M2{(Nsl){144 56 (72+56) 2]+Sl[< 72+56> > 144 56]}

v® 56150° 6203102 250813v 119032 2029630 250813
——(n-81)% |- - - — + + X
ot 96 448 6048 288 1344 6048 ) °*
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L g2 [337T1V0 4062537 963901y (4300° 3897230 963901
1| 288 4032 18144 96 4032 18144 ) 2
7
v o (65X, 650
+ 3 S1) ( - =) e (70e)
ss2e Clipse
ESC = e {114 [(In - 51) (3X5 — 3v) + 57 (v — X)]
12002 837y 1350 837 432 279y (450 279
6 . 2 _ 2\ X 2 ( _ e 2%\ x
T {(IN S1) ( g 1 +( 16 112) 2) 5 8 2 "\16 T1z)
813 4119112  74911v 20902 46801y 74911
8 2
In-8)% (- - - - X
v [( N 51) < 2 672 3024 ( B8 Tom 3024) 2)
L (20 A9 TA9lly (20007 46801y 74911
L\ 2 2016 9072 144 2016 = 9072 ) 7
+ 7m0 (I - S§1)% (8Xo — 8v) } +12, (70f)

where we expressed the aligned-spin SS tail part (O(v”) beyond the LO) in terms of I - S; as an approximation for
the precessing case which would also depend on S? and S; - S5.

Inserting E and E in Eq. (60) and PN expanding yields

(

9 ~
3;& (5 +2%0 4+ 5% 455 40570, (71a)

580 g LMy TN s 5912 | 1366l 34103Y /189 4159 ;
B 4 336 18 2016 18144 8 672

N 54112 _ 560503 961986891 o [ 451V + 16\ 1712lnv  1712yg | 16447322263  34241n2
896 2592 217728 48 3

105 105 139708800 105
(91495u2 358675V 4415) .

1512 6oas 4032/ " (71b)
. In-S 190 25X 7902 21611y [281y 809 370 151X
SO N 1 3 2 5 6 2
= —_— _— — _— X _——
v My {”( 6 4)+U[6 1008 +(8 84) 2}4””)( 3 6 >
+oT ~ 10819v° N 40289v% 1932041y (' 2903v® | 257023v 1195759
432 288 18144 2

32 + 1008 18144

3430302 46957 504830 1665
77118[ v ”+( v )Xg]}+le>2, (71c)

336 504 224 28
ssise _ vt [T2y - Sy - Sy)  247(S - S))
- M2p? 48 48
P 14433 11779 6373y 16255
USYEE [(ZN'SI)(IN'SQ)< 224 288 >+< 288 | 672 )(SI'SQ)]
L vmo [207(y - 8))(y - Sy) vod [/ 1625410° 195697y 9355721 (51 5)
M22 4 M22 3456 896 72576 Lo
331632 10150387y 21001565
Iv - Iy - _
x-Sy 52)< 3456 24192 T 24192 H

4
g2 v , (719X, 719y , (2330 233X,
= — | (ln - — —
Y M2 2 {(N 51) < 96 TR T 96

L iy - 51)? 2537307 | 2185y (19423 2185\
JVENZE e 576 448 576 448 ) 2

g2 6011v°  8503v (8503 1177w ¥
1 576 448 448 576 2

7 , (209X, 209v )
+MT/,L2 |:(l1\/'51) < 3 — 3 ) +Sl (61/—6X2):|

—12(S; - SQ)} +

(71d)
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v® o [ (11888267 239224312  4063301v 86942913  14283281v%  11888267v
+—5—4 (v - S1) - + Xz — + -
M2y2 48384 6912 16128 6912 48384 48384
13832312  711521v2  8207303v  (250693v%  812353v 8207303
2 - - X 12, (71
5 { 6912 | 5376 | 145152 ( 6912 5376 145152) 2} }+ =2, (Tle)

.2a Cigse 15X, 15v 505X,
’US C: ]\41-2EILL2 {’U4 |:(lNSl)2 ( 2 _2> +S% <2—2>:|
12922 1977y 1977  73v 432 659y 73v 659
6 . 2 _ _ 7\ X 2 ( X
v [(lN S1) ( 4 224 ( 224 16 ) 2) 5 1 T T\ e )
1567v° 2932002 597271v 567502 1517 597271
Sl(In-81)% (- - — - X
v [( N5 24 " o 6048 96 168 ' 604 )
g2 (1567V° 2032007 597270y (567507 1517w 59T2TLY
U2 672 18144 288 504 18144 ) 77
(71f)

+ 707 [(Iy - 81)% (26X5 — 26v) + 57 (6v — 6X5)] } +142
The NNLO SO and LO SS parts of © agree with, e.g., Eq. (A1) of Ref. [55]

G. Evolution of the angular momentum vector

To derive the PN expansion for Iy, we start from the equation for the total angular momentum J = L + 81 + S5.
We start by neglecting RR, and in the following subsection compute the RR contribution. Setting J ~ 0 yields
(72)

L+ 5'1 + 5'2 =0,
where S; is given by Eq. (68), while L can be computed by taking the time derivative of Eq. (67).
Solving Eq. (72) for I yields*
Iy =150 + 055 + 057 +157°, (73a)
. lN X Sl v 3X2 I/2 9v 9v 9
iSO — 6(_2 _ 81 2~ —+ - | X
{U +v 1 1 + 1 + 1 2

N M2 2 2
3 2 2 9
10 { v 8?27y <211/ 63v N 7> X2:| }+ 1o, (73b)

48 ' 16 16

6 16 T 16

2
5X. 5
+U9|:(2 - ) lN(lN -5 % Sg) + (lN X Sl)(lN Sg) (—4 — T - 1

18
5y 15X, 57\ (33X
) () )

. 3
[S152 Y {v7 (I % S1)(Ly - S2) + (Ly x S2)(In - S1)]
15Y% 15X, 21)

+ (In x 8S2)(In - S7) <—4+ 3 5 3 1

V2 25p T1lv 9 15
ot s s |+ B (G ) e g

V2 271y v 9 39
+ (Iv x S2)(In - S1) {_6+ 3 (—32—32) Xz—&-}

89v 9 89v 9
+lN(lN‘S1><SQ)|:96+<16—48) 2_32:|

+ (8 x 85) [?g+(9;+196)X 392] }} (73c)

4 To solve Eq. (72), we split iN and S into SO and SS contributions, such that iN = IISVO —|—l]S\,S and S; = SlSO + SiSS, then solved order by
and l]SVS When performing this calculation, several simplifications can be done: S; is perpendicular to S;, leading

order in spin for lISVO
t08,-81=0=255- SQ, and since SISO is perpendicular to I, we get I - SISO =0.
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l~S2 _ (lN X Sl)(lN . Sl) {U7 <3X2 _ 31/) _|_,U9 [2V2 +9V+ (3V—9)X2]

M3 p? 2 2
+ v1! {—2?’;3—15176’/2—91?2/+(—LB4?;2+41/+?2)X2H+1<—>2, (73d)
I3 = %(m x S1) (I - 51>{“7 <32X2 B 32) £ [11;2 P (131 B Z) X?}

which agrees up to NLO SO, i.e. to O(v®), with Eq. (4c) of Ref. [46] if one uses the coefficients of L(ly) from Eq. (67),
instead of those in Ref. [46] because of the different SSC. Note that Iy has a component parallel to Iy, which enters
at NLO and NNLO S;S., and is given by

. v X, 1 3%v (9 35v 9
lN-lNW(lN-sleQ){v9<;4>+v“[96+<848>X216”. (74)

H. Radiation-reaction contribution to iN

When computing In, RR enters when taking the time derivative of L through ©, which is given by Eq. (71), and
from the nonzero J, which is given by
J=L+5+8;
= R x F + SRR 4 gRR (75)
where we used the EOMs (47) to relate J to the RR force F. Since we are working to NNLO SS, i.e. to O(v'?) in
L and S;, we only need J to O(v?) beyond the LO, which is O(v7), and we can neglect the RR contribution to S;
because it starts at O(v!1S?) [38, 39].
The RR force F for circular orbits in SEOBNR waveform models is chosen to be in a gauge such that [36, 56]°
E
= 7P. 7
F 7 (76)
Using the energy loss from Eq. (70) and expanding to LO SO for circular orbits, we get

32 5 4 9 13v 1247 3 v3 v 3Xs v 33X,
F = —— 1+ — — —— | +47 + — . —_—— — ) +1- - =
) v )‘{ v ( 4 336 ) v M/l, -5 3 4 ! 52 3 4 ’ (77)

where we did not write the n component of F since it does not contribute to J and is proportional to Pg. Then,
from Eq. (75), and using Eq. (66) to replace Il = n x A by Iy, we obtain

. 3 . .
J = 352M1/2v7{lN {1 +v? <35V - 1247) +47T'l)3:| + U[IN (lN 51 (—5v —2X5) + lN452 (51/2X1)>

Mu 1
+ S (—Z—?’f?)+52 (-Z_?’fl)]} (78)

Following similar steps as in the previous subsection, except for including J and ¥, we obtain the following RR
contribution to Iy:

. 64 v° 370 1751 3 92 19 25
IRR = —“{ulN {1 +0? <—” - ) +4m3} 2 [ZN(ZN - 81) (” — Y B Xow — 8X2>

5 M 12 336 My 8§ 12
9% 19v 25 V2 3vX v’ 3vX,
: T isX - 22X - v _
+Iin(N Sg)( 3 2 +5X1v 3 1)+51<8 + 3 >+SQ(8 + 3 ):|} (79)

We do not include this RR contribution in the SEOBNRv5PHM waveform model, but we checked that it has a negligible
effect on the dynamics.

5 This relation was derived in Ref. [56] for precessing spins, and is given at LO SO by Eq. (3.27) there, which includes an extra term
depending on (P - S;)L that averages to zero over an orbit.
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III. 3.5PN SPIN CONTRIBUTIONS TO THE FACTORIZED MODES

[This section is mostly extracted from Ref. [57], and it contains the expressions for the 3.5PN factorized modes
for aligned spins in circular orbits. The nonspinning part is only written to the order needed to produce the spin
contributions. We mark in color the new terms that were included, or corrected, in SEOBNRv5 compared to SEOBNRv4.]

The waveform can be written in a factorized, resummed form as [31, 58-60]

hb = him ™ 85 Tom e fo (80)

€

where €, is the parity of {+m: €, = 0if {4+ m is even, and €, = 1 if £4+m is odd. The first term héfi’é") is the leading

(Newtonian) order waveform, which is known for any (¢,m), and its explicit expression is given in, e.g., Eq. (3) of
Ref. [59].

The (dimensionless) effective source term Sefr is given by either the effective energy F.g or the orbital angular
momentum py, both expressed as functions of v = (Mu})l/3 =/, such that

(81)

N { Ee#(v), {4+ m even

Seft =
& vpﬁ’l(\;), £+ m odd

where FEog is related to the total energy E via the EOB energy map F = M\/l + 2v (Beg/pn — 1). The factor Ty,
resums the infinite number of “leading logarithms” entering the tail effects [61], and is given by

re+1-2k)
Tom = eﬂ'k621k ln(2mwr0)’ (82)

T((+1)

where T'(...) is the Euler gamma function, k= mwkE, w is the orbital frequency, and the constant ry takes the value
2M/+/e to give agreement with waveforms computed in the test-body limit [59].

The remaining part of the factorized modes is expressed as an amplitude fy,,, and a phase d¢,,, which are computed
such that the expansion of h?m agrees with the PN-expanded modes. To improve the agreement with numerical-
relativity waveforms, fy,, is further resummed as [59, 60] fom = (pgm)é to reduce the magnitude of the 1PN non-
spinning coefficient, which grows linearly with ¢. For spinning binaries, the non-spinning and spin contributions are
separated for the odd m modes, such that

4
_ ) Pims m even 83
fém { (peNi)g—’—féSm’ modd 9 ( )

where p)® is the non-spinning part of pe,,, while 3 is the spin part of fe,.
To simplify the expressions for the factorized modes, and to be consistent with the notation used in the literature,
we introduce the dimensionless symmetric and antisymmetric spin parameters

1

Xs =5 (x1 +x2) (84a)
1

XA =5 (x1 —x2) (84b)

and define the following combinations of the spin-multipole constants and spins:

fs = 5 D30k — 1)+ xdlr2 = 1] (352)
fa =5 DG = 1) = gle — 1), (85b)
S5 = 5 [0~ 1)+ 230 - 1], (85¢)
S =5 DO — 1)~ xd0e - 1], (854)

which equal zero for black holes.



22

For the (2,2) mode, we obtain

_ 2 (55, 43 3r(2,, 2 2 4[19583 2 33025, 20555
p22 =1+w (84V 42)+U [(3’/ 3)X 35XA]+” [42336’/ 211687 ~ 10584

1
2
+ 07 [6 (=5 = 51) xa+ (357" + 5v — 51) xs]
)

V2 10,2 _ 1817 89 \ 2
2 Xa+ (§v7 = 5oV + 253) Xs

2,015 (89 _ 781 PO 27,2 457 89
v {() (136 — 283¥) xaxs + (- 57" — v + 35

2
67 139 2 27,2 407 67\ ~
+ (51 — osv) OFa + (—357° — v + 51) “S}

7[5 (97865 2 | 50140, , 18733 50803 3 _ 245717 2 | 74749, , 18733
T {5 (635017 + Soc0 ¥ + Toer) X4 + (83501 53301 ¥~ T Baon ¥+ There) Xs

+0x3 (3 = 30) + 620 + Dxaxd + (402 = 3v +1) Xixs + (v + 1) 13

+Rs [(5v+3) Oxa+ (=202 = Fv+§) xs] +Fa [(5 - 5v) xa+ (5 —2v) oxs]

4 (v — 1)+ (Bv — 1)XS] : (86a)
Sap = TwE + (wE)? [(8v — 4) x5 — 40x4] s (86b)

where the energy E in &y, is replaced by the Hamiltonian. The coefficient 19/42 of O(v56x 4v) corrects a typo in the
SEOBNRv4 code.
For the (2,1) mode, we obtain

NS _ 23 59\ .2 617 2 _ 10993 47009 , 4

po1 =1+ (@V_ %)U + (4704’/ 4112V 56448) v, (87a)
S

f5=v (=% = dxs) +0° [ (B + ) % + (Br + 9) xs

3
2
+ v |:(—2V -3)x% + (Bv—6) XAXS | (Av—-3)xt+ (—v—1)Rs — M}

o

5 703 2 | 8797 81\ XA 613 .2 , 1709 81
o {(_TV + Tooe” — %6) 5 + (foos¥” + To0s¥ — T6) X5
2
XAXs

3
X
A =2+ (5 3v) Xaxs + Ixd

+ (- o)

RAX RsX
Aé.s‘i‘(%_%V) S(sA

6[ (5. 2 9287 41(;:;) 2 139 2 2633 41(;:;)
+v “7"/ ToosY t 252 ) Xa T ( P toos? t 252 ) X5

+ (3 - %) Risxs]

94872 1636 1163\ XAXS 473.2 | 8 1
+(5()47’721 7”+12<;) 5 +(84V+ﬁy+ﬁ)

F (o B )R]
. 2 XA
+i(wE)” |(— v - ) X2 + (v — D) xs| (87b)
do1 = %wEf%;z/t'r’. (87c)

ot

We note that the O(v®x?v?) terms in the (2, 1) mode disagree with those used in the SEOBNRv4HM model [62].° Another
discrepancy with literature [34, 60] is in the O(vv®) nonspinning part of d21, whose coefficient had the value —493/42
instead of —25/2, due to an error in the (2,1) mode in Ref. [63], which was later corrected in an erratum.

For the odd m modes, the functions fy,, and 4, depend on 1/4, which diverges for equal masses. In the implemen-
tation for equal masses, we pull the factor § from the leading order into fg,, to cancel 1/§. To avoid the divergence
in 0gm, we moved the spin part from gy, directly to fs,, after multiplying it by ¢, as was done for the (3,3) mode in
SEOBNRv4HM [62].

The (3,2) and (4,3) modes are given by

6 The difference, for black holes, is given by

S S, (SEOBNRv4HM) 6 2 (165 2 87 XAXS 165 . 2
fa1 — 21( = (EXA"‘% s + 112X ) (88)




P32 = 1 —i—v& + 2 _3_31/2 + 25%’/ B %_ 167/2/\/?3‘
3(1—3v) 1-3v 9(1 — 3v)?

XS 32003 X i
(1-3v)2  81(1-3v)3

. OX £ R o )
3|/13 9 XA 607 3 , 503,2 1478 2
t+v [(9’/"—9) 17‘31/_'—(8'1 VU STV T s 7/+§)

TT141,4 5084743 _ 9451212 | 1610009y _ 18056 2
4| 20095 40095 320760 320760 200475 | (4,2 - 1y Xa
+v + (4v° —3v + 3
{ (1-3v)? ( ) 1—3v
50 - , oy OXAXS oito 4 qooe 4 taas o e , X%
50 2 88 2 (AX 2452 4 1997 3 |, 14352 43 | s
+ (*ﬁ’/ i ridas §) (1— 3v)2 (7 55 Y — eVt amy vt ?) (1—30)3
0k 4 ks
11 2 1
3 — 3V v —v+ 3
+(3 3)1—3y+( +3)1—3l/
5 1184225 5 40204523, 4 , 101706029 3 _ 141038332 , 20471053 2788 Xs
v {( 06228 ~ 7962280 + “g62a80 Y~ — “1oas6 Y t “oomas0 ¥ — 1213) (1— 30)3
QRORT - mEmQT 27617 2788 (5XA 508 < 36 2 6 6‘(‘—“(‘_{
8896733 _ 757372 | 376177 2788 , 6083 , 7362 16 XAXs
+ (1(165)2[)” — 5336 V" 1 35600 ¥ — 1215) (1 30)2 + (W” +teV - ?V) (1—30)3
3
961765 , 43528 4 40232 3 , 376 2 8 Xs
+ ( oisr Yt oisr VT oasr VsV~ T)) (1—3v)
2 -
32 3 Q. XaXs 8¢ 2 8 XskA
(=200 gt By AR (852 — By) 2L
( 3 9 ) (1 731/)2 (9 9 ) (1 _3,/)2
Xsks
+ (=163 4 82 8y A2 1
( 3 3 9 ) (1 _3y)2
_ (11 oy WE 1| 40xa 36, 2 XS
b= (Fv+5) g, [1—31/+(?” S T
2
X5 160vxaXs
+0° [ (=133 + 8002 — 16v — ,
[( 5 ) (1-3v)3  (1-3v)?
NS § 10,2 | 547 111
Py =147 (Vv + 3% — &)
3 ,
s _ v 5 5 XA v 887 3143 2\ XA 529 2 667,
fi5 = 1— 9 (QVXS - 5’/7) +1 “ oy {(TJV — 3V ) 5 + (* 132V — aa V) /\S}
e[ = o ) (M 180 3) A (82 4 )
6 2 9 3 F‘-’A 6 2 6 3\ =~
+ (60" =9+ 3) =+ (6v° = 6v + 3) ks
4
. v 17999 .2 2605 11) XA 2569 2 _ 2011 11
+Z(1_2y)2 {( 324 VT 108”+T)T+(324V - 108V+T)XS]’
__ (4961 3y wE
643_(8101/+3) 1—92,°

23

(89a)

(89b)

(90a)

(90b)

(90c)

Since Ref. [57] was published when the model was close to being finalized, we only added the terms we considered

most important, and we will add all new terms in a future update of the model.

Appendix A: Angular momentum and separation for circular orbits

In this Appendix, we write R(Ix,n,v) and L(ly,n,v) for circular orbits and precessing spins to NNLO SS, which

are obtained by solving Egs. (62) and replacing ! by {(Iy) from Eq. (66).
For L(ln,n,v), we get
Mu (ESO LSO 4[5S L [57 E52C’) ,
v

L

(Ala)
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Y S AN 1/7271971/+§ Ly 7V3+311/2 417% 6889 135
- 6 2 24 8 8 1296 24 24 144 16

4ot {2835 <98869 128y 645572 2561n2 128 lnv) (356035 22557r2) 9

128 5760 3 1536 3 3 3456 576
3 4

- % - ;151”04} (Alb)

+07 [TZ + 16156”2 = 2?2” + <—1?g2 + 1147” Té) Xz] } +162, (Alc)
195 = {200ty - S0 - 82) = (- S - 2]

of [<n .81)(n- S5) (136 - 23”> (Iy - S1)(Ix - o) (49” + g) + (A S1)(Ax - 1) (i” - ;) }
+o° [(n S1)(n- Sy) (20752”2 -2, 145> +(Iy - S1)(Iy - S2) <2fgg2 -T2y 245)

(- S1) (A - 52) (218” i )]} (A1d)

s :A;;Q(V—XQ) [(n-8)%—(In-S))? {n S)? {——233”+ <233—81/> XQ}
(- S {149”2 +out (103” - 2) Xz] (- 512 [gg T (6152” - 12049) X ] }

216 24 8 72 8 8
18503 227502 95u (175u2 9851 95) ]
2

a4 T 1 16 18 36 16

21 5502 65v 1312 1237v 65
Ay - S1)? - - — - =X 12 Al
+ A 1)[16 36+16+( 36 | 144 16) 2”+ o (Ale)

v8 20503 36502 15v 81512 51/ 15
+u2{(lN~Sl)2 [— +++<— + — )Xz}

C = VETE {v“ [y - 81)? (Xo —v) + (n- 81)% (2v — 2X5) + (Ax - 51)% (X2 — v)]
+ S [(lN - 81)? (23”2 — 2w+ (2w + 2)X2> +(n-8)> <4’;2 +dv + (—dv — 4)X2>
+ (An - 81)? <2§2 -2+ (2v+ 2)X2> }

50 147502 45v 6502  55v 45
rotmes (G - M T (- 1))

Iv-8))2 (-2 + =22 =22
v 1)( PITS 8

503 147512 45v _65u2 n 557u B 45 X
24 o4 "g )
503 147502 45v 6502  55v 45
+(>\N-Sl)2<—72+ 63 —8+<— o0 +24+8)X2>H+1<—>2, (A1f)

which agrees for aligned spins with Eq. (8.24) of Ref. [44] and Eq. (5.2) of Ref. [24].
For R(ly,m,v), we get

M
z—2<f5 4750 4 75182 4 557 S5O ) (A2a)
v
LA v?  bu N 203 +11u2+ 4172 1585
e = vi—+4+v —_——— 8 _ v
3 9 4 81 12 48 72

(A2b)

3 544 45172 9 153211 64y  11375m2 128 641nv
+v 9~ 192 v v 2 ,

9 2880 3 3072 3 °T T3
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In-S v X [ 192 3v v 3

=SO NP1} 3 2 5

_ NPT _r_ 22 _ bl Z_2\x
" Muy {U < 6 2> Y { 48 16 <8 16> 2}

473 612 Su 9072 139v 5
7
- 47 " )X 12 A2
v { 3456 192 128+<1152 32 +128> QHJF 5 (A2e)

75152 — Mgzﬂ{ —2vt(n - S1)(n - Ss)
+0° [(n - 81)(n - Sy) (85 - 2”) +(In - S1)(In - S2) (?’; — i) + (An - S1)( Ay - S2) (y — 2) ]

24 3
5902 11150 87 502  55v 3

8 . . —_——— — — —— . . —_— —_— p—

+v [(n S1)(n - Ss) ( 5 9% 32) + (v - S1)(In - S2) ( o tor T 2)

3502 183 15
+ (AN - S1)(AN - S2) (2:4— 16y+4>:|}, (A2d)

Q2 v* v8 v 49y 49 25y
P = 2<VX2><”'51>2+W{("'5”2 {12 =t <126) X%

M2y
+(Iy-81)? :2§gz+1iy+<116y141)X2] + Ay - 81)? {’/;+1ZV+<73V167)X2H

+ ]\;jug{(nSl)Q [1031;3 + %2’/2 - 63% + (5995(;/2 - 16;” + g;) Xz}
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Appendix B: SSC transformation for the angular momentum
The transformation from the canonical NW SSC to the covariant SSC is given by the center-of-mass shift [64]

1
7Vi(cov) X Si7 (Bl)

i — Xi(cov
Xi(w) 7 Xi(eov) T 5 -

where x; and v; = X; are the position and velocity vectors of each body, with i =1, 2.
In the NW SSC, the vector Ly nw) = pRxNw) X v(nw), where R = x; — x5 and v = v — vy are the relative
position and velocity, respectively. Transforming to the covariant SSC leads to

X2 [/ M M
LN(NW) = ,LLR(COV) X V(COV) + {22 |:(R + V2> Sl - (V . Sl>V - E(’I’L . Sl)n} + 1+ 2} 5 <B2)

where all quantities on the right-hand side are in the covariant SSC, but we dropped the label to simplify the notation.

Dividing Ly (nw) by its magnitude, using R = Rn and v = RQAy = Rv3An/M for circular orbits, and taking an
orbit average yields

3
v
Inonw) = IN (cov) + 20n {X3[81— (v - S1)In] + X7 [S2 — (In - S2)In]} . (B3)
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Our result for L(ly) in Eq. (67) is in the NW SSC, while Eq. (A5) of Ref. [46] is in the covariant SSC; the difference
up to LO SO is given by

2
ef. [46 v
LG = Lt = —5 (X211 — (- S)In] + XT[S2 — (I - So)lw]} + O(°). (B4)

The leading PN order of L(ly) in Eq. (67) is uMly /v, and v is invariant under an SSC transformation; hence, the

difference is due to the SSC transformation of Iy, which is given by Eq. (B3). Indeed, we see from Eqs. (B4) and
(B3) that accounting for that transformation cancels the difference between our result and that of Ref. [46].

Appendix C: PA dynamics

The equations of motion for aligned spins, in terms of p, , are given by Egs. (10) of Ref. [34], and read

OH . OH
r= € ) ¢ = 5 >
opr. |, Ipg
OH . (C1)
pr* T W Pry + qu qu? pd) - F¢
Explicitly, we have
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where Hoqq = Hoqa/ py and
aﬁeven 1
T SR
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2
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Quasi-circular initial conditions are taken from [56].

One can then integrate numerically Eq. (C1), to solve for the binary’s dynamics.

In SEOBNRv5 one can also employ the post-adiabatic (PA) approximation for the inspiral dynamics, which allows
speeding up the evaluation of the model, especially for very long waveforms [65-67]. The implementation of the PA
dynamics closely follows that of Ref. [67] to which we refer for most details. To obtain explicit algebraic equations
for the momenta we follow the same procedure as described in Ref. [65, 68] which results in the following equations.

_ 3
= 30+ Boy)
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ZI/I:IevenI:]EOB dp,, dr  p,
. A I W 9
1 ¢ ( dr dt  pg Fo ()

Here the only unknowns are the explicit p,., in the left-hand side of the first equation and the explicit pi, D¢ in the
2nd, and all the other instances of p,,,ps come from previous orders.
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