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While a growing number of individual gravitational wave events have been observed, researchers
are still searching for a stochastic gravitational-wave background. This superposition of weak,
unresolved gravitational-wave signals could hold a wealth of both astrophysical and cosmological
information. Studying both the isotropic and anisotropic components of the background at current
detector sensitives could provide a measure of matter distributions and large-scale structure in
the Universe. Eventually these searches may provide concrete evidence of inflation and act as a
primordial analog to the Cosmic Microwave Background. This paper will detail the development of
a data folding algorithm for the stochastic gravitational wave background analysis pipeline. Taking
advantage of the fact that the detector response is periodic with the rotation of the Earth, long
stretches of time series data can be condensed to the size of one sidereal day. We implement this
algorithm in both simulated and real data and verify it’s efficacy through direct comparison to
calculations with unfolded data. With the implementation of data folding, anisotropic directional
searches can be carried out far more efficiently. Data folding only needs to be applied once, but
brings orders of magnitude improvements in speed and data size, with negligible loss of information.

I. INTRODUCTION

In 2015, LIGO made the first direct detection of a grav-
itational wave (GW) signal [1]. Since then, interferom-
eters have measured many more signals from black hole
and neutron star binaries [2]. These binaries must ei-
ther have very high mass or be very compact in order
to be detected by current ground-based detectors. How-
ever, the sky is filled with gravitational wave signals be-
low detection thresholds that, when analyzed as a whole,
contain a great deal of information. These signals are
unresolved, numerous, and best described according to
probability distributions, hence they are known as the
stochastic gravitational wave background (SGWB) [3].

SGWB searches can be performed as either all-sky
or directional searches. Isotropic searches model the
background with no directional dependence and can be
used to characterize the average GW signal in the Uni-
verse. Directional searches account for potential varia-
tion across the sky and can be used to map anisotropies
in the GW distribution [3]. Due to the Earth’s rotation,
ground-based detectors measure the signal on the sky in a
time-dependent manner, which is periodic over a sidereal
day.

This project is focused on developing a key component
of LIGO’s SGWB pipeline: data folding. Because LIGO
data is periodic over one day, we can compress the time
series information we measure. By folding gravitational
wave data over one sidereal day, the efficiency of current
and future directional stochastic searches can be vastly
improved.

The contents of this report will be presented as follows.
In Section II, we present a brief overview of the motiva-
tions for stochastic gravitational wave searches. In Sec-
tion III, we provide the necessary background, starting

with gravitational waves in general and then going over
stochastic signals and their measurement and analysis.
Section IV details the data folding approach, modeled
after the work in [4]. In Section V, the algorithm is
applied to a simulated dataset and in Section VI, it is
applied to real LIGO data. In Section VII, we present
our conclusions and next steps, and Section VIII features
acknowledgments.

II. MOTIVATIONS

Gravitational waves provide one way for researchers
to probe the Universe without relying on extraterrestrial
electromagnetic signals. This can be incredibly useful,
providing independent measurements of electromagnetic
sources and new measurements of GW sources. High
signal-to-noise measurements can provide insight into in-
dividual events, but the stochastic gravitational wave
background can provide information about large scale
structure and cosmology [5].

The earliest electromagnetic signals come from the
time of last scattering, at a redshift of around z = 1100,
and comprise the Cosmic Microwave Background (CMB)
[6]. Before then, the Universe was too opaque for photons
to travel very far. However, gravitational waves were able
to propagate all the way back in the early moments of
the Universe. Eventually, stochastic gravitational wave
searches may be able to find direct evidence of inflation
and provide information about potential early Universe
phase transitions [7].

Current detectors lack the sensitivity to measure the
comparatively weak signals from these cosmological back-
ground events, but they can be used to study sources
which lie at astrophysical redshifts. These sources are



expected to be distributed somewhat anisotropically. A
directional search looking at these anisotropies in the
SGWB can probe at the Universe’s underlying mass
distribution. In particular, these searches can provide
strong tests of the expected distribution of compact bi-
nary coalescences (CBCs)[8].

III. BACKGROUND
A. Gravitational Waves

Gravitational waves manifest as strains in the space-
time metric. They arise when the quadrapole mass mo-
ments of objects, I, have a time dependence [9]. This is
why the direct detections already made involve compact
objects inspiraling. In the context of general relativity,
gravitational waves can be thought of as linear perturba-
tions of the background metric g,,. Assuming that the
gravitational field is weak and non-stationary, one can
show that the solution to the Einstein field equations for
such a perturbation can be constructed as a plane wave,
propagating at the speed of light [10].

Currently, the primary method for detecting gravita-
tional waves is ground-based interferometry. The ba-
sic setup is that of a Michelson interferometer. A laser
beam is split along two long, perpendicular arms and
reflected off of mirrors, combining again at a photo-
detector. Gravitational waves strain the travel distance
along the arms, creating an optical phase difference be-
tween the two beams. With a new phase difference,
the electromagnetic laser waves interfere slightly differ-
ently, manifesting in a change in light intensity at the
frequency of the wave, which one can directly measure.
From these measurements, one may be able to determine
the frequency, amplitude, direction, and polarization of
the wave. Gravitational wave strains are incredibly small,
so interferometers have to be extremely sensitive to de-
tect them. At peak sensitivity in the O3 observing run,
the displacement sensitivity was on the order 10~2° me-
ters [11]. There are many sources of noise that also make
detection difficult, including seismic activity and Brown-
ian motion of the detector mirrors [9].

B. Stochastic Signals

Due to the low signal-to-noise nature of gravitational
waves, only the most extreme GW events can be directly
detected. However, these types of events constitute a
tiny fraction of all gravitational wave signals; the rest
comprise the stochastic gravitational wave background.
These stochastic signals are weak, independent, random,
and unresolved. The distinction between a stochastic
and resolvable signal can be unclear, as it may depend
on modelling decisions or the precision of a detector.
A signal can be operationally defined as stochastic if a

Bayesian model selection calculation prefers a stochas-
tic signal model over any deterministic signal model [3].
There are two broad categories of stochastic GW signals,
based on the nature of the GW source: astrophysical and
cosmological. Astrophysical signals occur at low redshift
and are stochastic in the limit that number of sources N
is very high. They are mainly comprised of compact bi-
nary systems. Cosmological signals arise from processes
in the early Universe. They can be described stochasti-
cally as a result of the assumed homogeneity and isotropy
of the universe. All inflationary models have some grav-
itational wave byproducts. Early universe phase transi-
tions are also predicted to produce detectable signals [7].
LIGO does not currently have the sensitivity to measure
weak cosmological signals, so this analysis will be aimed
at measuring the astrophysical foreground.

A key parameter of interest in SGWB searches is 24y,
the fractional energy density of gravitational waves in the
universe. In general, the parameter will be a function
of both frequency and direction, expressed as Qg (f, 1)
[3]. Searches performed on LIGO’s first three runs have
not detected a stochastic background, but have set upper
limits on €g,,. These limits fall in line with predictions
based on the expected distribution of compact binary
systems [8, 12].

C. Measurement and Analysis

The stochastic signal h,;, can be expressed as a super-
position of sine waves as follows:
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where hgp,(f,7) are the random variable Fourier coeffi-
cients that can be used to statistically describe the back-
ground. We can assume the background has zero mean,
S0 < hgy >= 0. For Gaussian sources, the signal is
therefore entirely characterized by its second order mo-
ment. These quadratic expectation values can be defined
in terms of the strain density power spectrum Pj. Ac-
cording to [3]:

N 1
< ha(f )i (f',n') >= TPu(f,2)0(f=f')0aa00% (R 7))
(2)
From Py, Qg (f, 1) can be found through a simple rela-
tion:
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The signal-to-noise of the stochastic background is far too
low to extract any meaningful information from a single
detector. However, by cross-correlating the strain data
between multiple detectors, the stochastic signal can be
found. The detectors will be measuring the same true
signal, so those will add coherently. The noise in each



detector, on the other hand, is independent and will not
add coherently. Given a Gaussian approximation, the
noise will be averaged down as 1/+/time, while the signal
will remain unsuppressed. The signal cross-correlation,
discussed in detail in Section IV, is directly related to key
parameters, including Pp,. By performing maximum like-
lihood analyses, one can calculate P from the observed
cross-correlated data [3].

The longer the observation time being analyzed, the
more the noise is suppressed. However, dealing with long
periods of time is computationally demanding, both in
terms of processing power and storage. This issue can
be confronted by folding the strain data. We fold over
one sidereal day so anisotropies in the same region of the
sky can add coherently. Ain, Dalvi, and Mitra devel-
oped the algebra and algorithm for such data folding [4].
Testing on LIGO S5 data, they found very significant
decreases in computation time. An analysis of the full
S5 data on folded data was faster than the same anal-
ysis of unfolded data by a factor of 300. Furthermore,
the data quality was virtually unchanged; the differences
between folded and unfolded maps were orders of mag-
nitude smaller than the values themselves. The folding
increases efficiency, portability, and convenience, facili-
tating more analyses of strain data, carried out at faster
rates.

IV. APPROACH

The overall goal of a directional search is to esti-
mate the amplitude of the SGWB power spectral den-
sity (PSD) as a function of position in the sky. For cur-
rent searches, the shape of the PSD as a function of fre-
quency is assumed. This assumption will work well for
this project, since the PSD shape for the CBC dominated
background is well known.

The time series data from a each detector, s(t) is the
sum of the stochastic signal and detector noise. Following
the approach in [4], it is convenient to divide the data
for each baseline Z into short time segments of length 7.
A Fourier transform is then performed on each of these
segments as follows:
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The maximum likelihood solution for the coefficients of
the SGWB skymap, P can be calculated using two matrix
quantities, the dirty map X and the Fisher information
matrix T' [3]:
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H(f) is the expected shape of the stochastic back-
ground’s frequency power spectral density (see subsec-
tion A). Py, , is the one-sided power spectral density of
the noise for a segment of time and Sy, j, is the cross cor-
related power between both detectors (see subsection B).
’y}f’a is the overlap function, containing all the specific
information about the detectors’ antenna pattern func-
tions, baseline separations, and polarization (see subsec-
tion C).

A. Expected Frequency Distribution

We assume that the SGWB is stationary, i.e., not
evolving in time. This assumption holds in the low red-
shift, astrophysical regime, provided there are a large
number of sub-threshold compact binaries. The high red-
shift, cosmological regime is a primordial signal that per-
meates the universe and is stationary much in the same
way the CMB is stationary. Therefore our assumed shape
of the SGWB is only dependent on frequency.

The assumed frequency distribution is predicted by
several theoretical models to follow a power law:

f )/3
fref
For a CBC dominated background § = —7/3; however,

for the purposes of testing in this paper, we’ll use a simple
flat distribution with g = 0:

H(f) =1 9)
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B. Power Spectral Density and Cross Spectral
Density

The PSDs, or autocorrelations, are calculated by con-
volving the Fourier transformed data from a given detec-
tor with itself:

Pro = 87, (8 )37, (8 f)- (10)

The PSDs are a measure of the dectector noise at differ-
ent frequencies.

The CSD, or cross power, is calculated by convolving
the data from two different detectors:

S = 81, (t; f)37,(t; f). (11)

The key to detecting low signal-to-noise stochastic sig-
nals lies in this cross correlation. While a pair of detec-
tors will receive the same signal, their noise should be
completely uncorrelated. When the data from each de-
tector is cross correlated, the signal will add coherently,
while the noise (assuming Gaussianity) will average down



by 1/+/Nscgments, Where Ngegments is the number of short
time segments being averaged over.

For a demonstration of this effect, colored Gaussian
time series data was generated based on the LIGO design
sensitivities for the Livingston and Hanford detectors. A
very loud, coherent signal was then injected into both
detectors centered at 200 Hz. In order to visualize the
effect of cross correlation, we look at the coherence, which
is equal to the CSD normalized by both corresponding
detector PSDs:

512
VPP,

In Figure 1, we plot the coherence of this signal is plotted
as a function of time. We see that the coherence is equal
to 1 around 200 Hz where the signal was injected. At the
other frequencies, the coherence has been averaged down

by the expected factor of 1/\/m.
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FIG. 1. Plot of coherence as a function of frequency for an in-
jected signal centered at 200 Hz. At all other frequencies, the
data are uncorrelated between the two simulated detectors,
resulting in a coherence of 1/4/Nsegments- For this idealized
case, the injected signal is perfectly coherent between the de-
tectors

C. Overlap Function

The overlap function  describes the relationship be-
tween the power of the SGWB and the cross-correlated
response of a baseline of two detectors [13]. Essentially,
it is a measure of the baseline’s sensitivity to different
parts of the sky, which varies as a function of frequency
and time. The function is given by:
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c
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where Fﬁ , 1s the antenna pattern function of the two

detectors, A'is the polarization, and Ax is the separation
between the detectors.

In Figure 2, the overlap function is visualized by
skymaps at different moments in time. As seen in the
figure, the function has two large areas of maximum sen-
sitivity and a band of minimum sensitivity separating
them. Over the course of the day, the overlap function
rotates along with the rotation of the Earth, completing
one rotation each sidereal day. If the sensitivity is pe-
riodic over one sidereal day and the SGWB is relatively
stationary, the response from each baseline should also
be periodic each day.

Alternatively, the overlap function can be visualized
in 3D space, as in Figure 3. In these plots, the sky is
represented as a 3D surface and the magnitude of the
sensitivity is represented by the radius at each point. In
this visualization, the two strong responses are seen most
clearly.

There exists an optimal basis in which to visualize the
periodicity of the overlap function. The spherical har-
monic functions, Ynll, form a complete, orthonormal basis
and, therefore, any function defined on the surface of a
sphere can be re-written as a summation. For the overlap
function:

Y0,8) =D Wm Y (0,0) (14)
lm

The order of the harmonic [ denotes the moment
(monopole, dipole, etc.). The specific mode m corre-
sponds to the frequency of oscillations. Each moment [
has modes ranging from -l to +I. Each (I,m) mode can
be found by integrating the overlap function multiplied
by the spherical harmonic over the sky.

wm:/MM@wmma@ (15)

In Figure 4, this transformation is applied to the first
3 moments of the overlap function. As expected, the
monopole term is constant in time. Due to the azimuthal
symmetry of the system, all 3 dipole terms are equal to 0.
The quadrupole terms illustrate how the mode number m
corresponds to the frequency of oscillations. The m = 0
term is constant in time. The m = —1,4+1 terms go
through one period over the course of a day, while the
m = —2,+2 terms go through two periods. A factor of
(—1)™ accounts for the reflection in the —1, 41 modes.

The power spectra for the overlap can be calculated by
summing over all the m modes in the following equation:

1
I'=—+— m|? 16
= gy 2 bl (16)

The power for each moment at fixed time is shown in
Figure 5. Here we see that the azimuthal symmetry en-
sures that all odd moments drop to 0, verifying that the
overlap function is even.
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FIG. 2. The time-evolved overlap function for the baseline of the LIGO Hanford and LIGO Livingston detectors. As the Earth
rotates, the sensitivity pattern rotates with it, in a way that is periodic over one sidereal day.
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FIG. 3. Alternate visualization of the overlap function. The value of the function at any given point corresponds to the radius.
In this visualization, the two strong responses across the sky are made very apparent.
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FIG. 4. First 3 7;,», moments as a function of time. Monopole
terms are shown in red, dipole in blue, and quadrupole in
green. Crucially, each function is periodic over one sidereal
day.
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FIG. 5. T for the first 10 moments of the overlap function.
The function is entirely even, with all the odd moments drop-
ping to 0.

D. Folding

Taking advantage of the fact that H(f) is not time
dependent and +y is periodic over a day, (6) can be broken
into two summations:

4 S12(lday Ts +ts; f)
X =- H I« . y ) ’ 17
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1
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where T is the length of a sidereal day and ¢ is the
time from the start of each day,

512 = §I1 (idayTs + ts; f)g_:*lg (idayTs + ts; f)a (19)
and

P1,2 = Ph (idayTs + 1s; f)PI2 (idayTs + ts; f) (20)

Performing the summation over 444y folds the data, with
the information from months or years compressed into
one sidereal day. This summation only needs to be per-
formed once, but all subsequent analysis on folded data
will be sped up by a factor of Ng4ys.This process is shown
below in Figure 6, visualized by [4]. The corresponding
times at each point of the sidereal day (the top three cir-
cles) are averaged together to produce one day’s worth
of data (the bottom circle).
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FIG. 6. Folding process visualized for 3 days of LIGO S5
data. The three top rings are projected onto the ring below,
representing the folding data. Gaps in the rings represent
missing data. [4]

E. Mitigating Information Loss in Folding

Calculating the CSD and PSDs involves some choice of
fast Fourier transform segment duration, 7. This presents
a possible issue when trying to fold the data. Ideally,
the time segments would fit neatly into one sidereal day
and every segment could be averaged together with the
corresponding segments in every other day. However, a
primary goal of this folding code is to allow for flexible
use, including any choice of segment duration. Using a
duration that isn’t a factor of one day inherently comes
with a loss of information.

We consider two methods to deal with this duration
problem: cutting days down to be divisible by the given
duration or lining times in each day up as close as possi-
ble, accepting that segments will be slightly offset from
one another. The information loss from these two differ-
ent methods at various segment lengths can be directly
computed. The loss from the cutting method can be sim-
ply calculated as the percentage of data being cut.

(tday mod tsegment)

tday

losScut =

(21)

The loss from two segments being offset can be calculated
by comparing the convolution of the overlap function at
different offsets to the magnitude of the overlap. Assum-
ing that for large total times, the magnitude of the offset
between segments is evenly distributed over the range of



possible values [0, 7), the total information loss is calcu-
lated as:

>4 Y (to)v" (to + AY)
>4 Y (to)v*(to)

In Figure 7, we see these two methods directly com-
pared. The information loss for the cutting method
(blue) and the offset method (orange) are plotted as a
function of segment duration. As seen in the figure, the
offset method consistently performed better than the cut-
ting method, so we implemented this technique in the
folding code. The no loss condition (green) is when the
segment duration fits evenly into a sidereal day. In the
figure, we also see that the longest duration for no loss is
only 52 seconds. Such a short duration is not desirable
for many analyses, which is why the no loss condition is
not always chosen.
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FIG. 7. Comparison of information loss between two meth-
ods of handling different segment durations. The no loss
points represent durations that fit evenly into one sidereal
day. Across all other reasonable segment choices, it appears
accepting the time offset will minimize information loss.

F. Folding Algorithm

The workflow for the folding algorithm is visualized in
Figure 8. We take as inputs the desired start and end of
the time being folded, the interferometers whose data we
are using, and the desired fast Fourier transform length.
First, we check to see which time segments have valid
data in both detectors, by checking which times have the
“ANALYSIS-READY” flag. Then, we take those seg-
ments and access the data for the time series associated
with them. Next, we calculate the CSD and PSDs for
those time series, using standard functions in the gwpy
python module. Then, we perform our data quality cuts,
described in more detail in Section V.

For a given Fourier transform segment, we cannot use
the same data for calculating both the CSD and PSDs.
Instead, we estimate the PSD for each segment by averag-
ing the PSDs from the two surrounding segments. Once

this is done, we have our calculated spectrograms, which
can then be averaged into our final folded spectrograms.

start time end time interferometers

get_valid_segments

segments for analysis

segments_to_time_series

|

time series 1  time series 2

fft lemgth

get_csd_psd
CSD/PSD spectrograms

dq_cuts

Cut CSD/PSD spectrograms

estimate_psds

—

Estimated CSD/PSD spectrograms

add_to_fold

FIG. 8. Workflow for the data folding algorithm. Inputs
are the start and end times, interferometers, and fft length
and the final output is two folded spectrograms of the terms
needed to calculate the dirty map and Fisher matrix.

V. APPLICATION TO SIMULATED DATA

The folding algorithm was first tested on a week’s
worth of simulated stochastic signal. The simulated
dataset included standard colored detector noise, along
with an injected high amplitude dipole. In Figure 9, we
plot the cross power between the detectors for the full
week. We see two strong responses each day, correspond-
ing to detection of both parts of the dipole.

Applying the folding code, the week’s worth of data
was reduced to the size of one sidereal day. In Figure
10, we plot the folded cross power over one sidereal day.
The important features, the two strong responses of the
dipole, are left intact.

In order to test whether the folded data is suitable for
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FIG. 9. Cross power for one week’s worth of a simulated
stochastic dipole.
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FIG. 10. Stochastic dipole signal cross power folded down to
the size of one sidereal day. The coherent signal of the dipole
is maintained after the folding process.

analysis, we directly compare the dirty maps produced
by Equations (6) and (17), using the unfolded and folded
datasets respectively. To assess whether there were sig-
nificant differences between the maps, the normalized dif-
ference was calculated as:

|Xunfold - Xfold |

AX =
V Xunfoldeold

(23)

The results are visualized in Figure 11. Differences be-
tween the two maps are relatively small, aside from a few
high difference pixels (at around 10%). These can be at-
tributed to numerical errors, rather than any significant
information loss in the folding process.

VI. APPLICATION TO LIGO DATA

The folding algorithm was next implemented on real
LIGO data, in particular the first half of the O3 run.
This data is presented as time-domain strain data over
183 days. While stochastic calculations can involve an ar-
bitrary number of detector baselines, these tests focused
on just the Hanford-Livingston baseline.

0.105022

5.23788e-06

FIG. 11. Normalized difference between unfolded and folded
dirty maps, using Equation (23).

A. Data Cuts

Firstly, the time-series data was cut based on when the
detectors were actively taking analysis ready data. Both
detectors had to be active at a given in order for it to be
included. Next, a cut on non-stationary detector noise
was implemented via the Ao cut. Sigma is defined at
each time segment as:

(24)

o =

> (H( f)P1P2>

f

Using the simplifying assumption of a flat frequency dis-
tribution (9), (24) reduces to:

o= [> (PP)

f

(25)

This value scales with the detector PSDs, and therefore
acts as a measure of the noise levels in the detectors. o
values were calculated for each active time segment. For
each continuous series of time segments, a median o value
was calculated. o values within that series that varied by
more than 20% from the median were cut (see Figure 12).

The total cuts for all of O3a are visualized in Figure 13.
We see two clear distributions: a large, low ¢ population
and a smaller, high ¢ population. The overlapping region
is reflective of the fact that this is not a cut on just high
o, but rather on non-stationary high o. In total, 28.4%
of the data was cut by this process.

The non-stationarity of the detector noise is best seen
in Figure 14, whichs plots the median sigma for each day
of O3a as a function of time. A baseline ¢ of around
0.3 x 10™*! seems to be present, but there are many days
where noise levels are significantly higher.
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B. Results

Performing the folding process on the full O3a dataset,
we end up with two final spectrograms: one for the term
in the dirty map equation (17) and one for the term in the
Fisher matrix equation (18). Both spectrograms are visu-
alized in Figure 15. In the two spectrograms, we observe
that there are noise artifacts at characteristic frequencies,
producing clear lines in the distribution. In particular,
we clearly see the 60 Hz ”power line” due to seismic noise
and the 300 Hz ”violin mode” [14].

Using the folded term in (17), a dirty map was also
computed for O3a. The calculated map is shown in Fig-
ure 16. The dirty map seems to be consistent with noise
levels. Given PSDs at of order 10722, an amplitude of
order 10% is expected.
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VII. CONCLUSIONS AND NEXT STEPS

Stochastic gravitational wave analysis has the poten-
tial to provide a wide range of both astrophysical and
cosmological insights. In order to analyze such a weak
signal, long stretches of time need to be analyzed. Data
folding provides a method to efficiently analyze these long
time series. By exploiting an assumption of stationarity
and the periodicity of the overlap function, entire LIGO
observing runs worth of data can be averaged down to
the size of one sidereal day. This will reduce computation
time and storage by a factor of Nqa.y, improving efliciency
and making anisotropic stochastic analysis accessible to



Dirty Map For Full O3a Data
‘_——v" "\

6.65095e+45

5.5877e+45

FIG. 16. Dirty map produced from the folded data from O3a.

anyone with a laptop.

We have shown that this algorithm functions with min-
imal loss of information on simulated data and can be
applied to large volumes of real LIGO data. The code
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can handle large data cuts and can easily generalize to
include more detectors.

An important next step involves the application of win-
dow functions to the data. These functions help reduce
spectral line leakage, but lead to an effective loss of data.
To prevent this data loss, we use 50% overlapping win-
dows in SGWB analysis. These overlaps lead to some ad-
ditional complications in the data folding algebra, which
manifest as corrections to the X and I', but do not im-
pede our ability to fold the data [4]. These corrections
have yet to be implemented and therefore, the current
algorithm only functions with non-overlapping windows.
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