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Multi-Material HR Coatings 

●Multimaterial coatings for GW detectors were introduced in: 

Steinlechner et al., PRD 91 (2015) 042001 
Yam et al., PRD 91 (2015) 042002 
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in the perspective of using an optically dense(r)  but lossy material featuring low(er) mech- 
anical losses compared to mainstream materials (Silica and Ti::Tantala) in the “deep” lay- 
ers of the coating, where the field is suitably weak. 

● The concept has been subsequently 
elaborated following several directions 
[Craig et al., PRL 122 (2019) 231102].  

● The idea of using more than two mate- 
rials is gaining momentum, in view of  
the development of new improved coat- 
ing materials, including aSi  [Birney et al. 
PRL 121 (2018) 191101], SiOx [Gras et al., LIGO-G1901619], Silicon Nitrides [Chao et 
al., LIGO-G192341], GeO2 [Vajente et al., OWG] . 
● In this communication we explore an alternative multimaterial coating design option  
based on stacked (Bragg) triplets (or more generally m-tuplets).   

a 



Larruquert Rule  

“The materials (in each m-tuplet) should be chosen so as to move clockwise in the  
  complex  refraction-index plane when going from the top to the bottom layer”  

 
Consider, e.g., stacked-triplet coatings, using  
Silica, Tantala and a-Silicon.  
 
 
 
 
 

 

• Let the optical thicknesses 𝒔𝒔 𝒂𝒂𝒂𝒂𝒂𝒂 ,  
and 𝒔𝒔 𝑻𝑻𝒂𝒂𝟐𝟐𝑶𝑶𝟓𝟓  and the  number 𝑵𝑵𝑻𝑻 

     of triplets the design parameters; 
 

• Assume all triplets as HWL. Hence 
      𝒔𝒔 𝑺𝑺𝑺𝑺𝑶𝑶𝟐𝟐 = 𝟎𝟎.𝟓𝟓 − (𝒔𝒔 𝒂𝒂𝒂𝒂𝒂𝒂 + 𝒔𝒔 𝑻𝑻𝒂𝒂𝟐𝟐𝑶𝑶𝟓𝟓 ). 
 
 
 

[J. Larruquert, JOSA A18 (2001) 2617,  J. Larruquert, JOSA A21 (2004) 1750] 
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@10K 
@1550nm 

For building HR stacked multiplet coatings using lossy materials : 



Larruquert Rule Illustrated . 15-Triplets Coating Transmittance           

Silicon->Tantala->Silica 

Silicon->Silica->Tantala Tantala->Silicon->Silica 

Tantala->Silica->Silicon Silica->Silicon->Tantala 

  

Silica->Tantala->Silicon 
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(arrow in plots points toward lower transmittance values) 



Stacked-triplets design: HWL-triplets 
                            Tantala(   )/Silica(   )/Silicon(   ) 
                            (or cyclic permutations thereof) 
                            non-QWL layers  
                             
 

Stacked-Triplet HR Coating Design Test-Run 
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(with HWL-thick  SiO2 cap added on top) 

Reference design: HWL-doublets 
                                 Tantala(   )/Silica(   ) 
                                 QWL-layers 
 (with HWL-thick  SiO2 cap added on top) 

Design goals  (ET-LF like) :  𝜏𝜏𝑃𝑃 = 5 𝑝𝑝𝑝𝑝𝑝𝑝 , 𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 = 5 𝑝𝑝𝑝𝑝𝑝𝑝 
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Stacked-Triplet Design –  Fixed 𝑵𝑵𝑻𝑻 , Fixed Material Sequence 

6 

  

Sequence: Tantala, Silica, Silicon;  𝑵𝑵𝑻𝑻= 𝟏𝟏𝟏𝟏 

Dashed line : 5ppm absorbance 
Solid line : 5ppm transmittance 
White dot : minimum noise solution  

Mininimum-noise design 



For all  admissible  (clockwise in complex index plane)  Larruquert material sequences, 
       While  𝑁𝑁𝑇𝑇 < 𝑁𝑁𝑟𝑟𝑟𝑟𝑟𝑟  , 
 
 
                   ● draw the  𝜏𝜏𝑃𝑃 = 𝜏𝜏𝑃𝑃(𝑟𝑟𝑟𝑟𝑟𝑟) contour   Θ  in the domain  𝒟𝒟  
                          0 ≤ 𝑠𝑠 𝑎𝑎𝑎𝑎𝑎𝑎 ≤ 0.25 × 0 ≤ 𝑠𝑠 𝑇𝑇𝑎𝑎2𝑂𝑂5 ≤ 0.25 ; 
 

                   ● in the same domain draw the  𝜋𝜋𝐿𝐿= 𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚 contour bound- 
                       ing the admissible region  Λ  where  𝜋𝜋𝐿𝐿< 𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚;  
 

                   ●  draw the constant − 𝜙𝜙𝐶𝐶  contours in  𝒟𝒟; 
 

                   ●  identify   the   (s 𝑎𝑎𝑎𝑎𝑎𝑎 , 𝑠𝑠 𝑇𝑇𝑎𝑎2𝑂𝑂5 )   point  on  Θ ∩  Λ  
                        for which 𝑅𝑅𝜙𝜙 is minimum; 
 

         
 
        End while; 
        Select  the  𝑁𝑁𝑇𝑇  for which 𝑅𝑅𝜙𝜙 is minimum; 
End for; 
Select  the sequence for which 𝑅𝑅𝜙𝜙 is minimum. 

Stacked-Triplet Design Algorithm (prescribed 𝝉𝝉𝑷𝑷 𝐚𝐚𝐚𝐚𝐚𝐚 𝝅𝝅𝒎𝒎𝒎𝒎𝒎𝒎) 
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see previous slide 



Optimum Stacked Triplet Design  with 𝝉𝝉𝑷𝑷 = 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 ,  𝝅𝝅𝒎𝒎𝒎𝒎𝒎𝒎= 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 

Best stacked-triplet design:  
        sequence: Silicon, Ti::Tantala, Silica, 
        𝑁𝑁𝑇𝑇 = 11, { s[aSi], s[Ta2O5], s[SiO2] } =  
               = { 0.1698, 0.1550, 0.1752 }           
        𝜏𝜏𝑃𝑃 = 5 𝑝𝑝𝑝𝑝𝑝𝑝 ; 𝜋𝜋𝐿𝐿 = 4.65 𝑝𝑝𝑝𝑝𝑝𝑝 ;  
        𝑅𝑅𝜙𝜙= 0.406 

Noise (coating loss-angle) reduction factor 𝑅𝑅𝜙𝜙 (smaller is better) 

…how does this compare  to best  
   SY-ternary coating ?.. 

… best 𝑵𝑵𝑻𝑻 = smallest 𝑵𝑵𝑻𝑻 for which target 𝝉𝝉𝑷𝑷 is attained 

(𝑵𝑵𝑻𝑻=11, 𝒂𝒂𝒂𝒂𝒂𝒂,𝑻𝑻𝑻𝑻𝟐𝟐𝑶𝑶𝟓𝟓,𝑺𝑺𝑺𝑺𝑺𝑺𝟐𝟐 ) 

Dashed line: 5ppm absorbance 
Solid line: 5ppm transmittance 
White marker: min noise design  
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… … 

𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡 doublets 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 doublets 

𝐿𝐿𝐻𝐻𝐻𝐻𝐻𝐻(𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 𝐿𝐿𝑄𝑄𝑄𝑄𝑄𝑄)𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡(𝐻𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 𝐿𝐿𝑄𝑄𝑄𝑄𝑄𝑄)𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

cSi 

Confirmed to be the optimal design (lowest thermal noise for 𝜏𝜏𝑃𝑃 ≤ 𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟 under  
a prescribed maximum absorbance constraint) among all ternary (aSi, Ta2O5, SiO2)  
multilayers consisting of QWL-thick layers, by exhaustive search [Pierro et al., 2020] . 

SY Ternary-Coatings in a Nutshell 

First proposed/analysed in 
Steinlechner et al., PRD 91 (2015) 042001 
Yam et al., PRD 91 (2015) 042002 

9 



10 

SY-Coatings References 

• Steinlechner et al., PRD 91 (2015) 042001 (first multimaterial  (MM) design discussion) 
 

• Yam et al., PRD 91 (2015) 042002 (multimaterial modeling discussion) 
 

• Steinlechner and Martin, PRD 93 (2016) 102001 (discusses design, including cSi top layer) 
 

• Steinlechner et al. PRD 96 (2017) 022007 (discusses Si3N4 as candidate MM ingredient) 
 

• Steinlechner et al., Phil. Trans. A376 (2018) 20170282 (nice review of subject) 
 

• Pan et al., PRD 98 (2018) 102001 (discusses SiN0.4H0.79 as candidate MM ingredient) 
 

• Byrney et al., PRL 121 (2018) 191101 (best-ever aSi obtained and discussed) 
 

• Craig et al., PRL 122 (2019) 231102 (Si::HfO2 as candidate MM L-index 3G-cryo material) 
 

• Tait et al., LIGO-P1900002 (measurements on first MM  prototype)  
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𝑁𝑁 𝑡𝑡
𝑡𝑡𝑡𝑡

 

0 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

 SY-Coatings Transmittance [ppm] vs. (𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕,𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃)  
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𝑁𝑁 𝑡𝑡
𝑡𝑡𝑡𝑡

 

0 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

 SY-Coatings Transmittance [ppm] vs. (𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕,𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃)  

` ` 

Fixed −𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 minimum –thickness  
designs  yielding  𝜏𝜏𝑃𝑃 ≤ 5𝑝𝑝𝑝𝑝𝑝𝑝  

Reference Silica/Ti::Tantala-only SD design with 𝝉𝝉𝑷𝑷 ≤ 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓@1550nm 12 



SY-Coatings  𝝓𝝓𝑪𝑪  Reduction Factor vs (𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕,𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃) 
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𝑁𝑁 𝑡𝑡
𝑡𝑡𝑡𝑡

 

0 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 
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SY-Coatings  𝝓𝝓𝑪𝑪  Reduction Factor vs (𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕,𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃) 

0 

𝑁𝑁 𝑡𝑡
𝑡𝑡𝑡𝑡

 

0 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

Best (lowest-noise) SY-design with 𝝉𝝉𝑷𝑷 ≤ 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 

` 

Coating loss-angle reduction factors of 
the fixed −𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 minimum –thickness  
designs  yielding  𝜏𝜏𝑃𝑃 ≤ 5𝑝𝑝𝑝𝑝𝑝𝑝  

Reference design 14 
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𝑁𝑁 𝑡𝑡
𝑡𝑡𝑡𝑡

 

0 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

 SY-Coatings Absorbance [ppm] vs. (𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕,𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃)  

15 



0 

𝑁𝑁 𝑡𝑡
𝑡𝑡𝑡𝑡

 

0 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

SY-designs purple-circled have  𝝅𝝅𝑳𝑳 ≤ 𝟓𝟓 𝒑𝒑𝒑𝒑𝒑𝒑 ;  minimum-noise design has 𝝅𝝅𝑳𝑳 = 𝟑𝟑.𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒 

 SY-Coatings Absorbance [ppm] vs. (𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕,𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃)  
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… … 

𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡 doublets 

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 doublets 

𝐿𝐿𝐻𝐻𝐻𝐻𝐻𝐻(𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 𝐿𝐿𝑄𝑄𝑄𝑄𝑄𝑄)𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡(𝐻𝐻𝐻𝑄𝑄𝑄𝑄𝑄𝑄 𝐿𝐿𝑄𝑄𝑄𝑄𝑄𝑄)𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏 

cSi 

Explore thickness optimized version: 
      Top stack:  𝜹𝜹𝑯𝑯 = 𝟎𝟎.𝟐𝟐𝟐𝟐 + 𝝃𝝃, 𝜹𝜹𝑳𝑳 = 𝟎𝟎.𝟐𝟐𝟐𝟐 − 𝝃𝝃, 𝝃𝝃 ∈ (𝟎𝟎,𝟎𝟎.𝟐𝟐𝟐𝟐) 
      Bottom Stack: 𝜹𝜹𝑯𝑯′ = 𝟎𝟎.𝟐𝟐𝟐𝟐 + 𝜼𝜼, 𝜹𝜹𝑳𝑳 = 𝟎𝟎.𝟐𝟐𝟐𝟐 − 𝜼𝜼,  𝜼𝜼 ∈ (𝟎𝟎,𝟎𝟎.𝟐𝟐𝟐𝟐) 
      (increasing  𝜉𝜉  and/or  𝜂𝜂  will decrease thermal noise) 

Optimum design for 𝜏𝜏𝑃𝑃 ≤ 5 𝑝𝑝𝑝𝑝𝑝𝑝, 𝑃𝑃𝐿𝐿 ≤ 5 𝑝𝑝𝑝𝑝𝑝𝑝 is  𝑁𝑁𝑇𝑇= 1, 𝑁𝑁𝑏𝑏= 8 , 
featuring 𝜏𝜏𝑃𝑃 = 4.36 𝑝𝑝𝑝𝑝𝑝𝑝,  𝑃𝑃𝐿𝐿 = 3.84 𝑝𝑝𝑝𝑝𝑝𝑝, 𝑅𝑅𝜙𝜙 = 0.419 . 

Pick up (𝝃𝝃, 𝜼𝜼) yielding minimum noise and acceptable loss, for some  
candidate  {𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕 ,  𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃 ,} , keeping  𝝉𝝉𝑷𝑷  at the design value   

Thickness-Optimized  SY-Coatings 
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Dashed line: 5ppm absorbance 
Solid line: 5ppm transmittance  

(𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕=2, 𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃=9) 

Thickness Optimized SY-Coatings, contd. 

Noise PSD (coating loss-angle) reduction factor  𝑅𝑅𝜙𝜙, thickness-optimized SY-Coatings: 

● The QWL  (1,8) SY-design features a coating  
loss-angle reduction factor (compared to the  
reference 17-doublets design) 𝑅𝑅𝜙𝜙=0.419.  
 

● A few thickness-optimized designs (high- 
lighted in cyan in the Table) can do better on  
the first decimal figure (improvements at the  
level of  the 2nd decimal figure and beyond   
would be likely spoiled by deposition errors). 
 

● The best thickness-optimized SY-design has 
 

   (𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡=2, 𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏=9), (ξ=0.0475, η= 0.1079)  
 

   with a noise reduction factor  𝑅𝑅𝜙𝜙=0.364. 
 18 



•  Stacked-triplet coatings based, e.g., on Silica, (Ti::)Tantala and aSilicon are 
 easily  designed; 

 

•  Generalization to more than 3 materials is straightforward in principle, in 
      view of  Larruquert rule; 

 

•  At 1550nm and 10K  a  stacked-triplet  aSilicon/Ti::Tantala/Silica coating 
 with 𝜏𝜏𝑃𝑃 = 5 𝑝𝑝𝑝𝑝𝑝𝑝 has a coating loss angle (noise PSD)  smaller by a factor 
 𝑅𝑅𝜙𝜙 = 0.406  compared to the reference 5 𝑝𝑝𝑝𝑝𝑝𝑝  Silica/Ti::Tantala design,  
 slightly  better compared to the best SY-coating (𝑅𝑅𝜙𝜙 = 0.419), with an 
 absorbance of 4.65ppm (vs 3.85ppm for the SY-design); 

 

• Thickness-optimization improves the performance of SY-ternary coatings;  
for the ET-LF like case considered here the coating noise PSD reduction  
factor 𝑅𝑅𝜙𝜙 drops from 0.419 to 0.368; 
 

• Further analysis/comparison, in terms of, e.g., spectral response flatness, ro- 
bustness vs. deposition tolerances, coating stress distribution etc. is in order;  

 

• Whole new world of options (triplet/doublet and multiplet compounds) ! 
 

 
 
  

Conclusions  
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Questions/Comments Welcome ! 
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