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I. Introduction

In 1916 gravitational waves were predicted by Albert Einstein as a byproduct of his general theory of relativity
which describes the relation between spacetime and matter. Just as accelerating charges emit light in classical
electrodynamics, gravitational waves are emitted by accelerating masses. Gravitational waves travel at the speed of
light in vacuum but, contrary to the latter, they are not obstructed by matter [1].

Gravitational waves will lead to new physics and astrophysics to examine the universe in complement to the
existing information such as electromagnetic radiation and particles. Since gravity is much weaker than the other four
fundamental forces, it is challenging to set up an experiment with gravity due to the large scale required to observe it.
Thus, research in gravity is done by observing astrophysical signals around us, and gravitational waves will provide
a new way to see more direct influences of the effects of gravity [2]. Additionally, predictions of general relativity
can be compared to the gravitational wave data to test the validity limits of the theory. Lastly, gravitational wave
astronomy will open a myriad of astronomical data, from examining black holes to probing past the cosmic microwave
background. The cosmic microwave background may include a gravitational wave background, which would be
evidence for inflation.

Laser Interferometer Gravitational-Wave Observatory (LIGO) is a collaboration dedicated to finding gravitational
waves. It consists of two main facilities in Livingston, Louisiana and Hanford, Washington. These facilities detect
gravitational waves with an optical system based on the interferometer developed by Michelson and Morley. Each
observatory consists of a Michelson interferometer with 4 kilometer arms which measure the deformation of space
produced by gravitational wave by looking for intensity variations in the interference pattern. It contains Fabry-Perot
cavities which allows the light to bounce along the arms about 280 times. It uses light recycling to increase the
power of a 25W laser into a 100KW laser in the arms. The laser also travels through a vacuum and dampens out
environmental vibrations both actively and passively. The main optics are suspended with four stages of pendulums
to passively isolate them from ground motion, and is kept at its operating point by active control through a plethora
of feedback and feedforward techniques.

After LIGO searched for gravitational waves in the 2000’s with no clear detections. Afterwards, the detectors were
upgraded via the Advanced LIGO project. With these improvements, in September 2015, LIGO detected the first
gravitational wave, and they had a second detection in December 2015 [3, 4]. Both of these detections were due to
binary black hole system rotating and then combining.

In order to keep the mirrors stable, LIGO uses an active alignment sensing and control system (ASC) to reduce the
mirror’s angular motion [5]. Currently, the low frequency sensitivity (10-15 Hz) of the LIGO Livingston instrument
is limited by the angular control feedback loops. To reduce the noise in this frequency band, the angular noise to
DARM coupling should be reduced below 1/10th of the design sensitivity at that frequency [5].

Angular Controls

FIG. 1. Notice the sharp uptick in angular noise 25Hz, where it quickly becomes the dominant source of noise at 10Hz [6].
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II. Change in Cavity Length in Fabry-Perot Cavity

II.1. Beam Spot Motion Approach to Angular Noise

In the interferometer cavity, angular rotations can create noise by coupling to cavity length. This is because the
beam is not centered the mirror’s center of rotation, and this distance is called static beam spot offset. When the
mirror rotates slightly, this causes a change in cavity length (eq (1)). The equation depends on frequency however,
and for the Fourier transform of equation (1), both the beam spot offset and mirror angle depend on frequency. The
convolution can be approximated as in equation (2) [5].

∆l(t) = dspot(t)× θmirror(t) (1)

∆L(f) = Dspot(f) ∗Θmirror(f)

≈ dRMS
spot ×Θmirror(f) + θRMS

mirror ×Dspot(f)
(2)

II.2. Cavity Misalignments

A laser beam in the Fabry-Perot cavity is shifted away due to angular misalignment in the cavity mirrors. The
length of the cavity that the light beam travels is changed. This manuscript will describe methods to deduce both the
beam position displacement and corresponding length changes as shown in Figure 2. The resulting change in cavity
length from both arms contributes to the noise seen by the DARM channel.

A beam in the Fabry-Perot cavity must go through the two centers of curvature of the mirrors. So, when the mirrors
rotate, the coordinates of their centers of curvature change, C1 and C2. This causes the beam path to change. These
points describe a line for the beam. We desire to find the points P1 and P2 for a given rotation.

α

θ1
θ2

C2

C1

a
Waist

P1

P2

FIG. 2. This figure shows the setup of the mirrors. The points in the middle are the locations of the center of curvatures of
each mirror. The points on the mirror are coordinates that this paper desires to find.

Where points in figure 2 are named as in equation (3).

C1 : (z1c, x1c)

C2 : (z2c, x2c)

P1 : (z1, x1)

P2 : (z2, x2)

(3)

The waist rotation α and the waist displacement a show how the waist changes in location with displacement. They
will be discussed later.
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II.3. Change in Cavity Length

If a beam hits the mirrors at points P1 and P2, the change in cavity length, ∆L, can be found. Note, the angles
and center of curvature coordinates are implicitly in the variables of equation (4). The initial cavity length before
perturbation is L.

∆L = L′ − L =
√

(x2 − x1)2 + (z2 − z1)2 − L (4)

II.4. Beam Reflection Location in Fabry-Perot Cavity

The left mirror is the input test mass (ITM) in this paper and the right mirror is the end test mass (ETM). For
notation simplicity, the ITM angle is θ1 (CCW convention) and the ETM angle is θ2 (CW convention) with both
measuring the angular misalignment. Let x be the height of the beam at position z horizontally. The following
constants are the locations of the center of curvature of mirror 1 and 2.

z1c = R1 cos(θ1)

x1c = R1 sin(θ1)

z2c = L−R2 cos(θ2)

x2c = R2 sin(θ2)

(5)

The beam line pictured in red must go through the two centers of curvature. Therefore the slope, m, can be obtained.

m =
x1c − x2c
z1c − z2c

=
R1 sin(θ1)−R2 sin(θ2)

R1 cos(θ1) +R2 cos(θ2)− L

(6)

The beam path is given in equation (7). The equations for the mirror curves are in equations (8) and (9).


xbeam(z) = x1c +m(z − z1c)
R2

1 = (x(z)− x1c)2 + (z − z1c)2

R2
2 = (x(z)− x2c)2 + (z − z2c)2

(7)

(8)

(9)

What remains to be found is the points of intersection of the beam and the mirrors. Substituting xbeam(z) into the
mirror equations, the solution emerges in equation (13):

R2
1 = (x1c +m(z − z1c)− x1c)2 + (z − z1c)2 (10)

R2
1 = (m(z − z1c))2 + (z − z1c)2 (11)

R2
1 = (m2 + 1)(z − z1c)2 (12)

z = z1c ±
R1√
m2 + 1

(13)

By symmetry the second intersection can be found. The extraneous roots are removed since the angle is less than
π/2 radians (eq (14a) and (14b)). The coordinates of the beam spot are (z1, x(z1)) and (z2, x(z2)). Thus ∆L can be
determined from these coordinates when placed in (4).

z1 = z1c −
R1√
m2 + 1

(14a)

z2 = z2c +
R2√
m2 + 1

(14b)
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II.5. Change in Cavity Length to the Second Order

A second order approximation for equation (4) can be found around the point (θ1, θ2) = (0, 0) now that the values
in equations (14a) and (14b) have been found. This is shown in equation (15). A discussion about how this was found
is through Mathematica is located in appendix A. The g factors are unitless constants; in real system their values are:
g1 = gitm = −1.0655 and g2 = getm = −.7794 [7].

∆L ≈ ∆L2nd =
L

2(1− g1g2)
(g2θ

2
1 + 2θ1θ2 + g1θ

2
2)

gi = 1− L

Ri

(15)

III. Hard and Soft Basis

III.1. Motivation of Hard-Soft Basis from Radiation Pressure

When the beam is not aligned with the cavity axis, the radiation pressure of the beam exerts a torque on the
mirrors. This reduces the pendulum restoring torque by the mirror suspension which can increase misalignment.
Radiation pressure torque depends on the beam spot displacement. Equation (17) shows the value of the radiation
pressure torque as a function of angle by linking it with equation (16) [8].

~xsa =

[
x1,sa
x2,sa

]
=

L

1− g1g2

[
g2 1
1 g1

] [
θ1
θ2

]
(16)

~τopt =
2P

c

[
x1
x2

]
= −Kopt

[
θ1
θ2

]
(17)

Equation (17) gives a differential equation for torque. The hard-soft basis is one that diagonalizes the Kopt matrix
in order to solve the differential equation (18) [8]. Equation (19) is the change of basis matrix for the diagonalization
[5].

~τext = I ~̈θ + γ~̇θ + (κp +Kopt) ~θ (18)

S =

[
1 −r
r 1

]
(19)

r =
(g1 − g2) +

√
(g1 − g2)2 + 4

2
(20)

As laser power increases in the cavity, eigenvectors of the Kopt have a negative restoring spring constant. As
radiation pressure increases, the eigenvalue for the spring constant ksoft decreases in equation (21). Thus, control
systems designed to mitigate this are used to keep the mirror alignment at its operating point.

S ×Kopt × S−1 =

[
ksoft 0

0 khard

]
(21)

This radiation pressure example has motivated an interesting soft-hard basis with nice properties. The hard mode
represents rotation of the cavity axis, and the soft mode represents a vertical displacement of the cavity axis. Figure
3 shows this.
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FIG. 4. This figure shows how the cavity length changes as a function of the soft and hard modes.
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FIG. 3. This picture shows what the soft-hard basis angles look like in the cavity. This figure originated from page 7 in [5].

III.2. The Cavity Length Change Approximation in Hard-Soft Basis

Cavity length change equation (15) can be converted into the hard-soft basis. Just as it diagonalized the radiation
pressure matrix, it removes the cross terms from the cavity length change equation. The result is below in equation
(22). The second equation includes the numerical values for the LIGO Livingston interferometer, which is calculated
by using g factors and the initial cavity length.

∆L =
L

2(1− g1g2)

[
θ2soft(g1r

2 + 2r + g2)

+ θ2hard(g2r
2 − 2r + g1)

] (22)

∆L = 1810.49 θ2soft − 39883.9 θ2hard (23)

This equation for hard and soft modes is shown in figure 4.

IV. Two Cavity Picture for Angle-to-Length Coupling

IV.1. Two Cavity DARM Coupling

Since the principle concern for angle to length coupling is it’s effect on DARM, equation (15) can be extended to
find the effect of its coupling to DARM by subtracting the X arm length change from the Y arm length change. The
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resulting change in DARM due to angular noise is in equation (24).

∆D = ∆Lx −∆Ly

=
L

2− 2g1g2

(
(θ2exg1 + 2θexθix + g2θ

2
ix)

− (θ2eyg1 + 2θeyθiy + g2θ
2
iy)
) (24)

IV.2. Pitch and Yaw Convention

Until this point, the paper has worked the pitch case. The coordinate systems of the test masses are local, with the
normal vector ẑ pointing towards the other test mass and x̂ pointing up. Since ŷ = ẑ × x̂, the transverse unit vectors
point in the opposite direction, ŷ2 = −ŷ1. Thus, the yaw change of basis matrix acquires an extra minus sign in the
second column of equation (25b) [9]. The relationship between bases is in equation (25c).

Spitch =

[
1 −r
r 1

]
(25a)

Syaw =

[
1 −r
−r −1

]
(25b)

~θ =

[
θ1
θ2

]
= S ×

[
θsoft
θhard

]
= S × ~θ′ (25c)

IV.3. Differential/Common Hard/Soft Basis

In the two cavity case, it is useful to separate the hard/soft basis in cavity X and Y into the differential/common
modes. For example, differential hard is X hard minus Y hard. The change of basis matrix is in equation (26). [5]: θdif,h

θdif,s
θcom,h
θcom,s

 =
1

2

 0 0 1 −1
1 −1 0 0
0 0 1 1
1 1 0 0


 θs,x
θs,y
θh,x
θh,y

 (26)

Equation (27) shows how the differential hard basis is related back to the mirror basis for both pitch and yaw [5] θix
θiy
θex
θey


p

=

 −r 1 −r 1
r −1 −r 1
1 r 1 r
−1 −r 1 r


 θdh
θds
θch
θcs


p

~θp = Qp · ~θ′p

(27a)

 θix
θiy
θex
θey


y

=

 r 1 r 1
r 1 −r −1
1 −r 1 −r
1 −r −1 r


 θdh
θds
θch
θcs


y

~θy =Qy · ~θ′y

(27b)

Equation (24) for angular noise DARM coupling becomes equation (28) in the differential hard basis angular
coupling to DARM. In β, pitch is + and yaw is -. Interestingly, the all the terms are multiples of common times
differential modes.
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Appendix E discusses CARM with the opposite case, where terms are multiples of only common times common
and differential times differential modes.

∆D = αθchθdh + βθchθds + βθcsθdh + γθcsθds (28a)

µ =
2L

−1 + g1g2

α = µ(−g1r2 − g2 + 2r) = −156191

β = ±µ(−g1r + g2r − r2 + 1) = ±23379.1

γ = µ(−r (g2r + 2)− g1) = 3897.58

(28b)

(28c)

(28d)

(28e)

IV.4. Spectra of Angle to DARM Coupling

Consider the following situation where the DARM coupling is expressed as follows:

∆D(t) = α θdh(t)θch(t) (29)

In the frequency domain:

∆D(f) = α θ̂dh(f) ? θ̂ch(f) (30)

Unfortunately, we are in the same situation as equation (2) where the convolution presents a problem. Thus to
understand the effect on DARM of angular misalignment, the spectra of angles in the hard-soft basis must be found.

V. Finding Spectra through Mechanical Modulation

In order to measure the spectra of the angles of the hard-soft basis, mechanical modulation will be used. Currently,
the ADS system is used to align the cavity by modulation/demodulation at frequencies of 7 Hz, below the detection
band. The demodulated output effectively measures the perturbation of the degree of freedom. This sensing method
is similar to the optical modulation methods in the WFS and allows the actuators to correct for errors [10]. Appendix
C gives an example of how mechanical modulation is used in LIGO to detect misalignments.

We will use this sensing method by dithering at a higher frequency to measure the spectra of the differential hard,
differential soft, common hard, and common soft angular degrees of freedom. The dithering frequency used in the
experiment was 48.7 Hz. Our witness is DARM channel which is demodulated and applied with a lowpass filter.

V.1. Mirror Angle Modulation Coupling to DARM

Equation (28) links the mirror degrees of freedom to change in DARM. Each degree of freedom is dithered according
to the dithering parameters in 31a. Θ(t) is the residual motion of the mirror which causes misalignment and the
sin Ωt term is the dithering term from our hardware injection. The DARM channel is multiplied by (31b) in order to
demodulate it.

θdh(t) = Θdh(t) +Adh sin Ωt

θds(t) = Θds(t) +Ads sin Ωt

θch(t) = Θch(t) +Ach sin Ωt

θcs(t) = Θcs(t) +Acs sin Ωt

(31a)

Odmod = Admod sin Ωt (31b)

After modulating and demodulating equation (28) a lowpass filter is applied. The lowpass filter should reject all
contributions from an Ω term and above. The result of this lowpass filter is equation (32). The each angle’s coefficient
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for this equation is shown below in 32b. Note how this resulting spectra is a linear combination of all the degrees of
freedom. We would like to find, however, the spectra of each mode. Therefore, the correct combination of amplitudes
must be derived to get purely differential hard motion/etc.

LP(∆D ·Odmod) = CdhΘdh + CdsΘds

+ CchΘch + CcsΘcs
(32a)



Cdh =
Admod

2
(αAch + βAcs)

Cds =
Admod

2
(βAch + γAcs)

Cch =
Admod

2
(αAdh + βAds)

Ccs =
Admod

2
(βAdh + γAds)

(32b)

V.2. Finding Spectra of Individual Modes

Since the constants in 32b are functions of the dithering amplitudes of each mode, the amplitudes can be chosen to
zero out all but one of the coefficients. This desired modulation acquires the desired output which is only dependent
on one mode. This section will discuss how to pick the correct amplitudes. First, a linear system is set up. Cdh

Cds

Cch

Ccs

 =
Admod

2

 0 0 α β
0 0 β γ
α β 0 0
β γ 0 0

 .

 Adh

Ads

Ach

Acs

 (33)

Since we desire to find the amplitudes in terms of the coefficients, the system is inverted. This system shows how
to choose dithering amplitudes for a desired demodulated result. For example, by setting Cdh to 1 and the other
constants to zero, the resulting spectrum is proportional to Θdh in the demodulated output. This amplitude selection
is a convenient way to measure spectra. (from now on, Admod will be set equal to 1)

(
Adh

Ads

Ach

Acs

)
=

2

αγ − β2

(
0 0 γ −β
0 0 −β α
γ −β 0 0
−β α 0 0

)(
Cdh

Cds

Cch

Ccs

)
(34)

Since the mirrors are driven according to their own local angles, the change of basis matrix Q from equation (28)
is used. Equations (35) and (36) give these modulation amplitudes in the local mirror angle basis. The full form of
these matrices is given in appendix B.

( Aix

Aiy

Aex

Aey

)
p

=
2

αγ − β2
Qp·

(
0 0 γ −β
0 0 −β α
γ −β 0 0
−β α 0 0

)(
Cdh
Cds
Cch
Ccs

)
p

(35)

( Aix

Aiy

Aex

Aey

)
y

=
2

αγ − β2
Qy·

(
0 0 γ −β
0 0 −β α
γ −β 0 0
−β α 0 0

)(
Cdh
Cds
Cch
Ccs

)
y

(36)

For example, to get the correct amplitude parameters for purely differential hard motion is found by setting
(Cdh, Cds, Cch, Ccs) = (1, 0, 0, 0) and doing the appropriate matrix computations. We repeat the dithering for
differential hard, differential soft, common hard, and common soft to get the residual spectra for each. These are
then put into the model to predict the nonlinear angular noise coupling into DARM.



10

V.3. Mirror Angle Calibration

In order to change the angle of a test mass, the penultimate test mass (PUM) actuators apply a torque. The torque
arm distance is d√

2
and there are torques applied in the OSEM system, where d = 100mm. Equation (37) gives the

amount of angle change due to the counts. It is from equation 44 of [9]. TF(f) is the transfer function between torque
on the penultimate test mass to angle of the end test mass. It was calculated by a model detailed in that paper [9].
At f = 48.7Hz, the result is:

Cθ = 2
√

2 ∗ d ∗ F0 ∗ TFθ(f)

Cθ = 1.694× 10−18
rad

cts

(37a)

Cφ = 2
√

2 ∗ d ∗ F0 ∗ TFφ(f)

Cφ = 2.074× 10−18
rad

cts

(37b)

F0 is created by a digital signal which is converted into volts, which is converted into current, which is used to create
a magnetic field. This magnetic field exerts a force on the PUM. The numerical values are shown in equation (38),
which are found in [11].

F0 =
20

218
V

cts
· 0.268

mA

V
· 0.0309

N

A

= 6.318× 10−10
N

cts

(38)

Thus, equation (39) shows the formula for the calibrated Cdh in pitch, where (ach, acs) are the uncalibrated modulation
amplitudes.

Cdh = Admod ·
Cθ
2

(αach + βacs) (39)

Appendix D gives a calibration flowchart summarizing this calibration process.

V.4. Amplitude Spectrum Measurement for a Mode

In order to get the spectra of the differential hard mode, the amplitudes are set accordingly. The resulting equation
of the measurement is in equation (40). A(f) is the measurement of the demodulated DARM channel’s amplitude
spectral density in counts, and CA is the calibration.

Θdh(f) =
CA
Cdh
· A(f) (40)

1

CA
= 6× 1017

cts

m

The result of the dithering technique is shown in figure 5 which shows the spectrum of the calibrated signal. Above 3
Hz, the DARM demodulation sensor cannot detect our injected modulation above the DARM noise floor. We can not
modulate at a higher amplitude because the sensor is nearly saturated at lower frequencies. These constraints prevent
any configuration of the dither technique from measuring mirror movements above 3 Hz. Since we are interested in
angular noise up to 15 Hz, the 3 Hz noise barrier presents a problem.
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FIG. 5. This figure shows the result for the measured spectra. Above 3 Hz the signal is mostly noise.

VI. Higher Frequency Angular Spectrum

Because the previous data is limited by noise below 3 Hz, we will use the Transmon QPDs (in figure 6) for measuring
high frequency mode spectrum. By matching the low frequency spectrum obtained by mechanical modulation and the
Transmon QPD sensors, we can get the mode spectrum to higher frequencies. This section will discuss two methods.
The first that we used was Wiener filtering. Due to insufficiently long measurements, the Wiener filters overfit the
data in this experiment and didn’t work here. Secondly, we tried a simpler fit by measuring the linear combination
of Transmon QPD signals which have the least error compared to the target signal. This method worked the best.

Input Laser Power Recycling Cavity

Signal Recycling Cavity

An�symentric Port

Transmon QPDs

Transmon QPDs
Beam Spli�er

X Arm

Y Arm

FIG. 6. This shows the location of the Transmon QPD witness sensors for the Wiener filter.
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VI.1. Wiener Filtering for Angular Noise

In this application, the witness signals are the the Transmon QPD signals, as shown in figure 6. There are four of
them. We use a Matlab script to find the Wiener filters for each witness sensor. Figure 7 gives a visual demonstration
of the Wiener filter. A more detailed discussion of the theory of Wiener Filtering is in appendix F.

QPD2

QPD 3

QPD 4

QPD 2 Wiener Filter

QPD 1

Target signal

x[m]

Noise n[m]

y2[m]

y1[m]

y3[m]

y4[m]

Estimator

x̂[m]

FIG. 7. This shows our setup for Wiener filtering the angular noise.

VI.2. Wiener Filtering Results

The following results show the target (the dithering measurement) and estimator (from Wiener filter of QPDs) in a
plot. They also show the coherence at each frequency. Even though this looks like a good estimation, it suffers from
over fitting by closer examination of the filter.
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0.8

0.9

1
Coherence of Estimation with Target

FIG. 8. Wiener Filter results

VI.3. Least Mean Square Linear Combination Fit

To reduce the effect of over fitting the data, we replaced the Wiener filter estimation a simpler method of minimizing
the linear combination of the QPD signals minus the target signal. The matching was done for frequencies below 1
Hz since the dithering sensing has the highest SNR here. Figure 9 shows the least mean square fit in red, which is
used to generate the matched QPD signal in yellow. This signal has a higher noise cut off than the Wiener filter at
about 9 Hz.
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FIG. 9. The target is dithering measurement, the least mean square estimation is found by only considering 0-1Hz, and the
matched QPD signal shows the resulting estimation.

VII. Results

The angular modes found by the least mean square fit are shown in figure 10. Interestingly, the soft modes are
higher than the hard modes.
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FIG. 10. Pitch spectra from combination of dithering and Transmon QPDs

Using the equation for DARM noise found earlier,

∆DARM = αθchθdh + βθchθds + βθcsθdh + γθcsθds

With the following approximation,

F(θ1(t) · θ2(t)) ≈ θRMS
2 θ1(f) + θRMS

1 θ2(f)
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The nonlinear noise contribution to DARM spectra can be found. Figure 11 shows the resulting coupling to DARM
by the angular spectra found before.
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FIG. 11. Nonlinear angular noise, pitch

VIII. Conclusion/Future Inquiry

In this paper, a model for angular misalignment DARM coupling was found. It also presents a technique to measure
the nonlinear coupling of the angular noise by the dithering technique. We use this technique to find the angular
spectra at low frequencies and matched these with Transmon QPDs to get it at higher frequencies. By the methods
used here, we find that the nonlinear angular noise is a small contributor to DARM.

In the future, the angular spectra found by dithering and Transmon QPDs should be compared to other mea-
surements and models. Additionally, the techniques used here to derive the angular coupling to DARM should be
extended to the full interferometer’s components.
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x1 = R1

(
sin(θ1) +

R1 sin(θ1)−R2 sin(θ2)

(L−R1 cos(θ1)−R2 cos(θ2))
√

(R1 sin(θ1)−R2 sin(θ2))
2

(−L+R1 cos(θ1)+R2 cos(θ2))
2 + 1

)
(A3)

z2 =
R2√

(R1 sin(θ1)−R2 sin(θ2))2

(−L+R1 cos(θ1)+R2 cos(θ2))2
+ 1

+ L−R2 cos(θ2) (A4)

x2 = R1 sin(θ1) +
((R1 sin(θ1)−R2 sin(θ2))

−L+R1 cos(θ1) +R2 cos(θ2)

×

 R2√
(R1 sin(θ1)−R2 sin(θ2))2

(−L+R1 cos(θ1)+R2 cos(θ2))2
+ 1

+ L−R1 cos(θ1)−R2 cos(θ2)

 (A5)

B. Full Form of Dithering Matrices

 Aix
Aiy
Aex
Aey


p

=
2

αγ − β2

 −β − γr α+ βr −β − γr α+ βr
−β − γr α+ βr β + γr −α− βr
γ − βr αr − β γ − βr αr − β
γ − βr αr − β βr − γ β − αr


 Cdh

Cds

Cch

Ccs


p

(B1)

 Aix
Aiy
Aex
Aey


y

=
2

αγ − β2

 γr − β α− βr γr − β α− βr
β − γr βr − α γr − β α− βr
γ + βr rαr − β γ + βr −αr − β
−βr − γ β + αr γ + βr −αr − β


 Cdh

Cds

Cch

Ccs


y

(B2)

 Aix
Aiy
Aex
Aey


p

= 10−4

 −0.346205 3.05472 −0.346205 3.05472
−0.346205 3.05472 0.346205 −3.05472
−0.418406 1.93982 −0.418406 1.93982
−0.418406 1.93982 0.418406 −1.93982


 Cdh

Cds

Cch

Ccs


p

(B3)

 Aix
Aiy
Aex
Aey


y

= 10−4

 0.346205 3.05472 0.346205 3.05472
−0.346205 −3.05472 0.346205 3.05472
−0.418406 −1.93982 −0.418406 −1.93982
0.418406 1.93982 −0.418406 −1.93982


 Cdh

Cds

Cch

Ccs


y

(B4)

C. Dithering Theory

This section is an example from Kawabe’s discussion on how mechanical modulation is used to sense and actively
suppress low frequency motion of test mass angles [10]. It aligns the beam axis with the cavity axis.

To simplify, both mirrors have the same radius of curvature. Let I be the intensity of reflected field. The following
parameters are used: a(ν) and a(ν − ν10) is cavity reflectance of the fundamental mode and the first higher mode
respectively (which are both constant), ax is the beam waist height and αx is the angle of misalignment of the incident
beam and the cavity axis, and w0 is the width of the waist.

I = I0

[
|a(ν)|2 + γ

(
|a(ν − ν10)|2 − |a(ν)|2

)]
(C1a)

γ :=

(
ax
w0

)2

+

(
kw0αx

2

)2

(C1b)



17

ax =
1

2
(x1 + x2) (C1c)

αx =
1

2R− L
(x2 − x1) (C1d)

The modulations are:

x1 = x10 +A1 sinω1t (C2a)

x2 = x20 +A2 sinω2t (C2b)

Substituting these two modulations in the values for the beam waist displacement ax and angle difference αx into
equation (C1a), and taking a Taylor series to first order, the following result is found[10].

I ≈ I0

[{
|a(ν)|2 + γ

(
|a(ν − ν10)|2 − |a(ν)|2

)}
∗
{
γ(x10, x20) +A1 sinω1t

∂γ

∂x1

∣∣∣∣
x10

+A2 sinω2t
∂γ

∂x2

∣∣∣∣
x20

}]
(C3)

Applying narrow bandpass filters around each modulation frequency and demodulating, the DC terms remaining
are the two partial derivatives. When the partial derivatives are expanded, they take the following form.

∂γ

∂x1

∣∣∣∣
x10

=
1

2w2
0

(
x10 + x20 +

(
L

kw2
0

)2

(x10 − x20)

)
(C4a)

∂γ

∂x2

∣∣∣∣
x20

=
1

2w2
0

(
x10 + x20 −

(
L

kw2
0

)2

(x10 − x20)

)
(C4b)

The demodulation sensor returns the values of the partial derivatives of γ with respect to x1 and x2, which is an
error signal for the cavity. This is a linear system which can be solved for the center displacements. The misalignment
signal it is sent to the actuators to align the cavity.

D. Flowchart of Calibration

The calibration steps are in figure 12.

Hardware
Injection

A sin(t)
[cts]

Euler to
OSEM

[cts]
DAC [V]

Current
[A]

AOSEM
Coil

Magnet [N]

Torque
on PUM

[N m]

PUM
Torque to

TST Angle
Model
[rad]

Change in
DARM [m]

FIG. 12. This shows how we converted our modulation in counts into change in DARM.
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E. Interesting findings from CARM/Interpretation of formula for DARM

When the formula for CARM is calculated, the following pattern emerges: all angles are either common squared or
differential squared. This relates to DARM because retrospectively it can be seen that it is the product of a common
and differential angle. Thus, solely common-differential mode products couple into DARM.

∆CARM =
2θchθcsL

(
g1r − g2r + r2 − 1

)
g1g2 − 1

+
2θdhθdsL

(
g1r − g2r + r2 − 1

)
g1g2 − 1

− θ2chL (r (g1r − 2) + g2)

g1g2 − 1

− θ2csL (r (g2r + 2) + g1)

g1g2 − 1
− θ2dhL (r (g1r − 2) + g2)

g1g2 − 1
− θ2dsL (r (g2r + 2) + g1)

g1g2 − 1

(E1a)

∆CARM = −78095.7θ2ch + 23379.1θchθcs + 1948.79θ2cs − 78095.7θ2dh + 23379.1θdhθds + 1948.79θ2ds (E1b)

F. Wiener Filtering

1. Wiener Filtering Theory Single Channel

Wiener filtering is a statistical technique to estimate a channel’s true value. It is the optimal filter for the minimum
mean squared error in linear, stationary systems [12]. The target channel’s time series is x[m]. We have the sensor
measurement, y[m], of the target channel. The error is show in equation (F1), where the weights ~w are to be found.

e[m] = x[m]− x̂[m] = x[m]− ~w ᵀ[m]~y[m] (F1)

~y ᵀ[m] = {y[m], y[m− 1], ...y[m− P − 1]} (F2)

~w ᵀ[m] = {w[m], w[m− 1], ...w[m− P − 1]} (F3)

The optimum error is found by minimizing the squared error between target channel and estimator x̂[m] in equation
(F4). ~ryx is the cross correlation vector between witness and target signal, and Rxx is the autocorrelation matrix
between sensor signal ~y.

MSE = E
{
e[m]2

}
= E

{
x[m]2

}
− 2~w ᵀ[m]~ryx + ~w ᵀ[m]Ryy ~w[m] (F4)

The mean square error is optimized at the following filter value [13]:

~w[m] = R−1yy~ryx (F5)

Figure 13 shows the process of wiener filtering graphically. Note the sensor does not sense a sum of the noise and
target signal: in general y[m] = F (x[m], n[m],m).

Sensor Wiener Filter
Target signal

x[m]

Noise n[m]

y[m] Estimator

x̂[m]

FIG. 13. A graphical representation of Wiener filtering.

Wiener filtering has important properties in the frequency domain. In the frequency domain, this condition for the
Wiener filter becomes the following, where Pxy is the cross power spectral density [12]:

W (f) =
Pxy
Pyy

(F6)
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Additionally, the ideal suppression factor r(f) tells the amount each frequency is suppressed with a Wiener filter. It
is dependent on witness coherence in equation (F7) [14]. For example at .9 coherence, the suppression factor is 2.3,
meaning that the noise is reduced by a factor of 2.3.

r(f) =
1√

1− c(f)2
(F7)

2. Wiener Filtering Example for Additive Noise

Many times, the sensor’s output can be approximated as additive uncorrelated noise [12]. Consider the following
sensor profile:

y[m] = x[m] + n[m] (F8)

Taking the Fourier transform,

Y (f) = X(f) +N(f) (F9)

Taking the expectation value of the magnitude squared, and assuming that the target signal and noise are uncorrelated,

E
{
|Y (f)|2

}
= Pyy = E

{
|X(f)|2

}
+ E

{
|N(f)|2

}
= Pxx + Pnn (F10)

Since in uncorrelated additive noise, Pxy = Pxx, using equation (F6), the Wiener filter becomes:

W (f) =
Pxx

Pxx + Pnn
=

SNR

SNR+ 1
(F11)

Equation (F11) gives a good explanation of how the Wiener filter is working. It is selecting frequencies when signal
to noise ratio is high, while filtering frequencies when signal to noise ratio is low.

3. Multiple Sensor Wiener Filtering Theory

If there are multiple sensors with multiplicity M, the mean square error function to minimize is [15]:

E
{
e2[m]

}
= E

{(
x[m]2 −

i=M∑
i=1

~w ᵀ
i [m]~yi[m]

)2}
(F12)

The optimal filter weights for each sensor are shown in equation (F13) where Cij is the cross correlation matrix
between sensor i and j, Rii is the autocorrelation matrix of sensor i, ~pix is the cross correlation vector between the
target channel and sensor i, and ~wi is the filter weights for sensor i [15].

~w1

~w2

...
~wN

 =


R11 C12 · · · C1M

C21 R22 · · · C2M

...
. . .

...
C31 C32 · · · RMM



~r1x
~r2x

...
~rMx

 (F13)

The estimation of the target channel is thus:

x̂[m] =

i=M∑
i=1

~w ᵀ
i [m] · ~yi[m] (F14)

This approach is what we will use in the following sections to find the angular noise contribution to DARM.
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