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¡ GW detection
Data stream of differential arm strain

¡ Once recorded:
Signals and noises are indistinguishable
What we can do is to catch “likely” features

¡ Reduce any kind of noises!
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¡ Time domain vs frequency domain

Noise 
Reduction

¡ Time domain: transient noises
Frequency domain: stationary noises



¡ Power Spectral Density (PSD)
Double sided PSD (-Infinity < f < Infinity)

¡ Single sided PSD (0 <= f < Infinity)
[xunit

2 / Hz]

¡ Linearized PSD or Amplitude Spectral Density (ASD):
[xunit/ sqrtHz]
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¡ Parseval’s Theorem for signal RMS and PSD

Root Mean of x(t): 
average signal power density (per sec)
(cf. variance, std deviation)

PSD Sx(f):
power density per frequency (per sec)

x

2(t) =

Z 1

0
S

x

(f)df

⌘ x

2
RMS



Example
PSD [fm/sqrtHz] in log-log scale, RMS [fm] ~ 50fm = 0.05pm

PSD [fm/sqrtHz] in log-lin scale
RMS [fm]

Time series [pm]
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¡ 3 fundamental elements of GW detectors
¡ Mechanics
¡ Optics
¡ Electronics



¡ 3 fundamental elements of GW detectors
¡ Mechanics
¡ Optics
¡ Electronics



¡ 3 fundamental elements of GW detectors
¡ Mechanics -> Displacement noises
¡ Optics -> Optical noises
¡ Electronics -> Electrical noises

Optical Optical Displacement

Displacement

Electrical

Electrical
Electrical



¡ Noise source / Noise coupling
¡ Reduce

this      or        this

Noise
Source

GW
Channel

Coupling
Mechanism



¡ Sensitivity (=noise level) of Advanced LIGO
¡ Current sensitivity

h= 8x10-24 /rtHz



¡ Sensitivity (=noise level) of Advanced LIGO
¡ Noise budget

h= 2x10-23 /rtHz





L

dL
h = dL / L

¡ Mechanical displacement sensed 
by a laser interferometer

¡ The longer the arm length,
the smaller the strain noise
§ Seismic noise
§ Thermal noise
§ Newtonian Gravity noise



¡ Seismic noise
§ Even when there is no noticeable earth quake…

http://link.aps.org/doi/10.1103/RevModPhys.86.121 (http://arxiv.org/abs/1305.5188)

Target
disp. noise
10-20m/rtHz

Ground motion 
@10Hz
10-10m/rtHz



¡ Vibration isolation ~ utilize a harmonic oscillator
§ A harmonic oscillator provides vibration isolation

above its resonant frequency
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¡ How to get more isolation?

Damping
Lower the peak height

Worse isolation

Lower resonant freq
Better isolation

Complex to realize

Multi stage
Steeper isolation curve

More peaks

f -2f -4

¡ In practice: employ combination of these measures



¡ iLIGO vibration isolation
¡ Hydraulic active isolation /  Isolation stack / Single Pendulum



¡ aLIGO vibration isolation
¡ Hydraulic active isolation /  Invacuum Active Isolation Platforms / 

Multiple PendulumClass. Quantum Grav. 29 (2012) 115005 L Carbone et al

Top Mass
6 BOSEMs main chain

6 BOSEMs reaction chain

Upper Intermediate Mass
4 BOSEMs reaction chain

Penultimate Mass
4 AOSEMs reaction chain

Seismic Isolation 
Platform

global
longitudinal 

control

Test Mass
Electrostatic Drive

< 0.1Hz

pitch & yaw 
control

digital control

101  - 102 Hz 
~ 10-4 N

DC - 103 Hz
~ 10-5 N

~ 10-1 N

local damping 
control

1 - 101 Hz
~ 10-3 N

interferometer measurements

Figure 1. The Advanced LIGO quadruple suspension systems: (left) 3D CAD representation of
the suspensions [4] and (right) location of sensors and actuators within the quadruple suspensions
for the top (red dots), upper-intermediate (green) and penultimate stages (blue). A sketch of the
control loop scheme with main frequency range of operation for each actuation stage and related
maximum actuation force range is also shown.

sensitivity by about an order of magnitude over almost all the sensitive band, for a best strain
sensitivity goal of about 3 × 10−24 Hz−1/2 around few hundred Hz, and an explorable region
of the universe thousand times larger.

Among the different core subsystems of the interferometer undergoing a major upgrade in
Advanced LIGO, a crucial role will be played by the combined effect of an enhanced seismic
isolation system [7] together with a novel multi-stage mirror suspension design [8]. This will
provide an improved isolation from seismic disturbances by at least three orders of magnitude
in the 1–10 Hz region. The reduced residual motion of the test masses—approximately
10−19 m Hz−1/2 at 10 Hz—will extend the useful window for detection of gravitational
wave signals from the original ∼40 Hz down to 10 Hz, making background Newtonian noise
and Brownian noise of the last stage of the mirror suspensions the ultimate noise sources at
low frequencies [9].

A picture of the quadruple pendulum suspension system, which is used for the isolation
of the arm cavities test masses, is shown in figure 1 (left). Here, the key elements are the
three stages of cantilever spring blades, which form the upper-half of the suspension chain and
which provide enhanced vertical-motion seismic isolation, and the 40 kg fused silica test mass,
monolithically suspended from the ‘twin’ penultimate mass by means of silicate-bonded fused
silica fibres, for a ultra-low suspension thermal noise. The four-stage pendulum hangs from
the ‘support structure’, which connects it to the seismic isolation platform and which is used to
host the sensors and actuators used for the damping of the suspension resonances. Alongside
the main suspension chain, ‘reaction masses’ are independently suspended in parallel to the
main chain and provide a seismically quiet platform for mounting the sensors and the actuators
that, in combination with the ones acting from the support structure, allow for control of the
arm lengths of the interferometer.
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Virgo
Adv LIGO
TAMA SAS
KAGRA
GEO600
Einstein Telescope

Identify the 5 biggest differences...

Ground to
mirror

“transfer functions”

http://link.aps.org/doi/10.1103/RevModPhys.86.121 (http://arxiv.org/abs/1305.5188)

10-10



¡ Thermal noise:
¡ Thermally excitation of the motion of a system

§ Each d.o.f. has <E> = ½ kb T   (Equipartition theorem)

Target
system

Heat Bath

TExcitation

hE
x

i = 1

2
kBT

能量均分定理



¡ Thermal noise:
¡ Fluctuation dissipation theorem (FDT) 涨落耗散定理

Target
system

Heat Bath

T

Interaction

Dissipation

Excitation



¡ cf Johnson noise:
¡ Resistor R: Thermal voltage noise 

¡ Measurement of R:
R = V / I

Wikipedia: Johnson noise

GV(f) =
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4kBTR [V/
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¡ Suspension thermal noise
Measurement of loss:
-> Q factor

http://www.giangrandi.ch/electronics/ringdownq/ringdownq.shtml
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18 第 2章 重力波—その性質と検出法

の関係が成立するため、熱雑音の変位換算パワースペクトル密度は
√
⟨x̃2

thermal⟩ =

√

−4kBT Im [χ(ω)]
ω

(2.65)

となる。
例として散逸を含む 1次元振動系を考える。運動方程式を周波数領域で記述すると、

m
{
−ω2 + ω2

0 [1 + iφ(ω)]
}

x̃(ω) = Fext(ω) (2.66)

となる。ここで φ(ω)は複素バネ定数 (complex erastic constant)で、系に散逸を取り入れるため
に用いる。共振の鋭さQは

Q = φ−1(ω0) (2.67)

で定義される。この φ(ω)としては様々なモデルがあるが、系の速度に比例した抵抗力が働く場合
(velocity damping model)では、

φ(ω) =
ω

Qω0
(2.68)

である。実際に測定された例から、材質に固有の散逸に関しては φ(ω)の周波数依存性はないので
はないか、という説が有力で、このような構造減衰モデル (structure damping model)では、

φ(ω) =
1
Q

(2.69)

である。それぞれのモデルについて熱雑音の変位換算パワースペクトル密度を計算すると、速度
減衰モデルの場合、

√
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thermal(vd)⟩ =

√
4kBTω0

mQ

1
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0 − ω2 + iω0ω/Q|2
(velocity damping model) (2.70)
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0

mωQ

1
|ω2

0 − ω2 + iω2
0/Q|2

(structure damping model) (2.71)

となる。

振り子の熱雑音

振り子に関しては共振周波数が重力波の観測帯域よりも十分低い (ω0 ≪ ω)ので、観測帯域で
の熱雑音スペクトルは、構造減衰モデルであれば式 (2.71)より、

√
⟨x̃2

thermal(sd)⟩ ≃

√
4kBTω2

0

mω5Q
(2.72)

速度減衰モデルであれば式 (2.70)より、
√
⟨x̃2

thermal(vd)⟩ ≃
√

4kBTω0

mω4Q
(2.73)

となる。
ワイヤーによる減衰が支配的である場合には式 (2.72)を使用するが、渦電流ダンピングを行っ
ている場合などは式 (2.73)を使用する。また、多段振り子の場合、各段の熱雑音は各式に類似す
る表式により与えられ、その振動は下の段に行くに従い防振されて鏡に伝わる。
熱雑音で励起される鏡の回転運動なども同様の手法で計算できる。回転運動の熱雑音の干渉計
の信号への寄与は、どれだけレーザー光が鏡の中央に当たっているかに依存する。

m = 40kg
T = 300K

Monolithic suspension
for high pendulum Q



¡ Mirror thermal noise
¡ Sensing of the mirror surface deformation with a laser beam 

(with intensity profile of f(r))

¡ Apply periodic pressure with profile of f(r)

¡ Calculate the rate of dissipation Wdiss
analytically, using FEA, or etc

¡ Put this into the formula

Y. Levin PRD 57, 659-663 (1998)



¡ Mirror substrate thermal noise
§ Brownian motion

Mechanical loss associated 
with the internal friction
óThermally excited body modes
Optical coating (high mechanical loss)
will be limiting noise source in aLIGO

§ Thermo elastic noise
Elastic strain & thermal expansion coefficient
=> cause heat distribution & flow in the substrate
óTemperature fluctuation causes mirror displacement

§ Thermo-refractive noise
óTemp. fluctuation causes fluctuation of refractive index



¡ Newtonian Gravity noise
§ Mass density fluctuations around the test masses

=> test mass motion via gravitational coupling

§ Dominant source of Newtonian noise
= Seismic surface wave

§ Mitigation
1) Going to quiet place (underground)
2) Feedforward subtraction
3) Passive reduction by shaping

local topography

Subtraction of Newtonian noise using optimized sensor arrays

Jennifer C. Driggers, Jan Harms, and Rana X. Adhikari
LIGO Laboratory, Division of Physics, Math, and Astronomy, California Institute of Technology,

1200 East California Boulevard, MC 100-36, Pasadena, California 91125, USA
(Received 27 July 2012; published 1 November 2012)

Fluctuations in the local Newtonian gravitational field present a limit to high precision measurements,

including searches for gravitational waves using laser interferometers. In this work, we present a model of

this perturbing gravitational field and evaluate schemes to mitigate the effect by estimating and subtracting

it from the interferometer data stream. Information about the Newtonian noise is obtained from simulated

seismic data. The method is tested on causal as well as acausal implementations of noise subtraction. In

both cases it is demonstrated that broadband mitigation factors close to 10 can be achieved removing

Newtonian noise as a dominant noise contribution. The resulting improvement in the detector sensitivity

will substantially enhance the detection rate of gravitational radiation from cosmological sources.

DOI: 10.1103/PhysRevD.86.102001 PACS numbers: 04.80.Nn, 95.55.Ym, 07.60.Ly, 42.62.Eh

I. INTRODUCTION

Gravitational waves (GW) from astrophysical sources
have the promise of revealing a rich new vision of the
Universe [1]. In the past decade, several kilometer sized
terrestrial detectors of gravitational waves (such as
TAMA300 [2], GEO600 [3], Virgo [4], and the Laser
Interferometer Gravitational-wave Observatory (LIGO)
[5]), have come online and made searches for signals in
the 50–10000 Hz band. The reach of these ground-based
detectors at low frequencies is limited by seismic and
gravitational perturbations on the Earth. A set of space
missions (LISA [6], DECIGO [7]) are being pursued to
search for signals in the 10!4–1 Hz band.

Themultistagevibration isolation systems [8,9] developed
for GWdetectors should, in principle, be capable of reducing
the direct influence of the ambient seismic noise to below the
quantum and thermodynamic limits of the interferometers.
Unfortunately, there is no knownway to shield the detectors’
testmasses fromfluctuating gravitational forces.As shown in
Fig. 1, our calculations estimate that the fluctuations in the
local Newtonian gravitational field will be the dominant
source of the mirror’s positional fluctuations near 10 Hz.
This noise source has been referred to as gravity gradient
noise or Newtonian noise (NN) in previous literature.

Early estimates of NN by Weiss [10], Saulson [11], and
Hughes and Thorne [12] have made increasingly better
estimates of the seismic environment and thereby, the
Newtonian noise. In this work, we update estimates of
Newtonian noise as well as describing a means to subtract
its influence from the data stream.

II. NEWTONIAN NOISE BUDGET
FOR THE LIGO SITES

In 2011, several measurements were carried out at the
LIGO sites to define a Newtonian noise budget [13].
Accelerometers were used to monitor vibrations on water
pipes, near exhaust fans, on top of the buildings and on the

walls. Sound spectra were measured with microphones
inside and outside of the LIGO buildings. The resulting
NN estimates for each of these sources are summarized in
Fig. 2. In addition, the plot contains a representative noise
model for potential upgrades to the advanced detectors
such as Advanced LIGO and Advanced VIRGO, which
we refer to as third generation ground-based detectors [14].
Future detectors built at new sites, such as the proposed
Einstein Telescope, we call fourth generation detectors
[15]. More specifically, the strain noise model (excluding
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FIG. 1 (color online). Strain noise spectral density of a second
generation terrestrial detector—Advanced LIGO (black, bold
line). The sensitivity of the first generation Initial LIGO (pink,
dashed line) is shown for comparison. TheNewtonian noise (green
downward-pointing triangles) is dominating the Advanced LIGO
sensitivity near 10 Hz. Other traces shown are other, nongravita-
tional, limits to the sensitivity: direct seismic vibrations (brown
circles), quantum radiation pressure and shot noise (purple dia-
monds),mirror thermal noise (red squares), andmirror suspension
thermal noise (blue upward-pointing triangles).

PHYSICAL REVIEW D 86, 102001 (2012)
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J Driggers, et al, PRD 86, 102001 (2012)
J Harms, et al, Class. Quantum Grav. 31 185011 (2014) 





¡ Noises that contaminate the readout signal
§ Quantum noises (shot noise, radiation pressure noise)
§ Laser technical noises (frequency/intensity noise)
§ Modulation noises
§ Scattered light noise

Optical Optical



¡ Quantum noises: Shot noise
§ Photon shot noise associated with photodetection

§ Michelson interferometer

§ Michelson response (@DC)

i
shot

=
p
2ei

DC

[A/
p
Hz]

at the limit of d𝜙->0

iDC : DC Photocurrent
η : PD Quantum 
Efficiency
ν : Optical Frequency

Shot-noise limit of the Michelson phase sensitivity

��

hGW
=

4⇡L⌫

c
[rad/strain] 1.3x10-20 1/sqrtHz

@1W, 1064nm, 4km

Michelson
Strain Sensitivity

i
DC

=
e⌘P

in

h⌫

1� cos ��

2
[A]

i
shot

/
di

DC

d�
=

s
2h⌫

⌘P
in

[rad/
p
Hz]

/ 1/
p

Pin



¡ Quantum noises ~ Radiation pressure noise
§ Photon number fluctuation in the arm cavity

=> Fluctuation of the back action force

§ Vacuum fluctuation injected 
from the dark port
=> Differential power fluctuation
=> Cause the noise in the GW signal
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¡ Quantum noises
§ Standard Quantum Limit (SQL)
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¡ Laser frequency noise
§ Laser wavelength (λ = c / ν)

= reference for the displacement measurement
§ Optical phase 𝜙 = 2 pi ν L / c

d𝜙 = 2 pi / c (L dν + ν dL)  <= indistinguishable
§ Laser frequency stabilization dL

L
=

d⌫

⌫
Reference

cavity

Laser

Input 
mode cleaner

 cavity
Main interferometer arm



¡ Laser intensity noise
§ Relative Intensity Noise (RIN): dP/P
§ Sensor output V = P x

=> dV = P dx + x dP <= indistinguishable

§ Laser intensity stabilization

dx

x

o↵set

=
dP

P

P. Kwee et al, 
Optics Express 20 10617-10634 (2012)

In-vacuum 8-branch
Photodiode array





P-layer

I-layer

N-layer
P

hotocurrent

¡ Photodiodes aLIGO InGaAs PD (𝜙3mm)
Anode

Cathode

“Photodiode Amplifiers”, 
J. Graeme (McGrawHill 1995)

input referred noise current
§ Photodiode equivalent circuit
▪ Shunt Capacitance RD
▪ Junction Capacitance CD
▪ Series Resistance RS iRs ⇠ !Cd

p
4kBTRs



¡ Analog signals (~+/-10V) -> Digital signal
§ Digitized to a discrete N bit integer number

§ Quantization causes a white noise
e.g. +/-10V 16bit => Δ = 0.3mV => Vn ~ 100 μV/sqrtHz
cf. Input noise of a typical analog circuit 10nV/sqrtHz

http://www.analog.com/static/imported-files/tutorials/MT-229.pdf

 

Mini Tutorial 
MT-229 

One Technology Way  P.O. Box 9106  Norwood, MA 02062-9106, U.S.A.  Tel: 781.329.4700  Fax: 781.461.3113  www.analog.com 

 
 

Rev. 0 | Page 1 of 4 

Quantization Noise: An Expanded 
Derivation of the Equation,  
SNR = 6.02 N + 1.76 dB 
by Ching Man,  
Analog Devices, Inc. 
 

IN THIS MINI TUTORIAL 
The steps are shown for how the equation, signal-to-noise-
ratio (SNR) = 6.02 N + 1.76 dB is derived. The mathematical 
derivation steps are highlighted. 

INTRODUCTION  
This tutorial describes three distinct stages for the derivation 
process.  

1. The ideal analog-to-digital converter (ADC) transfer 
function equation and manipulation.  

2. The root mean square (rms) derivation from integration.  

3. The SNR equation derivation for obtaining the  
SNR = 6.02 N + 1.76 dB value. 

This mathematical tutorial expands and enhances the 
derivation version presented in MT-001. 

IDEAL ADC TRANSFER FUNCTION EQUATION AND 
MANIPULATION 
The ideal ADC transfer function is shown in Figure 1(A). The 
digital (binary) output values are represented by the y-axis,  
and the analog inputs are represented by the x-axis. The 
diagonal staircase represents the quantized value of the analog 
input signal. The dashed line through the staircase represents 
their mid-points. 

Figure 1(B) represents the quantization noise of an ideal N-bit 
ADC for a ramp input signal. The quantization error of 1 LSB 
peak-to-peak can be approximated by an uncorrelated saw 
tooth waveform having a maximum peak-to-peak swing of q, 
from q/2 to –q/2. Note that t1 and t2 are points in time and  
are used at a later stage in the derivation. This signal is the 
difference between the quantized output signal (solid) and the 
analog input signal (dashed) shown in Figure 1(A).  

 
Figure 1. Ideal ADC Transfer Function (A) and Ideal N-Bit ADC Quantized Noise (B) 
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¡ Whitening
§ Amplify a signal in the freq band where the signal is weak

¡ Dewhitening
§ Amplify a signal in the freq band where the signal is weak

Signal
PSD

Frequency

Signal
PSD

Frequency

Quantization noise

Whitened signalWhitened signal

raw signal

Signal
PSD

Frequency

Signal
PSD

Frequency

Quantization noise

DAC Output signal

Dewhitened
signal



¡ Actuator noise appears in the GW signal
as an external disturbance

§ Mitigation
1) Make the noise itself smaller
2) Make the actuator response smaller

§ We need to keep sufficient actuator strength
for lock acquisition
=> Transition to a low-noise mode after achieving lock





¡ Summary
§ There are such large number of noises
§ They are quite omni-disciplinary
§ Even only one noise can ruin our GW detection

§ GW detection will be achieved by
▪ Careful design / knowledge / experience
▪ Logical, but inspirational trouble shooting

§ Noise “hunting”


