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P R O G R E S S  F O R  PA S T  3 0  Y E A R S
impressive progress in analytical and numerical computation of source 
dynamics 

 compact binary dynamics and IMR waveforms and ejecta 

full GR 3-D SN simulations with neutrino transport, 
magnetohydrodynamics;  

GRB progenitor models including GRB afterglows 

plethora of mechanics for production primordial gravitational waves 

many new potential sources 
SMBBH, LMXBs, glitching pulsars, flaring magnetars, r-modes, … 

sophisticated search algorithms to dig signals out of noise 
geometric formulation of signal analysis; wavelets; multi-variate analysis, … 

comprehensive off-line searches and on-line searches that produce results 
within minutes of acquiring data 

Bayesian parameter estimation and inference 

we are at the verge of making first detections
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S O U R C E S  O F  G R AV I TAT I O N A L  WAV E S
binaries of compact objects 

neutron star binaries, neutron star-black hole binaries, 
black hole binaries 

gravitational collapse and supernovae and other 
transients 

SN, LMXBs, pulsar glitches, magnetars 

non-axisymmetric spinning compact objects 
neutron stars, white dwarfs 

stochastic backgrounds 
primordial gravitational waves, astrophysical 
backgrounds
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B I N A R Y  B L A C K  H O L E S
waveform characterised by 

slow adiabatic inspiral, fast and luminous merger, rapid ringdown 
very large parameter space 

mass ratio, large BH spins misaligned with orbit, eccentricity 
waveform shape can tell us about component masses, spins and 
eccentricity 
waveform amplitude (in a detector network) can tell us about 
source’s orientation, sky position, polarisation and distance
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NR 
Pretorius, Baker, Campnelli, 
Lousto, Brügmann, Laguna, 

Shoemaker, Teukolsky, 
Kidder, Scheel,Szilagyi, 
Pfeiffer Rezzolla, Hinder, 
Hannam, Husa, Lehner, 

Shibata…

Post-Newtonian theory 
Einstein, Fock, Blanchet, Damour, Dereulle,  

Iyer, Faye, Will, Wiseman, Schäfer, Jaranowski, Thorne, … 
TaylorT1, TaylorT2, TaylorF2, …

Perturbation 
theory 

gravitational 
self-force 

Vishveshwara,  
Bardeen, Press, 

Teukolsky, Detweiler, 
Whiting, Poisson, Barack, 
Hughes, Flanagan, Mino, 

Sasaki, Tanaka, Quinn, Wald, 
…

 Buonanno, Damour, 
Nagar, Pan, Iyer, Schäfer, 

Jaranowski …

Approximation Methods: Mon and Wed
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P R O G R E S S  I N  T W O - B O D Y  P R O B L E M
Caltech group pointed out the importance 
of computing phasing beyond leading 
order; followed by very impressive 
progress in post-Newtonian computation 
of two-body dynamics 

construction of LIGO, Virgo, GEO600 and 
TAMA brought theory and observations 
closer 

effective one-body approach developed: 
bold prediction for the late inspiral, 
merger and ringdown 

first successful NR  simulations broke 
conventional wisdom - a far simpler 
merger than anyone predicted 

 remarkable interactions between GW 
data analysts, astrophysicists and theorists 
to open a new observational window
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C U R R E N T  S TAT U S  O F  P N  C A L C U L AT I O N S
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No Spin Spin-Linear Spin-Squared Tidal

Conservative 4PN 3.5PN 3PN 7PN

Dynamics

Energy Flux 3.5PN 4PN 2PN 6PN

at Infinity

RR Force 4.5PN 4PN 4.5PN 6PN

Waveform 3.5PN 4PN 2PN 6PN

Phase

Waveform 3PN 2PN 2PN 6PN

Amplitude

BH Horizon 5PN 3.5PN 4PN �
Energy Flux

1

Table from Buonanno and BSS 2014



B E Y O N D  I N S P I R A L :  E F F E C T I V E  O N E  
B O D Y  F O R M A L I S M

8

1m

2m

1m 2m
��g

realE Eeff

realJ Nreal effJ effN

Real description

��g eff

Effective description

�

Buonanno and Damour 1999



N U M E R I C A L  S I M U L AT I O N S  O F  B B H

Caltech-Cornell simulation, 2009
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❖ q=7, non-spinning

New 170 orbit SpEC simulation
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Szilagyi ea, 1502.04953

Harald Pfeiffer     Cwrt Bleddyn     May 11, 2015

L O N G E S T  S O  FA R :  1 7 0 - O R B I T S ,  M A S S  
R AT I O  1 : 7 ,  N O N - S P I N N I N G

11Szilagyi+ arXiv:1502.04953



U N FA I T H F U L N E S S  O F  E O B  <  0 . 1 %
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Harald Pfeiffer     Cwrt Bleddyn     May 11, 2015

Waveform models vs. 170-orbit NR

❖ Standard (Taylor)  
Post-Newtonian 
bad ~10%

❖ Phenom models 
even worse ~30%

❖ uncalibrated 
EOB good 
~0.1%

❖ calibrated 
EOBNR 
very good
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F R E Q U E N C Y  S PA N  O F  VA R I O U S  
D E T E C T O R S
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L A S T  S TA B L E  O R B I T  F R E Q U E N C Y:  
S C H W A R Z S C H I L D  B L A C K  H O L E
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D O M I N A N T  Q U A S I - N O R M A L  M O D E  
F R E Q U E N C Y
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H I G H E R  O R D E R  Q U A S I - N O R M A L  M O D E S :  
S U B - D O M I N A N T
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no radiation  
expected

N O  R A D I AT I O N  F R O M  I N S I D E  A  B L A C K  
H O L E
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no radiation  
expected

S Y S T E M S  O B S E R V E D  G R O U N D  B A S E D  
D E T E C T O R S  M E R G E  W I T H I N  A  F E W  D AY S
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no radiation  
expected

P U L S A R  T I M I N G  A R R AY S  C O U L D  S E E  
M O N O C H R O M AT I C  W AV E S
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no radiation  
expected

PA R A M E T E R  M E A S U R E M E N T S  A R E  
P O S S I B L E  F O R  C H I R P I N G  B I N A R I E S
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change in  
frequency < 1 nHz

no radiation  
expected

S O M E  B I N A R I E S  W O N ’ T  C H I R P  
A P P R E C I A B LY  D U R I N G  O B S E R VAT I O N
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change in  
frequency < 1 nHz

no radiation  
expected

L U M I N O S I T Y  I S  A  S T E E P  F U N C T I O N  O F  
F R E Q U E N C Y

luminosity



S M A L L  B L A C K  H O L E  FA L L I N G  I N T O  A  B I G  
B L A C K  H O L E

23Animation Steve Drasco



B I N A R Y  N E U T R O N  S TA R S
probably progenitors of short 
gamma ray bursts 
can measure: 

chirpmass pretty well but 
component masses are 
difficult to constrain  

observations should:  
constrain models of formation 
and evolution of compact 
binaries 

possibly equation of state of 
supra-nuclear matter  

rates highly uncertain 

advanced detectors could see 
between 0.5 to 400 per year

24
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E X P E C T E D  N S - N S  M E R G E R  R AT E S
observed short GRB rate ~ 10 yr-1 Gpc-3  
we won’t observe all GRBs because 

most GRB satellites are not sensitive to the whole sky and 
gamma emission is not expected to be isotropic 

comoving volume rate depends on the beaming angle 
smaller the beaming angle, less likely we will observe them 
and so greater the intrinsic rate 

half beaming angle of 5o gives a comoving volume rate of 
2,000 yr-1 Gpc-3 

implies a detection rate of ~ 50 yr-1 at LIGO-Virgo design 
sensitivity 

population synthesis models predict uncertain rates for all 
populations
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C O M P L E T E N E S S  O F  S U R V E Y S
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E X P E C T E D  L I N E A R  R AT E  D E N S I T Y

Rates from Abadie+ 2010

NSNS: 100 Myr-1 MWEG-1 

NSBH: 3 Myr-1 MWEG-1 

BHBH: 0.4 Myr-1 MWEG-1

Rates: Mon
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C U M U L AT I V E  R AT E  A S  A  F U N C .  O F  D I S T.



12

FIG. 8. Snapshots of the rest-mass density on the (x, y) plane for the binary ALF2-q10-M1325. From left to right, the panels refer to
five characteristic times: the initial time, the time of the merger, the time right after the merger (i.e., at t = 1.0ms), when the ` = m = 2
deformation in the HMNS starts to develop (i.e., at t = 3.0ms), and a later time (i.e., at t = 10.0ms). Note that only in the last panel is the
bar-deformed HMNS well defined and quasistationary.

on the (x, y) plane at five characteristic times: the initial time,
the time of the merger, the time right after the merger (i.e., at
t = 1.0ms), when the stellar core stops oscillating and an
` = m = 2 deformation in the HMNS starts to develop (i.e., at
t = 3.0ms), and then when the bar-deformed HMNS (cf., re-
gion in white) is well defined and with a quasistationary core
(i.e., at t = 10.0ms).

Following this phenomenology, it is possible to build a me-
chanical toy model, whose mathematical details are presented
in Appendix A, in which the object produced right after the
stellar contact is composed of an axisymmetric disk rotating
rapidly at a given angular frequency, say ⌦(t), to which two
spheres are connected (e.g., via a shaft) but are also free to
oscillate via a spring that connects them (see Fig. 17 in Ap-
pendix A). In such a system, the two spheres will either ap-
proach each other, decreasing the moment of inertia of the
system, or move away from each other, increasing the moment
of inertia. Because the total angular momentum is essentially
conserved, the system’s angular frequency will vary between
a minimum value ⌦1 (corresponding to the time when the two
spheres are at the largest separation) and a maximum value
⌦3 (corresponding to the time when the two spheres are at the
smallest separation). The values of ⌦1 and ⌦3 depend nonlin-
early on the properties of the system (i.e., the mass and radius
of the disk, and the mass of the spheres) but are such that
⌦2 = 1

2 (⌦1 + ⌦3), just as f2 ⇡ 1
2 (f1 + f3) in the PSDs we

have computed. Stated differently, the mechanical toy model
considered here will rotate with an angular frequency that is a
function of time and bounded by ⌦1 and ⌦3. Because the time
spent at a given frequency is ⌧⌦ ⌘ ⌦/(d⌦/dt), more time is
obviously spent at the frequencies ⌦(t) = ⌦1 and ⌦(t) = ⌦3,
where d⌦/dt ' 0. As a result, more power is expected to ap-
pear in the GW signal at these frequencies, hence producing
a low-frequency peak around ⌦1 and a high-frequency peak
around ⌦3. If dissipative processes are present, e.g., if the
spring is not ideal and the oscillations are damped, then the
angular frequency will tend secularly to ⌦2, i.e., ⌦(t) = ⌦2

for t ! 1 (cf., Fig. 18 below). As a result, most of the power
in the PSD will appear around ⌦2, with two main sidebands
at ⌦1 and ⌦3. Conversely, if dissipative processes are not
present, then the GW signal will have contributions at fre-
quencies ⌦2 and at its overtones ⌦

n

' (n/2)⌦2, such that

⌦2 ' 1
2 (⌦1 + ⌦3). (Note that in the presence of dissipative

processes a ' sign is needed in the estimate of ⌦2 because
the asymptotic frequency is only approximately the average
of ⌦1 and ⌦3; this is shown in the middle panel of Fig. 18
and reflects the fact that the system is not perfectly balanced.)
Overall, and as we will discuss in more detail in Appendix A,
this toy model can therefore account for both the presence of
the main peak f2 and for the two equally distant sidebands at
f1 and f3.

There is a simple way of testing whether these modes are
coming just from the immediate post-merger phase or are pro-
duced on longer time scales in terms of nonlinear couplings.
This is shown in Fig. 9, which reports again the PSDs for
the five EOSs and for a representative value of the mass,
i.e., M̄ = 1.30M�. Thin solid lines of different colors show
the same PSDs as in Fig. 7, with the two vertical dashed
lines marking the positions of the peak frequencies f1 and f2.
Shown instead with thick solid lines of the same colors are
the PSDs when the waveforms are restricted to the interval
t 2 [609, 5000]M� ⇡ [3.00, 24.63]ms, that is, when the first
3ms after the merger are cut from the time series. Remark-
ably, in this case the f1 and f3 peaks essentially disappear,
while the f2 peaks remain very strong and without consider-
able changes in frequency apart for the very soft EOSs. We
find this result a convincing validation of the correctness of
the toy model and a strong evidence that most of the power in
the f1 and f3 peaks is built essentially over 2-3ms after the
merger.

We should also note that when the dominant contribution
from the initial f1 and f3 peaks is removed, and hence one
is able to measure the power produced by the long evolution
of the HMNS, smaller peaks do appear on either side of f2,
and they are close to the f1 or f3 frequencies. It is then pos-
sible that these smaller-amplitude peaks represent the mani-
festation of the nonlinear couplings mentioned above and are
therefore carriers of interesting information on the properties
of the HMNS. Clearly, more work is needed to validate these
results and explore the long-term spectrum of the HMNS.

Another concrete indication that the toy model provides a
good description of the dynamics right after the merger is of-
fered by Fig. 10, whose top panel shows the full numerical-
relativity strain in the + polarization as computed for the bi-
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deformation in the HMNS starts to develop (i.e., at t = 3.0ms), and a later time (i.e., at t = 10.0ms). Note that only in the last panel is the
bar-deformed HMNS well defined and quasistationary.
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Following this phenomenology, it is possible to build a me-
chanical toy model, whose mathematical details are presented
in Appendix A, in which the object produced right after the
stellar contact is composed of an axisymmetric disk rotating
rapidly at a given angular frequency, say ⌦(t), to which two
spheres are connected (e.g., via a shaft) but are also free to
oscillate via a spring that connects them (see Fig. 17 in Ap-
pendix A). In such a system, the two spheres will either ap-
proach each other, decreasing the moment of inertia of the
system, or move away from each other, increasing the moment
of inertia. Because the total angular momentum is essentially
conserved, the system’s angular frequency will vary between
a minimum value ⌦1 (corresponding to the time when the two
spheres are at the largest separation) and a maximum value
⌦3 (corresponding to the time when the two spheres are at the
smallest separation). The values of ⌦1 and ⌦3 depend nonlin-
early on the properties of the system (i.e., the mass and radius
of the disk, and the mass of the spheres) but are such that
⌦2 = 1

2 (⌦1 + ⌦3), just as f2 ⇡ 1
2 (f1 + f3) in the PSDs we

have computed. Stated differently, the mechanical toy model
considered here will rotate with an angular frequency that is a
function of time and bounded by ⌦1 and ⌦3. Because the time
spent at a given frequency is ⌧⌦ ⌘ ⌦/(d⌦/dt), more time is
obviously spent at the frequencies ⌦(t) = ⌦1 and ⌦(t) = ⌦3,
where d⌦/dt ' 0. As a result, more power is expected to ap-
pear in the GW signal at these frequencies, hence producing
a low-frequency peak around ⌦1 and a high-frequency peak
around ⌦3. If dissipative processes are present, e.g., if the
spring is not ideal and the oscillations are damped, then the
angular frequency will tend secularly to ⌦2, i.e., ⌦(t) = ⌦2

for t ! 1 (cf., Fig. 18 below). As a result, most of the power
in the PSD will appear around ⌦2, with two main sidebands
at ⌦1 and ⌦3. Conversely, if dissipative processes are not
present, then the GW signal will have contributions at fre-
quencies ⌦2 and at its overtones ⌦
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' (n/2)⌦2, such that

⌦2 ' 1
2 (⌦1 + ⌦3). (Note that in the presence of dissipative

processes a ' sign is needed in the estimate of ⌦2 because
the asymptotic frequency is only approximately the average
of ⌦1 and ⌦3; this is shown in the middle panel of Fig. 18
and reflects the fact that the system is not perfectly balanced.)
Overall, and as we will discuss in more detail in Appendix A,
this toy model can therefore account for both the presence of
the main peak f2 and for the two equally distant sidebands at
f1 and f3.

There is a simple way of testing whether these modes are
coming just from the immediate post-merger phase or are pro-
duced on longer time scales in terms of nonlinear couplings.
This is shown in Fig. 9, which reports again the PSDs for
the five EOSs and for a representative value of the mass,
i.e., M̄ = 1.30M�. Thin solid lines of different colors show
the same PSDs as in Fig. 7, with the two vertical dashed
lines marking the positions of the peak frequencies f1 and f2.
Shown instead with thick solid lines of the same colors are
the PSDs when the waveforms are restricted to the interval
t 2 [609, 5000]M� ⇡ [3.00, 24.63]ms, that is, when the first
3ms after the merger are cut from the time series. Remark-
ably, in this case the f1 and f3 peaks essentially disappear,
while the f2 peaks remain very strong and without consider-
able changes in frequency apart for the very soft EOSs. We
find this result a convincing validation of the correctness of
the toy model and a strong evidence that most of the power in
the f1 and f3 peaks is built essentially over 2-3ms after the
merger.

We should also note that when the dominant contribution
from the initial f1 and f3 peaks is removed, and hence one
is able to measure the power produced by the long evolution
of the HMNS, smaller peaks do appear on either side of f2,
and they are close to the f1 or f3 frequencies. It is then pos-
sible that these smaller-amplitude peaks represent the mani-
festation of the nonlinear couplings mentioned above and are
therefore carriers of interesting information on the properties
of the HMNS. Clearly, more work is needed to validate these
results and explore the long-term spectrum of the HMNS.

Another concrete indication that the toy model provides a
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fered by Fig. 10, whose top panel shows the full numerical-
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gion in white) is well defined and with a quasistationary core
(i.e., at t = 10.0ms).

Following this phenomenology, it is possible to build a me-
chanical toy model, whose mathematical details are presented
in Appendix A, in which the object produced right after the
stellar contact is composed of an axisymmetric disk rotating
rapidly at a given angular frequency, say ⌦(t), to which two
spheres are connected (e.g., via a shaft) but are also free to
oscillate via a spring that connects them (see Fig. 17 in Ap-
pendix A). In such a system, the two spheres will either ap-
proach each other, decreasing the moment of inertia of the
system, or move away from each other, increasing the moment
of inertia. Because the total angular momentum is essentially
conserved, the system’s angular frequency will vary between
a minimum value ⌦1 (corresponding to the time when the two
spheres are at the largest separation) and a maximum value
⌦3 (corresponding to the time when the two spheres are at the
smallest separation). The values of ⌦1 and ⌦3 depend nonlin-
early on the properties of the system (i.e., the mass and radius
of the disk, and the mass of the spheres) but are such that
⌦2 = 1

2 (⌦1 + ⌦3), just as f2 ⇡ 1
2 (f1 + f3) in the PSDs we

have computed. Stated differently, the mechanical toy model
considered here will rotate with an angular frequency that is a
function of time and bounded by ⌦1 and ⌦3. Because the time
spent at a given frequency is ⌧⌦ ⌘ ⌦/(d⌦/dt), more time is
obviously spent at the frequencies ⌦(t) = ⌦1 and ⌦(t) = ⌦3,
where d⌦/dt ' 0. As a result, more power is expected to ap-
pear in the GW signal at these frequencies, hence producing
a low-frequency peak around ⌦1 and a high-frequency peak
around ⌦3. If dissipative processes are present, e.g., if the
spring is not ideal and the oscillations are damped, then the
angular frequency will tend secularly to ⌦2, i.e., ⌦(t) = ⌦2

for t ! 1 (cf., Fig. 18 below). As a result, most of the power
in the PSD will appear around ⌦2, with two main sidebands
at ⌦1 and ⌦3. Conversely, if dissipative processes are not
present, then the GW signal will have contributions at fre-
quencies ⌦2 and at its overtones ⌦

n

' (n/2)⌦2, such that

⌦2 ' 1
2 (⌦1 + ⌦3). (Note that in the presence of dissipative

processes a ' sign is needed in the estimate of ⌦2 because
the asymptotic frequency is only approximately the average
of ⌦1 and ⌦3; this is shown in the middle panel of Fig. 18
and reflects the fact that the system is not perfectly balanced.)
Overall, and as we will discuss in more detail in Appendix A,
this toy model can therefore account for both the presence of
the main peak f2 and for the two equally distant sidebands at
f1 and f3.

There is a simple way of testing whether these modes are
coming just from the immediate post-merger phase or are pro-
duced on longer time scales in terms of nonlinear couplings.
This is shown in Fig. 9, which reports again the PSDs for
the five EOSs and for a representative value of the mass,
i.e., M̄ = 1.30M�. Thin solid lines of different colors show
the same PSDs as in Fig. 7, with the two vertical dashed
lines marking the positions of the peak frequencies f1 and f2.
Shown instead with thick solid lines of the same colors are
the PSDs when the waveforms are restricted to the interval
t 2 [609, 5000]M� ⇡ [3.00, 24.63]ms, that is, when the first
3ms after the merger are cut from the time series. Remark-
ably, in this case the f1 and f3 peaks essentially disappear,
while the f2 peaks remain very strong and without consider-
able changes in frequency apart for the very soft EOSs. We
find this result a convincing validation of the correctness of
the toy model and a strong evidence that most of the power in
the f1 and f3 peaks is built essentially over 2-3ms after the
merger.

We should also note that when the dominant contribution
from the initial f1 and f3 peaks is removed, and hence one
is able to measure the power produced by the long evolution
of the HMNS, smaller peaks do appear on either side of f2,
and they are close to the f1 or f3 frequencies. It is then pos-
sible that these smaller-amplitude peaks represent the mani-
festation of the nonlinear couplings mentioned above and are
therefore carriers of interesting information on the properties
of the HMNS. Clearly, more work is needed to validate these
results and explore the long-term spectrum of the HMNS.

Another concrete indication that the toy model provides a
good description of the dynamics right after the merger is of-
fered by Fig. 10, whose top panel shows the full numerical-
relativity strain in the + polarization as computed for the bi-
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in Appendix A, in which the object produced right after the
stellar contact is composed of an axisymmetric disk rotating
rapidly at a given angular frequency, say ⌦(t), to which two
spheres are connected (e.g., via a shaft) but are also free to
oscillate via a spring that connects them (see Fig. 17 in Ap-
pendix A). In such a system, the two spheres will either ap-
proach each other, decreasing the moment of inertia of the
system, or move away from each other, increasing the moment
of inertia. Because the total angular momentum is essentially
conserved, the system’s angular frequency will vary between
a minimum value ⌦1 (corresponding to the time when the two
spheres are at the largest separation) and a maximum value
⌦3 (corresponding to the time when the two spheres are at the
smallest separation). The values of ⌦1 and ⌦3 depend nonlin-
early on the properties of the system (i.e., the mass and radius
of the disk, and the mass of the spheres) but are such that
⌦2 = 1

2 (⌦1 + ⌦3), just as f2 ⇡ 1
2 (f1 + f3) in the PSDs we

have computed. Stated differently, the mechanical toy model
considered here will rotate with an angular frequency that is a
function of time and bounded by ⌦1 and ⌦3. Because the time
spent at a given frequency is ⌧⌦ ⌘ ⌦/(d⌦/dt), more time is
obviously spent at the frequencies ⌦(t) = ⌦1 and ⌦(t) = ⌦3,
where d⌦/dt ' 0. As a result, more power is expected to ap-
pear in the GW signal at these frequencies, hence producing
a low-frequency peak around ⌦1 and a high-frequency peak
around ⌦3. If dissipative processes are present, e.g., if the
spring is not ideal and the oscillations are damped, then the
angular frequency will tend secularly to ⌦2, i.e., ⌦(t) = ⌦2

for t ! 1 (cf., Fig. 18 below). As a result, most of the power
in the PSD will appear around ⌦2, with two main sidebands
at ⌦1 and ⌦3. Conversely, if dissipative processes are not
present, then the GW signal will have contributions at fre-
quencies ⌦2 and at its overtones ⌦
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' (n/2)⌦2, such that
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2 (⌦1 + ⌦3). (Note that in the presence of dissipative

processes a ' sign is needed in the estimate of ⌦2 because
the asymptotic frequency is only approximately the average
of ⌦1 and ⌦3; this is shown in the middle panel of Fig. 18
and reflects the fact that the system is not perfectly balanced.)
Overall, and as we will discuss in more detail in Appendix A,
this toy model can therefore account for both the presence of
the main peak f2 and for the two equally distant sidebands at
f1 and f3.

There is a simple way of testing whether these modes are
coming just from the immediate post-merger phase or are pro-
duced on longer time scales in terms of nonlinear couplings.
This is shown in Fig. 9, which reports again the PSDs for
the five EOSs and for a representative value of the mass,
i.e., M̄ = 1.30M�. Thin solid lines of different colors show
the same PSDs as in Fig. 7, with the two vertical dashed
lines marking the positions of the peak frequencies f1 and f2.
Shown instead with thick solid lines of the same colors are
the PSDs when the waveforms are restricted to the interval
t 2 [609, 5000]M� ⇡ [3.00, 24.63]ms, that is, when the first
3ms after the merger are cut from the time series. Remark-
ably, in this case the f1 and f3 peaks essentially disappear,
while the f2 peaks remain very strong and without consider-
able changes in frequency apart for the very soft EOSs. We
find this result a convincing validation of the correctness of
the toy model and a strong evidence that most of the power in
the f1 and f3 peaks is built essentially over 2-3ms after the
merger.

We should also note that when the dominant contribution
from the initial f1 and f3 peaks is removed, and hence one
is able to measure the power produced by the long evolution
of the HMNS, smaller peaks do appear on either side of f2,
and they are close to the f1 or f3 frequencies. It is then pos-
sible that these smaller-amplitude peaks represent the mani-
festation of the nonlinear couplings mentioned above and are
therefore carriers of interesting information on the properties
of the HMNS. Clearly, more work is needed to validate these
results and explore the long-term spectrum of the HMNS.

Another concrete indication that the toy model provides a
good description of the dynamics right after the merger is of-
fered by Fig. 10, whose top panel shows the full numerical-
relativity strain in the + polarization as computed for the bi-
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FIG. 6. Gravitational waveforms for all the binaries with equal masses and nuclear-physics EOSs as evolved at the reference medium resolution.
Each row refers to a given EOS, while each column concentrates on a given initial mass. The different EOSs are distinguished by different
colors, and we will adopt this color coding also for all the subsequent plots; more details on the various binaries are shown in Table II.

Also in the frequency domain, a rapid scan of the panels
allows one to discern the most important features. First, and
as discussed by several authors [8, 23–27, 66, 70], all PSDs
show a clear and strong peak, i.e., the f2 peak, which, at these
distances, can be 1 order of magnitude or more above the sen-
sitivity curve of the Advanced LIGO detectors. This peak
is clearly related to the rotation of the bar-deformed HMNS
and corresponds, in a corotating frame, to a (quadrupolar)
` = m = 2 mode moving at a positive pattern speed in
the prograde direction [28]4. As we will comment later in
Sec. V E, this mode can be seen to correlate with a number
of properties of the stars comprising the binary, although this
dependence is different for different EOSs and is “universal”
only at a fixed mass.

All of the panels also show the presence of a low-frequency
peak, i.e., the f1 peak, which has already been discussed in

4 As customary, the prograde direction is the direction of rotation of the
HMNS as seen in an inertial frame.

detail in Ref. [28], where it was indicated as f�. This peak
always has a power smaller than that of f2 and it can hap-
pen that if the EOS is particularly soft (e.g., as for the bi-
nary APR4-q10-M1275) or if the mass is particularly small
(e.g., as for the binary SLy-q10-M1250), it is hard to dis-
tinguish it from the background. However, because the peak
is also sitting in a region where the sensitivity of detectors
is higher, it will be detectable at these distances with a SNR
smaller but comparable to that of the f2 peak (cf., Table III).
As remarked in [30], this peak is is produced by the nonlin-
ear oscillations of the two stellar cores that collide and bounce
repeatedly right after the merger. More important, as we will
comment later in Sec. V D, this mode correlates tightly with
the stellar compactness C in a way that is essentially universal,
that is independent of the EOS.

In addition to the f1 and f2 peaks, the PSDs also show the
presence of an additional peak at frequencies higher than f2

(see top left panel of Fig. 7). We have dubbed this peak as
f3 (in Ref. [28] it was instead indicated as f+) and its value
is approximated as f3 ⇠ 2f2 � f1 with a precision of about

Takami, Rezzolla, Baiotti, 2014
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FIG. 7. PSDs 2h̃(f)f1/2 for the equal-mass binaries with nuclear-physics EOS shown in Fig. 6. Solid lines of different colors refer to the
high-passed waveforms, while the dashed lines refer to the full waveforms. Indicated with colored circles are the various contact frequencies
f

cont

, while the curves of Advanced LIGO and ET are shown as green and light-blue lines, respectively.

10%. While equally interesting and potentially containing ad-
ditional information on the merging system, this peak is the
one with the least power of the three and is usually located at
very high frequencies, always below the sensitivity curve of
Advanced LIGO. Hence, more sensitive detectors, such as ET,
will be needed to observe this spectral feature even at moder-
ate distances.

B. On the origin of the f

1

and f

3

peaks

It has so far been unclear what is the actual physical ori-
gin of the two frequency peaks f1 and f3. It is possible to
attribute f1 to a nonlinear interaction between the quadrupole
and quasiradial modes [28]; similarly, it is possible that f3
is an overtone or the result of the nonlinear interaction of
the f2 mode with other nonquasiradial modes [28]. These
perturbative suggestions are given substance by the fact that
the f2 peak is, to first approximation, the average of the f1

and f3 frequencies, and it is well known that if a perturbed
system has eigenfrequencies f

i

, the nonlinearity of the equa-

tions will also produce modes at frequencies f

i

± f

j

(see
Sec. 28 of Ref. [76]). On the other hand, the amplitudes of
these nonlinear couplings are usually found to be considerably
smaller than the originating eigenfrequencies (see the discus-
sion in [77]), and our PSDs show instead that the amplitudes
in the f1 � f3 peaks vary by a factor of few and not of orders
of magnitude.

On the other hand, a different interpretation is possible on
the origin of these modes. In this interpretation, which we
suggest here, they are simply produced by the GW emission
due to the nonlinear oscillations of the two stellar cores that
collide and bounce repeatedly. Animations of the few mil-
liseconds following the instant when the stars get in contact,
in fact, show that the HMNS attains a quasistationary con-
figuration with a marked bar-mode deformation only ⇠ 5ms
after the merger. On the other hand, the object produced af-
ter the contact is far more irregular and the two stellar cores
collide and bounce repeatedly as a result of the strong rota-
tion and very high densities. This is shown in Fig. 8 for the
representative binary ALF2-q10-M1325. The figure con-
tains four different panels reproducing the rest-mass density
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Gravity's Standard Sirens 

ET f ~ 10 Hz probes te ~ 10-20 s (T ~ 106 GeV)

Slide from Shellard
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P U L S A R  T I M I N G  
A R R AY S

European Pulsar Timing Array 
(EPTA) 

Parkes Pulsar Timing Array (PPTA) 

North American Nano-hertz 
Gravitational Wave Observatory 
(NanoGrav) 

International Pulsar Timing Array 
(IPTA) 

Square Kilometre Array (SKA and 
its predecessors)
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E P TA ,  P P TA ,  N A N O G R AV

EPTA

5  p u l s a r s @  1 0 0  N S  t i m i n g  r e s i d u a l ,   
t i m e d  e v e r y  2  w e e k s ,  f o r  1 0  y e a r s

sensitivity data from Moore+ 2014



10-10 10-9 10-8 10-7 10-6

frequency (Hz)

10-13

10-12

10-11

10-10

10-9
str

ai
n 

se
ns

iti
vi

ty
 a

nd
 so

ur
ce

 st
re

ng
th

 in
 H

z-1
/2

40

I P TA

EPTA

IPTA

2 0  p u l s a r s @  1 0 0  N S  t i m i n g  r e s i d u a l ,   
t i m e d  e v e r y  2  w e e k s ,  f o r  1 5  y e a r s

sensitivity data from Moore+ 2014
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S K A

EPTA

IPTA

SKA

5 0  p u l s a r s @  3 0  N S  t i m i n g  r e s i d u a l ,   
t i m e d  e v e r y  2  w e e k s ,  f o r  2 0  y e a r s

sensitivity data from Moore+ 2014
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S T O C H A S T I C  B A C K G R O U N D S
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S M B B H  B A C K G R O U N D :  C U R R E N T  B E S T  
U P P E R  L I M I T S

EPTA

IPTA

SKA

NanoGrav UL: Ω < 6.8 x 10-8 @ 32 nHz  

 EPTA UL: Ω < 5.0 x 10-8 @ 32 nHz  
PPTA UL: Ω < 1.6 x 10-9 @ 2.8 nHz 

Demorest+ (NanoGrav) 2012,   
van Haasteren+ (EPTA) 2011,  
Shannon+ (PPTA) 2013 
H0 = 67.3 km s -1 Mpc-1



Consists of 3 spacecraft in 
heliocentric orbit 

Distance between spacecraft 
~ 1 million km 

10 to 30 degrees behind earth 

The three eLISA spacecraft follow 
Earth almost as a rigid triangle 
entirely due to celestial 
mechanics 

The triangle rotates like a 
cartwheel as craft orbit the 
sun
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All of the above scientific objectives can be addressed by a 
single L-class mission consisting of 3 drag-free spacecraft 
forming a triangular constellation with arm lengths of one 
million km and laser interferometry between “free-falling” 
test masses. The interferometers measure the variations in 
light travel time along the arms due to the tidal deforma-
tion of spacetime by gravitational waves. Compared to the 
Earth-based gravitational wave observatories like LIGO 
and VIRGO, eLISA addresses the much richer frequency 
range between 0.1 mHz and 1 Hz, which is inaccessible on 
Earth due to arm length limitations and terrestrial gravity 
gradient noise.
The Next Gravitational wave Observatory (NGO) mission 
studied for the L1 selection [15] is an eLISA strawman mis-
sion concept. It enables the ambitious science program de-
scribed here, and has been evaluated by ESA as both tech-
nically feasible and compatible with the L2 cost target. Its 
foundation is mature and solid, based on decades of devel-
opment for LISA, including a mission formulation study, 
and the extensive heritage of flight hardware and ground 
preparation for the upcoming LISA Pathfinder geodesic 
explorer mission, which will directly test most of the eLI-
SA performance and validate the eLISA instrumental noise 
model [144–145].

Mission design
The NGO mission has three spacecraft, one ‘mother’ at the 
vertex and two ‘daughters’ at the ends, which form a single 
Michelson interferometer configuration (Figure 9). The 
spacecraft follow independent heliocentric orbits without 
any station-keeping and form a nearly equilateral triangle 
in a plane that is inclined by 60° to the ecliptic. The con-
stellation follows the Earth at a distance between 10° and 

30°, as shown in Figure 10. Celestial mechanics causes the 
triangle to rotate almost rigidly about its centre as it orbits 
around the sun, with variations of arm length and opening 
angle at the percent level.
The payload consists of four identical units, two on the 
mother spacecraft and one on each daughter spacecraft 
(Figure 11). Each unit contains a Gravitational Reference 
Sensor (GRS) with an embedded free-falling test mass that 
acts both as the end point of the optical length measure-
ment, and as a geodesic reference test particle. A telescope 
with 20 cm diameter transmits light from a 2 W laser at 
1064 nm along the arm and also receives a small fraction 
of the light sent from the far spacecraft. Laser interferom-
etry is performed on an optical bench placed between the 
telescope and the GRS.
On the optical bench, the received light from the distant 
spacecraft is interfered with the local laser source to pro-
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	���
���������������������
����� One mother and two daugh-
ter spacecraft exchanging laser light form a two-arm Michelson interfer-
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Figure 10: eLISA Orbits. The three eLISA-NGO spacecraft follow the Earth 
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L I S A  W H I T E  D W A R F  B A C K G R O U N D
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I

2006-2010: detectors took 2 years worth of data at unprecedented sensitivity levels 

2015-2022: five large detectors will become operational 

Advanced LIGO detectors both installed and locked, commissioning over the next 3 
years should see first detections

K
KAGRAG GEO600



Future Detectors Voyager:  x 3 
improvement in 

aLIGO strain 
sensitivity 

Cosmic 
Explorer: new 40 
km arm length 
interferometer 

Einstein 
Telescope: 

triangular, 10 km 
arm length, 

underground, 
cryogenic  
detectors 
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N E T W O R K  S K Y  S E N S I T I V I T Y

A network of 
gravitational wave 
detectors is always 
on and sensitive to 
most of the sky 

We can integrate 
and build SNR by 
coherently tracking 
signals in phase

Hanford-Livingston-Virgo
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B I N A R Y  B L A C K  H O L E S  ( 1 0 + 1 0 )  M ⊙

LIGO-Virgo Ave. reach  
(50,50) M⊙ 257 Mpc  
(10,10) M⊙ 102 Mpc

LIGO-Virgo best rate UL:  
(50,50) M⊙ rate < 0.08 Myr-1 Mpc-3 
(10,10) M⊙ rate < 0.87 Myr-1 Mpc-3

Aasi+ (LVC) 2013
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B I N A R Y  N E U T R O N  S TA R S  ( 1 . 4 + 1 . 4 )  M ⊙
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B I N A R Y  N E U T R O N  S TA R S :  E F F E C T  O F  
R E D S H I F T

LIGO-Virgo best UL:  
NSNS rate < 130 Myr-1 Mpc-3 
NSBH rate < 31 Myr-1 Mpc-3 

BHBH rate < 6.4 x Myr-1 Mpc-3

Abadie+ (LVC) 2013

LIGO-Virgo Ave. reach  
(1.35,1.35) M⊙ 16 Mpc  

(5,1.35) M⊙ 34 Mpc 
(5,5) M⊙ 39 Mpc



100 101 102 103 104

frequency (Hz)

10-25

10-24

10-23

10-22

10-21
de

te
ct

or
 s

en
si

tiv
iti

es
 &

 s
ig

na
l s

tre
ng

th
s 

(H
z-1

/2
)

iLIGO

aLIGO

ET

AdV

BBH 1.5 Gpc
NSBH 1.0 Gpc

63

N E U T R O N  S TA R - B L A C K  H O L E  B I N A R Y  
( 1 0 + 1 . 4 )  M ⊙
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L I G O - V I R G O  B E S T  U P P E R  L I M I T S  A N D  
I M P L I C AT I O N S  F O R  D E T E C T I O N

uncertainty in either direction [5]. In all cases, the upper
limits derived here are 2 to 3 orders of magnitude above the
realistic estimated rates, and about a factor of 10 above the
most optimistic predictions. These results are summarized
in Fig. 5.

VII. DISCUSSION

We performed a search for gravitational waves from
compact binary coalescences with total mass between 2
and 25M! with the LIGO and Virgo detectors using data
taken between July 7, 2009, and October 20, 2010. No
gravitational waves candidates were detected, and we
placed new upper limits on CBC rates. These new limits
are up to a factor of 1.4 improvement over those achieved
using previous LIGO and Virgo observational runs up to
S5/VSR1 [4], but remain 2 to 3 orders of magnitude above
the astrophysically predicted rates.

The installation of the advanced LIGO and Virgo detec-
tors has begun. When operational, these detectors will
provide a factor of 10 increase in sensitivity over the initial
detectors, providing a factor of "1000 increase in the
sensitive volume. At that time, we expect to observe tens
of binary coalescences per year [5].

In order to detect this population of gravitational-wave
signals, we will have to be able to confidently discriminate
it from backgrounds caused by both stationary and

transient detector noise. It is customary [5] to assume
that a signal with SNR of 8 in each detector would stand
far enough above background that we would consider it to
be a detection candidate. The blind injection had somewhat
larger SNR than 8 in each detector, and we were able
estimate a FAR of 1 in 7000 yr for that event.
Alternatively, consider a coincident signal with exactly
SNR of 8 in two detectors. Provided the signal is a good
match to the template waveform (!2

r # 1 in Eq. (1)) this
corresponds to "c ¼ 11:3. As can be seen from the ex-
tended background events with the blind injection removed
in Fig. 3 (light gray crosses), this gives a FAR of "1 in
2% 104 yr in a single trial, or 1 in 3000 yr over all trials.
Achieving similar-or-better background distributions in
Advanced LIGO and Virgo will require detailed data qual-
ity studies of the detectors and feedback from the CBC
searches, along with well-tuned signal-based vetoes. We
have continued to develop the pipeline with these goals in
mind. For this analysis we significantly decreased the
latency between taking data and producing results, which
allowed data quality vetoes to be finely tuned for the CBC
search. These successes, along with the successful recov-
ery of the blind injection, give us confidence that wewill be
able to detect gravitational waves from CBCs at the ex-
pected rates in Advanced LIGO and Virgo.
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FIG. 5 (color online). Comparison of CBC upper limit rates for
BNS, NSBH, and BBH systems. The light gray regions display
the upper limits obtained in the S5/VSR1 analysis; dark gray
regions show the upper limits obtained in this analysis, using the
S5/VSR1 limits as priors. The new limits are up to a factor of 1.4
improvement over the previous results. The lower (blue hatched)
regions show the spread in the astrophysically predicted rates,
with the dashed-black lines showing the realistic estimates [5].
Note: in Ref. [5], NSBH and BBH rates were quoted using a
black hole mass of 10M!. We have therefore rescaled the S5 and
S6 NSBH and BBH upper limits in this plot by a factor of
ðM5=M10Þ5=2, where M10 is the chirp mass of a binary in
which the black hole mass is 10M! and M5 is the chirp mass of
a binary in which the black hole mass is 5M!.
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C O N T I N U O U S  W AV E S  F R O M  
M I L L I S E C O N D  P U L S A R S
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C R A B ,  V E L A  A N D  O T H E R  I S O L AT E D  
P U L S A R S
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L O W - M A S S  X - R AY  B I N A R I E S

Einstein@Home: no neutron stars within 4 kpc, radiating at 
152 Hz, spinning down faster than 2 nHz/s and 𝛆 > 2 x 10-4

Crab 
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G A L A C T I C  S U P E R N O VA E  S P E C T R A

Dimmelmeier+ 2008  
Ott+ 2013  
Scheidegger+ 2012
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S T O C H A S T I C  B A C K G R O U N D

LIGO-Virgo best UL:  
ΩGW < 6.9 x 10-6

Abbott+ (LVC) 2009
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S O U R C E  S U M M A R Y:  G R O U N D - B A S E D  
D E T E C T O R S

SN
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S E N S I T I V I T Y  I N  T E R M S  O F  E N E R G Y  
D E N S I T Y  I N  G R AV I TAT I O N A L  W AV E S

Figure A2: A plot of the square root of power spectral density against frequency

for a variety of detectors and sources.

Figure A3: A plot of the dimensionless energy density in GWs against frequency

for a variety of detectors and sources.

26

Moore+ 2014



F U N D A M E N TA L  P H Y S I C S ,  
A S T R O P H Y S I C S   

A N D   
C O S M O L O G Y   

W I T H  
G R AV I TAT I O N A L  WAV E S
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M U LT I - M E S S E N G E R  A S T R O P H Y S I C S :  
S Y N E R G Y  B E T W E E N  G W - E M

F E R M I  G B M  -  
A L L  S K Y     

G W  N E T W O R K  -  A L L  S K Y  
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P R O G E N I T O R S  
O F  G A M M A -
R AY  B U R S T S

What causes these giant 
explosions? 
What are the different 
classes of GRBs? 
Synergy between EM and 
GW Astronomy 

Distances measured 
with GW 

Redshift measured 
with EM 

Could potentially be 
very useful for 
cosmography
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B L A C K  H O L E S  A R E  …  M O S T  
P E R F E C T  M A C R O S C O P I C  O B J E C T S

Dreyer+ 2004, Berti+ 2006, Berti+ 2007, 
Kamaretsos+ 2012, Gossan+2012 77

S. Chandrasekhar

Testing Black Hole No-Hair 
Theorem 
Deformed black holes emit 
quasi-normal modes 

complex frequencies depend 
only on the mass and spin 

Measuring two or modes would 
provide a smoking gun 
evidence of black holes 

If modes depend on other 
parameters, consistency 
between different mode 
frequencies would fail



Measuring Neutron Star Equation of State

78Densities ~ 4 x1017 kg/m3



Demorest+, Nature 2010 79

Strange quark            Nucleons plus exotic matter          Nucleons        



Cosmology with Binary Neutron Stars

80Read and Messenger 2012; Messenger+ 2014

Compact binaries are standard 
sirens; GW observations can 
measure the luminosity distance  

But can we measure distance 
and redshift both from GW 
observations alone? 

Tidal interactions between 
neutron stars have the opposite 
effect of cosmology; this helps 
break the mass-redshift 
degeneracy



S U M M A R Y

81

Detector sensitivity reaching levels where one should expect 
detections 

BNS for ground-based detectors and SMBBH background for PTAs 

Many challenges remain 
Understanding detector noise, timing residuals, etc., is critical 

Source modelling is mature but the parameter space is huge and in 
some cases simulations are not able to reproduce what happens in 
nature 

Analysis methods have come a long way but improvements in 
efficient analysis and parameter estimation algorithms is needed 

Future 
GW Astronomy will kick start in a few years; we need to think “What 
Next?” 

Improvements in current facilities and new infrastructure



F U N D A M E N TA L  P H Y S I C S
properties of gravitational waves 

Testing GR beyond the quadrupole formula  

How many polarisations are there? 

Do gravitational waves travel at the speed of light? 

EoS of supra-nuclear matter 
signature of EoS in GW emitted when neutron stars merge 

black hole no-hair theorem and cosmic censorship 
are astronomical black hole candidates black holes of general 
relativity? 

equation-of-state of dark energy 
compact binaries are standard candles/sirens 

independent constraint/measurement of neutrino mass 
delay in the arrival times of neutrinos and gravitational waves
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A S T R O P H Y S I C S
formation and evolution of compact binaries and their 
populations 

masses, mass ratios, spin distributions, demographics 

unveiling progenitors of short-hard GRBs 
Understand the demographics and different classes of sh-GRBs 

understanding Supernovae 
finding why neutron stars stall, pulsars glitch and magnetars flare 

what causes stalling of spin frequencies in LMXBs, sudden 
excursions in pulsar spin frequencies and what is behind ultra 
high-energy transients of EM radiation in magnetars? 

ellipticity of neutron stars as small as 1 part in a billion (10μm) 
Mountains of what size can be supported on neutron stars? 

onset/evolution of relativistic instabilities
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C O S M O L O G Y
cosmography 

strengthen existing distance calibrations at high z 

calibration-free measurements of distance and cosmological 
parameters, possibly redshift from GW observations alone 

black hole seeds 
when and where did seed black holes form and how did they grow? 

anisotropic cosmologies 
in an anisotropic Universe the distribution of H on the sky should 
show residual quadrupole and higher-order anisotropies 

primordial gravitational waves 
quantum fluctuations in the early Universe produce a stochastic b/g 

production of GW during early Universe phase transitions 
phase transitions, pre-heating, re-heating, etc., could produce 
detectable stochastic GW
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S PA R E  S L I D E S
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C H A L L E N G E S
models and simulations of sources 

supernova bounce, neutron star cores, corner cases of 
parameter space in binary systems, GRB afterglows 

rapid parameter estimation of gravitational wave events 
especially important if we do find high event rate 

testing GR etc. need to be made computationally 
efficient 

improved understanding of “detector” noise and false 
alarm rate
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S TA N D A R D  L O R E :  G R AV I TAT I O N A L  WAV E S  
S T R E T C H  A N D  S Q U E E Z E  S PA C E T I M E
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H O W  R I G I D  I S  S PA C E T I M E ?

G↵� =
8⇡G

c4
T↵�

In Einstein equations 

the coupling constant has dimensions of force 

Under what circumstance can such a force be felt? 
Consider force on an orbiting body: 

Black holes in a binary can experience GF
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G F A N D  G R AV I TAT I O N A L  WAV E S
✦ strain produced by a self-gravitating mass 

                                                                  source’s mass 

    source’s characteristic size              distance to source                  

✦ so                                    or 

✦ strain can be largest for most compact sources, i.e. black 
holes and neutron stars 

✦ since GW is defined in the wave zone

h ⇠ GM

c2R

GM

c2D

D > �GW � R ) h < 1

h ⇠ GM2/R2

GF

R

D
h ⇠ v4/G

GF

R

D
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N E U T R O N  S TA R  E Q U AT I O N S  O F  S TAT E

Size of a neutron star (for nucleonic matter) decreases 
with increasing mass! 
There are a plethora of equations of state that are 
consistent with the current observed neutron star 
masses 
Neutron star radius measurements by X-ray observations 
have a lot of systematics 

Current constraints place the radius anywhere between 
8 and 20 km - too large a range to determine EOS 

Gravitational wave observations could, in principle, 
provide a clean measurement of NS EoS
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Tidal 
deformability 

E F F E C T  O F  T I D E S  O N  I N S P I R A L  
D Y N A M I C S  -  A  F I F T H  P N  E F F E C T

several authors have suggested using PN Tidal effects to measure 
EOS of neutron stars 

the most recent studies use a population of BNS events to 
measure  EOS 

quantity of interest is the tidal deformability parameter
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Hinderer 2008, Flanagan and Hinderer 2008, Hinderer+ 2010, Read+ 2009, 2013, 
Pannarale+ 2011, Damour+ 2012, Lackey+ 2012, Del Pozzo+ 2012, Lackey & Wade 
2014; image and equation curtsey J. Read

Calculate to leading order:
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H O W  W E L L  C A N  W E  M E A S U R E  E O S  I N  
A D VA N C E D  V I R G O A N D  L I G O ?

3

all the EOS considered in [7]. The prior probability for
the data, p(dn|I), is obtained by demanding that the left
hand side of (6) be normalized. Finally, the likelihood is
given by [14]

p(dn|✏�,⇥0,⇥1, I)

= N exp

�
�2⇧

⌅ fLSO

f0

df
|d̃n(f)� h̃lin(✏�,⇥0,⇥1; f)|2

Sn(f)

⇥
,(7)

whereN is a normalization factor, d̃n is the Fourier trans-
form of the data stream for the nth detection, and Sn(f)
is the one-sided noise power spectral density; f0 is a lower
cut-o� frequency which for advanced detectors is usually
taken to be 20 Hz. h̃lin(✏�,⇥0,⇥1; f) is our frequency do-
main waveform, with the linearized expression for ⇥(m),
Eq. (4), substituted into the tidal contribution to the
phase, Eq. (1). To map out the likelihood function, we
used the method of Nested Sampling as implemented by
Veitch and Vecchio [14].

In Fig. 1, we show the evolution with an increasing
number of sources of the medians and 95% confidence
intervals in the measurement of ⇥0, for three di�erent
EOS models from Hinderer et al. [7]: a hard EOS (MS1),
a moderate one (H4), and a soft one (SQM3). In each
case, after a few tens of sources, the value of ⇥0 is
recovered with a statistical uncertainty ⌅ 10%, and it is
easily distinguishable from the ones for the other EOS.
(On the other hand, ⇥1 remains uncertain.) We see that
the posterior medians for ⇥0 are ordered correctly, which
suggests a second method to identify the EOS, namely
hypothesis ranking.
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FIG. 1. Median and 95% confidence interval evolution for
the �0 parameter as an increasing number of sources is taken
into consideration, for three di�erent equations of state in the
signals: a hard (MS1), a moderate (H4), and a soft (SQM3)
EOS. In each case, the dashed line indicates the true value.

Method 2: Hypothesis ranking. Hinderer et al. computed
the function ⇥(m) for a large number of (families of)
equations of state, some of them mainly involving neu-
trons, protons, electrons, and muons, others allowing for
pions and hyperons, and a few assuming strange quark

matter. Given a (arbitrarily large) discrete set {Hk} of
models, each corresponding to a di�erent EOS, or equiv-
alently a di�erent deformability ⇥(m), the relative odds
ratios for any pair of models Hi, Hj can be computed as

Oi
j =

P (Hi|d1, d2, . . . , dN , I)

P (Hj |d1, d2, . . . , dN , I)
. (8)

Again assuming independence of the detector outputs
d1, d2, . . . , dN and using Bayes’ theorem, one can write

Oi
j =

P (Hi|I)
P (Hj |I)

N⇤

n=1

P (dn|Hi, I)

P (dn|Hj , I)
. (9)

P (Hi|I) is the probability of the model Hi before any
measurement has taken place, and similarly for Hj ; in
the absence of more information, these can be set equal
to each other for all models Hk. The evidences for the
various models are given by

P (dn|Hk, I) =

⌅
d✏� p(dn|Hk, ✏�, I) p(✏�|I), (10)

with ✏� the parameters of the template waveforms
(masses, sky position, etc.) and p(✏�|I) the prior prob-
abilities for these parameters, which we choose to be the
same as in [15]. The likelihood function p(dn|Hk, ✏�, I)
takes the form

p(dn|Hk, ✏�, I)

= N exp

�
�2⇧

⌅ fLSO

f0

df
|d̃n � h̃k(✏�; f)|2

Sn(f)

⇥
. (11)

This time h̃k(✏�; f) is the waveform model correspond-
ing to the EOS Hk, meaning the abovementioned fre-
quency domain approximant with tidal contributions to
the phase as in Eq. (1), with a deformability ⇥(m) cor-
responding to that EOS.
The set {Hk} could comprise all the models consid-

ered in e.g. [7], and many more. In this Letter we wish
to show that it will at least be possible to distinguish be-
tween a hard, a moderate, and a soft equation of state.
Accordingly, we focus on just three EOS models, the ones
labeled MS1, H4, and SQM3 in [7]. In addition we con-
sider the point particle model (PP) in which ⇥(m) ⇥ 0.
Fig. 2 shows the cumulative distribution of lnOk

j for dif-
ferent signal models Hk against the true EOS model Hj ,
for O(100) simulated catalogs of sources. The number
of sources per catalog was chosen such that the median
value of the log odds ratio of the true EOS against the
runner-up model was separated in a decisive way accord-
ing to the Je�reys scale, meaning a di�erence ⇤ 5 in
log odds (odds of 100 : 1) [16]. If the signal’s EOS is
MS1, then it will tend to have the largest log odds ratio
against PP, and typically 5 sources are needed to deci-
sively distinguish it from the next contender, which is
H4, which in turn tends to be assigned higher log odds
against PP than SQM3. In the case of signals with H4,

Del Pozzo, et al, 2013
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h(t) = A
M

r
exp(�t/⌧) cos(!t+ '0)

† Amplitude A depends on the nature of perturbation

† r is the distance to the black hole

† ! and ⌧ are the mode frequency and damping time

B L A C K  H O L E  Q U A S I  N O R M A L  M O D E S

The deformation is radiated away as gravitational waves with a 
characteristic spectrum called quasi-normal modes which are 
damped sinusoids  

Far away from the source the waveform emitted by a 
perturbed black hole has the form:
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f = 1.2 kHz
⇣

10M�
M

⌘

⌧ = 0.55ms
⇣

M
10M�

⌘

Q = 1
2⌧! ⇠ 2

f = 2.0 kHz and Q = 5 for j = 0.9

T Y P I C A L  VA L U E S  O F  T H E  D O M I N A N T  M O D E

Gravitational waves being quadrupolar the most dominant 
mode excited is l = 2 

The frequency and the decay time of the 22 mode (i.e. l=2, 
m=2) are:

Class. Quantum Grav. 26 (2009) 163001 Topical Review
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Figure 1. Four different physical processes leading to substantial quasinormal ringing (see text
for details). With the exception of the infalling-particle case (where M is the BH mass, µ is the
particle’s mass and ψ2 is the Zerilli wavefunction), "22 is the l = m = 2 multipolar component
of the Weyl scalar ψ4, M denotes the total mass of the system and r the extraction radius (see e.g.
[44]).

stars (NSs) with a polytropic equation of state, inspiraling and eventually collapsing to form a
single BH.

QNM frequencies for gravitational perturbations of Schwarzschild and Kerr BHs have
been computed by many authors. Rather than listing numerical tables of well-known results,
we have set up a web page providing tabulated values of the frequencies and fitting coefficients
for the QNMs that are most relevant in gravitational wave astronomy [47]. On this web page,
we also provide Mathematica notebooks to compute QNMs of Kerr and asymptotically AdS
BHs [47].

1.1. Milestones

QNM research has a 50 year long history. We find it helpful to provide the reader with
a ‘roadmap’ in the form of a chronological list of papers that, in our opinion, have been
instrumental in shaping the evolution of the field. Our summary is necessarily biased and
incomplete, and we apologize in advance for the inevitable omissions. A more complete set
of references can be found in the rest of this review.

• 1957—Regge and Wheeler [48] analyze a special class of gravitational perturbations of
the Schwarzschild geometry. This effectively marks the birth of BH perturbation theory,
a decade before the birth of the BH concept itself. The ‘one-way membrane’ nature of

6
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M A S S - R E D S H I F T  D E G E N E R A C Y
Gravitational waveforms from binary black holes of 
different total mass are identical in shape - there is no 
mass-scale in General Relativity 
So a binary of total mass M at z=0 looks identical to a 
binary of total mass M / (1+z) at redshift z 

This is the mass-redshift degeneracy 
Makes it impossible to measure the redshift to BBH 
sources by GW observations alone 

This was also thought to be the case for BNS - at least 
recently 
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N E U T R O N  S TA R  B I N A R Y  
S P E C T R O S C O P Y:  B A S I C  I D E A  
Inspiral signal is followed by a merger waveform: 
merger signal depends on the neutron star 
equation of state 
For most equations of state, heavier neutron stars 
are smaller and so larger post-merger oscillations 
But here is the tension:  

cosmological expansion causes the frequency 
to redshift  

so the observed mass of the binary is larger  

but larger masses should have greater 
frequencies 

This tension between cosmology and 
microphysics helps resolve the mass-redshift 
degeneracy 
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Post-Newtonian phasing formula has M and f together 

So it is possible to scale away cosmological frequency 
redshift:   f → f / (1+z) and M → M (1+z) 

The tidal term, on the other hand, cannot be scaled away 

This helps measure redshift directly from GW observations

 (f) = 2⇡ftC � �C +
7X

k=0

↵k(⇡Mf)(k�5)/3

B I N A R Y  N E U T R O N  S TA R  “ S P E C T R O S C O P Y ”  
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Sens i t i v i t i e s  o f  PTAs  t o  SMBBH
Multi-messenger approaches to binary SMBHs with PTAs 10

Figure 2. Here we show GW strain, h, as a function of GW frequency, fg. The hs

of a m1 = m2 = 109M⊙ SMBH binary at various redshifts is indicated. The thick
solid curve indicates the most recently published PTA limit [16], and the thin solid
curve indicates the estimated sensitivity of coherent techniques applied to the IPTA
(Np = 40, T = 15 yr). A future PTA timed with the SKA is shown by the dotted line
(Np = 100, T = 10 yr, RMS residuals = 20ns). The peak at fg = 1yr−1 is a lower
limit, as GW signals at this frequency are completely absorbed by pulsar position fits.
Grey points indicate a standard simulated SMBH binary population from hierarchical
cosmology (as in [51]; A. Sesana, private comm.). We have estimated hs for actual
candidate SMBH binaries as marked. For all of these, we assumed representative
parameters from the ranges presented in the literature. All were assumed to have
circular orbits for placement (Refs: 3C66B [62, 63]; OJ287 [80]; NGC4151 [55]; jet
periodicities as triangles, e. g. [60, 61]; 4C22.25 [81]). With the exception of OJ287
which has precisely estimated parameters, all candidates’ placement within this phase
is estimated from only partial information on SMBH masses, period, and orbital
parameters. Without further observational refinement of these parameters, each object
has an error box of up to several orders of magnitude in hs and fg.

based GW interferometers of late-inspiral binary markers.

5. Prospects for the Detection of EM+GW Continuous Wave Sources

Here we assess the prospects for multi-messenger astrophysics with current and

upcoming PTAs, considering the circumstances that will influence the feasibility of
binary detectability in both the gravitational and electromagnetic wave domains.

5.1. The number and population of PTA resolvable continuous-wave sources

The SMBH background is expected to be constructed by millions of binary SMBHs

throughout the local Universe; numerous predictions for the SMBH GW background
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Between 2006-2010 larger detectors took 2 years worth of data at 
unprecedented sensitivity levels 

No detections so far but beginning to impact astrophysics
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