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Amplitude Parameters Coordinates on Amplitude Parameter Space ©
F- and B-Statistics

Reminder: Amplitude Parameters & Signal Model

@ CW signal model:
< PR . >
h(r) = Ay cos[p(T) + do] €, + A sin[¢p(T) + o] €x
In a detector

h(t) = h(r) : d = A, Fy cos[¢(r(t))+dol+A. Fi sin[é(r())+ o]
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F- and B-Statistics

Reminder: Amplitude Parameters & Signal Model

@ CW signal model:

h(r) = A. cos[é(r) + do] . + A sin[é(r) + do] &
In a detector

h(t) = h(r) : d = A, Fy cos[¢(r(t))+dol+A. Fi sin[é(r())+ o]

@ Sky position, fy, spindowns, etc determine phase evolution
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F- and B-Statistics .

Reminder: Amplitude Parameters & Signal Model

@ CW signal model:
< PR . >
h(r) = Ay cos[p(T) + do] €, + A sin[¢p(T) + o] €x
In a detector

h(t) = h(r) : d = A, Fy cos[¢(r(t))+dol+A. Fi sin[é(r())+ o]

@ Sky position, fy, spindowns, etc determine phase evolution
@ Amplitude parameters are hy, y = €0S 1, 1, ¢g
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Reminder: Amplitude Parameters & Signal Model

@ CW signal model:
< PR . >
h(r) = Ay cos[p(T) + do] €, + A sin[¢p(T) + o] €x
In a detector

h(t) = h(r) : d = A, Fy cos[¢(r(t))+dol+A. Fi sin[é(r())+ o]

@ Sky position, fy, spindowns, etc determine phase evolution
@ Amplitude parameters are hy, y = €0S 1, 1, ¢g
° A =(1+13), A = hyy
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Remlnder Amplitude Parameters & Signal Model

@ CW signal model:

h(r) = A, cos[(r) + ¢o) & + A sin[p(7) + go] &

In a detector

h(t) = h(r) : d = A, Fy cos[¢(r(t))+dol+A. Fi sin[é(r())+ o]

@ Sky position, fy, spindowns, etc determine phase evolution
@ Amplitude parameters are hy, y = €0S 1, 1, ¢g

o A, =(1+x?), A = hox

@ JKS decomposition (PRD 58, 063001 (1998))

“ e e 4 . .
h(r) = A"(ho. x.v. ¢o) hu(T)  >2,—4 implied
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Likelihood Ratio Statistics

@ Log-likelihood ratio between noise model H,,
& signal model Hs w/amplitude params A, given data x:

. . pdf(x|HS7A) _ v _ 1 v v
A(A; x) :=In i) A x, 2A M A
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Likelihood Ratio Statistics

@ Log-likelihood ratio between noise model H,,
& signal model Hs w/amplitude params A, given data x:

. . pdf(x|HS7 A) _ v _ 1 v v
A(A; x) :=In i) A x, 2A M A
@ F-stat is this maximized over amplitude parameters:
F(x) = max A(A; x)
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ikelihood Ratio Statistics

@ Log-likelihood ratio between noise model H,,
& signal model Hs w/amplitude params A, given data x:

. . pdf(x|HS7A) _ v _ 1 v v
A(A; x) :=In i) A x, 2A M A

@ F-stat is this maximized over amplitude parameters:
F(x) = max A(A; x)
@ Prix & Krishnan: optimal statistic is marginalized over A:
B(x) = / M) pdf( A Hs) d*A
(CQG 26, 204013 (2009)) Depends on prior pdf(.A|Hs)
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ikelihood Ratio Statistics

@ Log-likelihood ratio between noise model H,,
& signal model Hs w/amplitude params A, given data x:

. . pdf(x|HS7A) _ v _ 1 v v
A(A; x) :=In i) A x, 2A M A

@ F-stat is this maximized over amplitude parameters:
F(x) = max A(A; x)
@ Prix & Krishnan: optimal statistic is marginalized over A:
B(x) = / NAX) pdf( A[Hs) d*A

(CQG 26, 204013 (2009)) Depends on prior pdf(.A|Hs)
@ With uniform prior in {A#}, can show B «x ¢”
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ikelihood Ratio Statistics

@ Log-likelihood ratio between noise model H,,
& signal model Hs w/amplitude params A, given data x:
N pdf(x|Hs, A) 1

. . — n __AM v
A(A; x) = odf(x[%7) A x, 2A M A

@ F-stat is this maximized over amplitude parameters:
F(x) = max A(A; x)

@ Prix & Krishnan: optimal statistic is marginalized over A:

B(x) = / NAX) pdf( A[Hs) d*A

(CQG 26, 204013 (2009)) Depends on prior pdf(.A|Hs)
@ With uniform prior in {A#}, can show B «x ¢”
@ Physically, prior should be uniform in y, ¥, ¢ & maybe hy
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Physical Measure on Amplitude Parameter Space

@ F-statistic equivalent to B-statistic w/uniform prior on {.A*}
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Physical Measure on Amplitude Parameter Space

@ F-statistic equivalent to B-statistic w/uniform prior on {.A*}
@ Physically, prior should be uniform in x, ¥, ¢ & maybe hqy
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hysical Measure on Amplitude Parameter Space

@ F-statistic equivalent to B-statistic w/uniform prior on {.A*}

@ Physically, prior should be uniform in x, ¥, ¢ & maybe hqy

@ Related by Jacobian determinant

1-— X2
4

3
dA' dA? d A% dA* = 16 (ho ) dho dy dv dég

Shown using MAXIMA in Prix & Krishnan;
New coordinates allow quick analytic computation
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hysical Measure on Amplitude Parameter Space

@ F-statistic equivalent to B-statistic w/uniform prior on {.A*}

@ Physically, prior should be uniform in x, ¥, ¢ & maybe hqy

@ Related by Jacobian determinant

1-— X2
4

Shown using MAXIMA in Prix & Krishnan;

New coordinates allow quick analytic computation

@ Log-Likelihood ratio is quadratic in { A", A2, A3, A%};
Physical prior is uniform in {hg, x = c0S ¢, 9, ¢o}

3
dA' dA? d A% dA* = 16 (ho ) dho dy dv dég
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© New Coordinates
@ Definitions and Properties
@ Applications to B-Statistic Integral
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JKS Coordinates

@ Jaranowski-Krélak-Schutz decomposition:

o d
h(r) = A"(ho, x, ¥, d0) hu(7)
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New Coordinates Applications to B-Statistic Integral

CRITN,
Gl{.\\ TTATION
JKS Coordinates

@ Jaranowski-Krélak-Schutz decomposition:

o g
h(r) = A" (ho, x. ¥, do) hu(7)

@ Basis waveforms are
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New Coordinates Applications to B-Statistic Integral

‘T
JKS Coordinates

@ Jaranowski-Krélak-Schutz decomposition:

< <
h(r) = A“(ho. x. 0, d0) Bu(7)
@ Basis waveforms are

o(7) = € cosé(T)

4(1) = Ex sing(7)

@ (A", A%) are “plus™-pol amplitudes, (A2, A*) “cross”.
Straightforward but not simple functions of {hg, v, ¥, do}

G1301187
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CPF Coordinates

o JKS-like decomposition in {47} = {AT, 42, A3, A%
(r) = A% (o, x, 1, 60) Pa(r)
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C ONAL
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CPF Coordinates

o JKS-like decomposition in {47} = {AT, 42, A3, A%
(r) = A% (o, x, 1, 60) Pa(r)

° Defining ‘E’,q g

77) (<Cj> _,'(;)(T)) 7;1(7—) =1Im (?L e_i¢(7))
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o JKS-like decomposition in {47} = {AT, 42, A3, A%
(r) = A% (o, x, 1, 60) Pa(r)

@ Defining ©r =%, +i%, & =%, —i¥,
hs(r) = Re (?R e*’¢(7)) hy(r) = Im (?,q e*"¢(7)>
<~

hs(r) = Re (?L e—i(b(T)) ?1(7) =Im (?L e—i¢>(r))

° (AT,Aé) are right-circ-pol amplitudes, (Aé,AZ‘) left-.
“circular polarization factored” (CPF) coordinates.
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New Coordinates Applications to B-Statistic Integral

CPF Coordinates
o JKS-like decomposition in {47} = {AT, 42, A3, A%
h(r) = A7 (ho. x. . 60) Fia(7)

@ Defining G =%, +i%, &% =
hs(r) = Re (?R e*’¢(7)) hy(7) = Im (?,q e*"¢(7)>

77)5(7—) _Re (?L e_,'(b(T)) 7;1(7—) =Im (?L e_i¢(7))

° (AT,Aé) are right-circ-pol amplitudes, (Aé,AZ‘) left-.
“circular polarization factored” (CPF) coordinates.

@ Define CPF-polar coordinates (AT = AR COS ¢, etc):
2 )
An="pe=ho(13) & on=dot 20
=S =) & a=do-2

New Amplitude Coordinates (w/Prix, Cutler, Willis)
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Definitions and Properties co: A
New Coordinates Applications to B-Statistic Integral ]C"l{.\l\\ll'l.\lll

CPF-Polar Coordinates

@ 0 < AR <00 &0 <A < oocoverallowed hy, x = cost
@ 0<¢r <2 &0 < ¢ < 27 cover unique ¥, ¢g
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Circular Polarization Coordinate Singularities

@ When . =0, x = 1 (right circular polarization),
AL =0and ¢, = ¢g — 2¢ arbitrary

G1301187 . New Amplitude Coordinates (w/Prix, Cutler, Willis)
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@ When . =0, x = 1 (right circular polarization),
AL =0and ¢, = ¢g — 2¢ arbitrary

@ When . = m, x = —1 (left circular polarization),
Ar = 0 and ¢r = ¢g + 2¢ arbitrary
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@ When . =0, x = 1 (right circular polarization),
AL =0and ¢, = ¢g — 2¢ arbitrary

@ When . = m, x = —1 (left circular polarization),
Ar = 0 and ¢r = ¢g + 2¢ arbitrary

@ Degeneracies in ¢ and ¢ can be understood as
arbitrary azimuth at origin of polar coordinates
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Coordlnate Transformations and Jacobians

@ Factor appearing in Jacobian between JKS' coordinates
3
and physical amplitude params is (ho#) = (AgA.)%/2

so coordinate singularity at circ pol (Az =0 or A. =0)
makes measure of B-stat integral singular in JKS' coords

'or CPF
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oordinate Transformations and Jacobians

@ Factor appearing in Jacobian between JKS' coordinates
3
and physical amplitude params is (ho#) = (AgA.)%/2
so coordinate singularity at circ pol (Az =0 or A. =0)
makes measure of B-stat integral singular in JKS' coords
@ Physical measure is

o dAR dAL d(DR dd)L o AR dAR d(DR A|_ dA|_ dOL
Mo =4 TmA  a(AA)P

=4rrdrrdorrodr.do. = 4dxg dyr dx dy,

where we have defined “Root radius” coordinates
{Xm, Ya, XL, W} using rm = Agt/4 & = AV/* & same ¢g, o1

'or CPF
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Coordinate Transformations and Jacobians

@ Factor appearing in Jacobian between JKS' coordinates
3
and physical amplitude params is (ho#) = (AgA.)%/2
so coordinate singularity at circ pol (Az =0 or A. =0)
makes measure of B-stat integral singular in JKS' coords
@ Physical measure is
dAR dA dordo. A dAr dor AL dA do,
dho dx dv doy = : = :
o dx di dgo AVAA 4(AnA )32
=4rrdrrdorrodr.do. = 4dxg dyr dx dy,
where we have defined “Root radius” coordinates
{Xm, Ya, XL, W} using rm = Agt/4 & = AV/* & same ¢g, o1
@ Form of likelihood ratio manageable via

A1 :I‘RSXR AzszsyR ./43:I’|_3X|_ A4:f|_3y|_
'or CPF
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Approximate Calculation of B-Statistic

@ Assume uniform prior in {hy, x = €C0S ¢, %, ¢g} SO

B(x) o / eNAX) dhy dx dv deg
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ApprOX|mate Calculation of B-Statistic

@ Assume uniform prior in {hy, x = €C0S ¢, %, ¢g} SO
B(x) o / eNAX) dhy dx dv deg

@ In root-radius coordinates, measure is constant.
A(Xz, Y=, X, ¥i; X) is not quadratic, but we can Taylor
expand about maximum-likelihood point and find

3 - .

In B(x) ~ F(x) — 5 In(Ar(X)AL(X))

where ER(X) & ﬁL(x) are maximume-likelihood values
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pproximate Calculation of B-Statistic

@ Assume uniform prior in {hy, x = €C0S ¢, %, ¢g} SO
B(x) o / eNAX) dhy dx dv deg

@ In root-radius coordinates, measure is constant.
A(Xz, Y=, X, ¥i; X) is not quadratic, but we can Taylor
expand about maximum-likelihood point and find

3 .

InB(x) ~ F(x) ~ 5 In(Ar(x)AL (X))

where ER(X) & ﬁL(x) are maximume-likelihood values

@ Not surprising; extra factor is Jacobian to JKS or CPF
coordinates evaluated at maximum likelihood point
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pproximate Calculation of B-Statistic

@ Assume uniform prior in {hy, x = €C0S ¢, %, ¢g} SO
B(x) o / eNAX) dhy dx dv deg

@ In root-radius coordinates, measure is constant.
A(Xz, Y=, X, ¥i; X) is not quadratic, but we can Taylor
expand about maximum-likelihood point and find
In B(x) ~ F(x) — g In(Ar(x)AL (X))
where ER(X) & ﬁL(x) are maximume-likelihood values
@ Not surprising; extra factor is Jacobian to JKS or CPF
coordinates evaluated at maximum likelihood point

@ Obviously inaccurate for small Ag or A
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where amp param metric
and F(x) = S M A7 (x).A”

,;} determined by geometry

:’>>,—H
\_/ ‘:(
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A(A; %) = F(x) = 5 Mo (A" — AT (x))(A7 = A7(x))

where amp param metric { M} determined by geometry
and F(x) = s Mz A% (x) A7 (x)
@ Can get simpler form if (a?) = (b?) > (ab); then
My = hy36yy where hge is @ sensitivity scale, and
N(A; X) = Na(Ar, Or; /am (:/;R) + AL(AL o IZ\\L7 SL) with

~

o~ ~ 1A:2 ARA ‘ ~
Na(Ar, Or; Ar, 0r) = EhTR - ;2 R cos(or — ¢r)
det det

G1301187 John T. Whelan New Amplitude Coordinates (w/Prix, Cutler, Willis)
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B Statistic for Simple Metric

@ In this special case, can analytically integrate in
CPF-polar coordinates to get solution in terms of confluent
hypergeometric functions {F;(a, b, z) = M(a, b, z):

B(x) _ Ba(An) Bu(A) _ o (11 Ag? ) . (11 % )

B(0)  Ba(0) B.(0) "'\4 2m 4 2n2

G1301187 John T. Whelan New Amplitude Coordinates (w/Prix, Cutler, Willis)
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-Statistic for Simple Metric

@ In this special case, can analytically integrate in
CPF-polar coordinates to get solution in terms of confluent
hypergeometric functions {F;(a, b, z) = M(a, b, z):

B(x)  Ba(A)B(A) 1, Ag? 1, A2
= aRLEE R Bl IRV I B e
B(0) ~ Bx(0) B.(0) 4 2m, 421,

@ Can compare this to F-statistic

1 A2 . 1 A2
2 hget 2 hget

F(x) = Fa(Ar) + FL(AL) =

and also to approximate form

InB(x) ~ F(x) — g In(ArAL) + const

G1301187 John T. Whelan New Amplitude Coordinates (w/Prix, Cutler, Willis)
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Au/hace
B & F contours are drawn at same false alarm rates

JF-stat prior overweights linear polarization for signal hypothesis
3-stat “corrects” this; circ pol more likely to imply Hs @ given F

G1301187 John T. Whelan New Amplitude Coordinates (w/Prix, Cutler, Willis)
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Summary

@ Can gain insight into amplitude parameter space wi/circular
polarization factorization An = ho(15X)?, ¢r = ¢o + 2¢

AL = ho(15%)2, 61 = do — 2
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Definitions and Properties
New Coordinates Applications to B-Statistic Integral

Summary

@ Can gain insight into amplitude parameter space wi/circular
polarization factorization An = ho(15X)?, ¢r = ¢o + 2¢
Al = ho(12)2, & = do — 20

@ CPF coordinates 47 = ARr COS R, A2 = Ag sin ¢g,
A% = A cos ¢, A* = A, sin ¢, form alternate JKS decomp

G1301187 . New Amplitude Coordinates (w/Prix, Cutler, Willis)
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Definitions and Properties ; NAL
New Coordinates Applications to B-Statistic Integral VITATION

Summary

@ Can gain insight into amplitude parameter space wi/circular
polarization factorization An = ho(15X)?, ¢r = ¢o + 2¢
Al = ho(12)2, & = do — 20
@ CPF coordinates A' = AR COS R, A2 = Ag sin ¢g,
A3 = A cos oy, A* = A_sin ¢, form alternate JKS decomp
@ Jacobian btwn phys {hy, x = cos ¢, v, ¢o} coordinates
& CPF or JKS is (ArA.)~%/?; coord singularity @ circ polarization
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Summary

@ Can gain insight into amplitude parameter space wi/circular
polarization factorization An = ho(15X)?, ¢r = ¢o + 2¢
Al = ho(12)2, & = do — 20
@ CPF coordinates A' = AR COS R, A2 = Ag sin ¢g,
A3 = A cos oy, A* = A_sin ¢, form alternate JKS decomp
@ Jacobian btwn phys {hy, x = cos ¢, v, ¢o} coordinates
& CPF or JKS is (ArA.)~%/?; coord singularity @ circ polarization
@ Coordinate change allows approx evaluation of B statistic
(marginalized likelihood ratio assuming uniform prior in

. ~ e]—'
physical params), B ~ (const)i(/\?ﬂzh)3 7
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o If amplitude param metric is My = hy 30, exact soln is
(x) _ A
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