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1 Introduction

The purpose of this technical note is to expand upon Madeleine Waller’s work with Norna
Robertson during the summer of 2012 on the LIGO III quadruple pendulum conceptual
design [I]. This document establishes some relatively simple but practical equations, based
on some approximations and assumptions. These equations are used to optimize the lon-
gitudinal and vertical seismic isolation properties of the pendulum. This optimization is
constrained by the payload limit of the BSC-ISI, the total length of the pendulum, and the
desired test mass weight. The goal is to meet or beat the aLIGO quad performance. The
constraints and performance goals are detailed in Section [2.1

These equations employed here are presented early, in the next section (Section , so they
are readily available. The derivations of these equations are presented in detail in Appendix
7?7, Discussions of optimizing these equations is presented in Section Since no optimal
solution exists that meets the performance goals within the constraints, Section [3| considers
three modifications to the constraints and pendulum structure that do meet the performance
goals. Table [3| summarizes the pendulum parameters for these solutions.
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For most of this document we assume the LIGO III pendulum is similar to the aLIGO quad
in construction. The only differences are the masses and the wires, and the use of silicon
rather than silica. At the end of Section [3| we will break this assumption by considering
springs at the penultimate mass.

This document follows the blue team design from the LIGO III strawman report [3], but the
analysis is not restricted to this approach.

2 Parameter Optimization

This section presents a design process for the choosing parameters of the LIGO III quad con-
ceptual design for longitudinal and seismic isolation performance. Some of these parameters
also influence thermal noise performance. The parameters considered here, and sketched in
Figure|[l]include mass, wire length, and spring stiffness. Section discusses the constraints
on these parameters, and the assumptions behind those constraints. Section introduces
a minimal set of equations used to determine the optimal distribution of these parameters.
Section considers that some of these equations have competing optimal solutions, and
outlines the problem of these competing goals.

£
X
Ly, Ky . 9
1
Top mass m, X4
Lo, Ky 2,
Upper intermediate m, Xo
mass (UIM)
L3 Ky 2,
Penultimate mass Mg T_'XB
(PUM) o 2
4 "4
Lax,
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Figure 1: z, and z, represent longitudinal and vertical seismic motion respectively; x; to x4
and 2z to z4 represent the motion of stages 1 to 4; m; to my4 the mass of these stages; L; to
L4 the lengths of wire suspending these stages; and k; to ky the stiffnesses of these stages.
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2.1 Pendulum Design Constraints

The pendulum design is constrained to fit within certain weight and length limits. The rele-
vant constraints for the equations in this section are the total main chain payload mass, total
length, and test mass weight. Table [l|summarizes these constraints. To these constraints we
add that the longitudinal seismic isolation, vertical seismic isolation, and the vertical bounce
mode between the lowest two stages must perform as at least as well as the Advanced LIGO
quad pendulum. These requirements are summarized in Table 2]

Table 1: LIGO III Quadruple pendulum parameter constraints. The total length in row 1 is
defined from the suspension point to the center of the test mass. These values are based on
the assumptions discussed in this section.

Parameter Constraint | Value | Reference
L1+L2+L3+L4 S 2.14 m [1]
P:m1+m2+m3+m4 < 270 kg [2]
my = 143 kg [3]

Table 2: Requirements based on current aLIGO quadruple pendulum performance. This
document assumes that a LIGO IIT quad should meet or exceed the Advanced LIGO longi-
tudinal and vertical seismic isolation.

Parameter Requirement Value Reference
10 Hz longitudinal isolation < 1.0875 x 107" m/m [5]
10 Hz vertical isolation < 1.3884 x 107* m/m 5]
Vertical bounce mode < 9.27Hz [5]

Table [1] states the total mass of the main chain must be no more than 270 kg [2]. This
constraints assumes the BSC-ISI can handle 800 kg of total payload. Then (using educated
guesses) it is assumed this 800 kg encompasses 300 kg in reserve for balancing, 60 kg for a
reaction chain (scaled down from alLIGO by a factor 2), 20 kg for cryogenic equipment, 100
kg for a quadruple suspension cage (some of which may double as additional cryo equipment),
and 50 kg for a Transmission Monitor suspension and cage. Some of these assumptions may
be revisited in the future to fine tune the allowed main chain suspended mass.

The mass of the test mass is assumed fixed at 143 kg [3]. This high value was chosen by
the Blue team in the LIGO III strawman report to minimize radiation pressure and thermal
noise influences.

Table 2| adds to Table[I] by stating that a LIGO III quadruple pendulum performance should
be at least as good as the Advanced LIGO pendulum. Here performance is defined in the
first two rows as seismic isolation from BSC ISI stage 2 to the test mass in the longitudinal
and vertical directions. The third row sets the performance of the highest frequency vertical
mode. This mode represents bounce motion between the test mass and the penultimate
mass, which tends to be at a high frequency due to the lack of springs between these stages.
Keeping this mode low is good for both seismic isolation and thermal noise.
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2.2 List of useful Equations

Eqgs. to listed here are used to determine the optimal distribution of mass, wire
length, and spring stiffness from the point of view of the quadruple pendulum longitudinal
and vertical seismic isolation.

Longitudinal seismic isolation equations:

Ty gt 1 (mq + mg + mg + my)(ma + mz + my)(ms + my)my

~

T4 - (27 f)® Ly LoLsly MMMy

my = —(ms + ma) + /P(mz +ma), P =mi+ms+ms+my 2)

N my(meg + my)
m3:—A+A\/A+P—m2—m4, A:TTTM

Vertical seismic isolation equations:

Z4 ~ 1 1
Zg - (27 f)® mymomgmy

1 Esg My
ounce ~ = 1 - 5
fb 27T\/L40'4 ( + mg) ( )

The subscript indices represent the stages in order of top to bottom, m represents mass in
kg, L is wire length in m, ¢ is gravity in m/s? f is frequency in Hz, k is stiffness in N/m,
frounce 1s in units of Hz, o4 is the stress in the fibers between the PUM and test mass in Pa,
and Fj is the modulus of elasticity of those fibers in Pa.

kykoksky (4)

Eq. , derived in Appendix 77, is the high frequency asymptote of the longitudinal seismic
transmission between BSC-ISI stage 2 displacement and test mass displacement. Used as an
approximation, it is valid for all frequencies greater than the resonances, where the approx-
imation error approaches zero as f approaches infinity. Figure [2| plots this approximation
against the aLIGO model transfer function to provide an idea of where it is valid. Above the
resonances, the approximation is an underestimate, as the seismic transmission approaches
the asymptote from above.

Egs. (2) and , derived in Appendix 7?7, provide the optimal values of ms and mg, m} and
mj respectively. These values yield the minimum longitudinal seismic transmission from
Equation given the mass constraints in Table .

Eq. , derived in Appendix 77, is the high frequency asymptote of the vertical seismic trans-
mission between BSC-ISI stage 2 displacement and test mass displacement. Like, Equation
(1)), used as an approximation it is valid for all frequencies greater than the resonances, where
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the approximation error approaches zero as f approaches infinity. Figure[2] plots this approx-
imation against the alLIGO model transfer function to provide an idea of where it is valid.
Above the resonances, the approximation is an underestimate, as the seismic transmission
approaches the asymptote from above.

Eq. , derived in Appendix 77, is an approximation of the highest frequency vertical mode
representing bounce motion between the bottom two stages. The error in Eq. approaches
zero when the distance between foune. and the second highest mode approaches infinity. As
an idea of the accuracy of the equation, the aLIGO quad model has a bounce mode at 9.27 Hz
with a second highest vertical mode at 3.56 Hz. The estimate of the bounce mode from Eq.
(5) is 8.92 Hz. This is an error of 3.82%.

Seismic Isolation: aLIGO model vs approximation
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Figure 2: Comparison of Eq. and Eq. to the aLIGO quadruple pendulum model.

2.3 Optimization Discussion

Now that simple relations for seismic isolation have been obtained in Section with their
constraints in Section we can proceed with searching them for the optimal values of
mass, wire, length, and spring stiffness.
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To begin the optimization, we first define what our goals are based on the requirements in
Table 2] These are stated in the equations below,

from Eq. :

g4P X 1 (m2 + ms -+ m4)(m3 -+ m4)
| = ———min (6)
(27 f)® LyLoLslLy mimaems
from Eq. :
k4
Cy = ————— mi k1 kok 7
O RIE min {m1m2m3 1k 31 (7)

from Eq. :

B 1 E4g . 1 my
Cs = ox\ o, in [\/L4 (1 + m3)] (8)

where, C' represents a cost term to be minimized. The index of each C' corresponds to the
respective row in Table 2]

The challenge is that each C' must be considered simultaneously because the best solution for
one is not necessarily the best solution for the others. We will first consider the solution for
each C' independently since this provides valuable insight into the behavior of the conceptual
design. Then, we will try to search for parameters that simply meet all the design constraints
and performance requirements simultaneously.

2.3.1 Solving (4

Note that to find the solution of Cy in Eq. [f] we can separate the wire length terms from the
mass terms. Then, the optimal solution for the wire lengths is simply to make them all the
same (to maximize LyLoL3Ly), 2.14/4 = 0.535m .

The optimal solution of the mass values are determined from Egs. and from Section
[2.2] These equations provide the optimal solutions for msy or mg given all the other masses.
To solve for both simultaneously, one must iterate between the two equations a few times.

Figures 3| and [4] plot an example of this iteration, with Figure |3| showing the convergence of
the mass values, and Figure [4] showing the convergence of seismic isolation. One starts by
guessing a value for mg (or my), solving for m} (m3), then solving a new mj (msg) with this
mj (ms), and repeating. After just a few iterations, the values of m} and mj will converge
to the values yielding best seismic isolation. Then, m] = P — m4 — mj — mj3. The initial
guess for this example is m3 = 80 kg. This iteration is possible because Eq. is convex in
the parameter space of my and ms. Given the constraint of a 143 kg test mass, this results
in m3 = 33.74 kg, my = 41.71, m; = 51.55 kg, as shown in Figure [3| Appendix ?? confirms
this result by using a brute force search approach to find the same values.

Note the trend of increasing mass going up the chain. This trend will always be the case
for optimal longitudinal seismic isolation. The reason is because the longitudinal stiffness of
a given wire is determined by weight hanging from it, as given by Eq. in Appendix [B]
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Final m, = 51.55 kg, Final m,, = 41.71 kg, final m, = 33.74 kg
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Figure 3: Solving the optimal mass values by iterating between Egs. and .

5 Minimizing C1 by iterating between optimal m, and m, values
10~
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Figure 4: Solving the optimal mass values by iterating between Eqs. and .
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Thus, a lower stage’s mass contributes to the stiffness of many stages while a higher stage
contributes to few.

Plugging these values for the wire lengths and masses into Eq. [I}, we get a seismic transmis-
sion at 10 Hz of 6.7x107® m/m (also shown in Figure [4)). To check, plugging these into the
model [5], we get 7.9x107® m/m. This performance is better than the aLIGO quad, which
is 1.0875x10~7 m/m.

2.3.2 Solving ()

The solution of C5 is obtained by simple inspection. First, the mass values and stiffness
values are separable. The goal is then to maximize the mass term while minimizing the
stiffness term. One optimizes the mass values by making them all the same, to maximize
myimams. The stiffness values are optimized by making each one as small as possible through
the geometry of the springs. In practice geometrical constraints limit the minimum stiffness.

Since these geometrical constraints are unknown to us, we will assume it is possible to design
springs soft enough to meet the vertical seismic isolation requirement regardless of the mass
and wire values. Thus, from this point on we will ignore Cy and its corresponding vertical
isolation requirement in the remainder of this document.

2.3.3 Solving Cy

The solution of C5, the minimum bounce mode frequency, is also obtained by simple in-
spection. First, the wire length and mass terms are separable. The wire length terms are
optimized by setting L4, the test mass wires (or fibers) as long as possible. The mass term is
optimized by making the penultimate mass value, ms, as high as possible. Unlike (', there
is no unique solution other than to make L4 the entire suspension length, and ms the entire
remaining suspension payload. Both extremes are clearly impractical. We'll consider the
bounce mode together with the longitudinal isolation in the following section.

2.3.4 Considering ('} and (3 Simultaneously

Here we will first observe the resulting bounce mode from the parameters given by the
solution of '} in Section [2.3.1 Then, we will turn it around, and solve for the mg that gives
us a satisfactory bounce mode and observe the resulting best case longitudinal isolation. We
will see how each case compares against the performance requirements. As stated in Section
2.3.2, we are ignoring Cy and the corresponding vertical seismic isolation requirement by
assuming that it is possible to design springs soft enough to meet this requirement regardless
of the values selected for the mass and wire length parameters.

For the first case, we plug in the solution from C; in Section [2.3.1]into Eq. |5/ and compare
the result against the requirements in Table 2 Doing so, we get a bounce mode at 17.0 Hz
(the exact model value would depend on the unknown spring stiffnesses). This value is well
above the aLIGO value of 9.27 Hz, violating this requirement.

Note, the 17.0 Hz frequency was calculated by assuming a silicon modulus of elasticity at
120 K of 167.4 GPa [6], and a fiber stress of 1.4 GPa. There is still considerable uncertainty
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in what fiber stress is appropriate. Nonetheless, the fibers would have to be stressed nearly
4 times more to do better than the aLIGO quad given these masses and lengths.

For the second case, we’ll try a longer wire length L, of 1 m, and observe what mg is required
for the bounce mode to meet the alLIGO value. 1 m is chosen here since it is a value that
has been considered before in [1]. Solving Eq. [5] for ms gives us Eq. [9] Then plugging in
Ly =1m, my =143 kg, and frounce = 9.27 Hz,

Lyo -1
ms = My (27beounce)2E4—g4 -1 (9)
4

we get, mg = 75.3 kg. From this mg, the optimal my for longitudinal isolation is given by
Eq. 2l as 24.5 kg. 27.2 kg then remains for m;.

The best 10 Hz longitudinal isolation we can get with these parameters, setting Ly, = Ly =
L3 =1.14/3 = 0.38m, is 1.98x1077 from Eq. [I|and 2.67x10~7 from the model, violating the
longitudinal isolation goal by a factor of 2. Figure [5| tries this calculation for many different
values of Ls. The curves demonstrate that it is not actually possible to meet both the
longitudinal and bounce mode requirements simultaneously within these constraints. The
best we can do is a model performance of 2.34x10~7 at Ly = 1.117m.

10 Hz Longitudinal Isolation vs L4 for f =9.27 Hz, P = 270 kg, and m, = 143

bounce

10 ¢ T T T T T T
: —Eq. (1)
t |—Model
L ---aLIGO Performance,
§1074§
k3 3
c [
Qo
5 L
(_9) 10_5?
10_6?
10-7 ------------ e boeeeecneaa- [ dmmmmeemaaaa [pppp—— S dmemmeacaaaa
0.7 0.8 0.9 1.2 1.3 14 15

1 1.1
Wire Length L4 (m)

Figure 5: Optimal longitudinal isolation vs L,. The bounce mode is fixed to meet the alLIGO
performance. Ly = Ly = Ly = (2.14 — L,)/3.

3 Three Possible Solutions to Meet aLIGO Performance

As discussed in the previous section, it is not possible to design a LIGO III quadruple
pendulum that performs as well as the aLIGO quad in terms of longitudinal isolation and
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bounce mode, given the constraints of a 270 kg payload, a 143 kg test mass, and a total
wire length of 2.14 m. This section considers 3 possible modifications to these constraints,
or to the structure of the pendulum itself, to make a pendulum that performs as well, if not
better than, the aLIGO quad.

We assume the total wire length is truly fixed, as making a longer suspension would require
unrealistic changes in the infrastructure at the observatories. However, we can consider
increasing the total payload weight, decreasing the test mass weight, or adding springs to
the penultimate mass. The parameters for these solutions are summarized in Table [3, and
described in more detail in the following paragraphs.

Table 3: Summary of model parameters for the three proposed modifications.

Parameters Increased P | Decreased m, | Penultimate Springs
P (kg) 301.9 270.0 270.0
my (kg) 46.79 41.93 51.55
ms (kg) 39.54 35.42 41.71
ms (kg) 72.57 64.86 33.74
my (kg) 143.0 127.8 143
Ly (m) 0.372 0.372 0.535
Ly (m) 0.372 0.372 0.535
L3 (m) 0.372 0.372 0.535
Ly (m) 1.025 1.025 0.535
long. isolation (m/m) 1.1x1077 1.1x1077 7.9%x1078
frounce (Hz) 9.27 9.27 low, depends on springs
Noise budget impact none slightly worse better
cost high low high

First, let’s consider allowing a greater payload P. This would permit more mass at the higher
stages while keeping the same test mass weight, which would improve seismic isolation for
a given bounce mode. Figure [6] demonstrates the evolution of best longitudinal isolation
against varying payload for Ly = 1m, my = 143 kg, and frounce = 9.27Hz. In this case,
we need to increase the payload P by 32.3 kg to 302.3 kg in order to meet the aLIGO
performance. The problem with a larger payload, is that the BSC-ISI would have to be
reconfigured to hold the extra weight. Thus this solution, while possible, would require
significant effort and cost, but it would not negatively impact the noise budget.

Second, the simplest solution is perhaps to employ a smaller test mass. Like the payload
solution, a smaller test mass would improve seismic isolation for a given bounce mode. Figure
demonstrates the evolution of best longitudinal isolation against varying test mass weight
for Ly = 1m, P = 270 kg, and frounce = 9.27Hz. In this case, we need to decrease the
test mass by 15.4 kg to 127.6 kg. Unlike the payload solution, this has the added benefits
of a cheaper suspension without reworking the BSC-ISI. The cost we would pay would be
in the noise budget. A smaller test mass would be more sensitive to radiation pressure and
thermal noise. It might also be more difficult to maintain at cryogenic temperatures due to
the reduced surface area.

In the first two solutions, we used a wire length of Ly = 1 m to demonstrate how seismic
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10 Hz Longitudinal Isolation vs P forfb =9.27Hz, m, =143kg,andL,=1m
ounce 4 4
10 T T T T T T

—Eaq. (1)
—Model
---aLIGO Performance

Isolation (m/m)

10

| | | | | | | | | %
275 300 325 350 375 400 425 450 475 500
Payload P (kg)

Figure 6: Optimal longitudinal isolation vs P. The bounce mode is fixed to meet the aLIGO
performance by setting ms = 75.34kg. Ly = Ly = L3 = 0.38 m.

isolation depends on the payload or test mass constraints while constraining the bounce
mode. This wire length is not necessarily the best choice. Figure [§| shows the results of
a search for the minimum possible payload, or the maximum possible test mass that meet
the aLIGO quad performances for all wire lengths between 0.6 m and 1.5 m. The figure
is generated by producing the curves of Figures [6] and [7] for many wire lengths. For each
length, the mass values that provide the aLIGO seismic isolation are plotted in Figure [§
Thus, two things are learned from this plot. First, we see again that it is not possible to
meet all the desired constraints and aLLIGO performances simultaneously; and second, the
closest we get is with L, = 1.025 m, resulting in a necessity to either increase the payload
to 302 kg or decrease the test mass to 128 kg. Interestingly, this wire length is optimal for
both the test mass weight and the total payload (not to mention being very close to the 1
m chosen in [I]). The suspension parameters that provide the optimal results for the two
curves in Figure [§] are listed in Table [3]

For the third solution, instead of modifying weight constraints, let us now consider a mod-
ification to the pendulum structure. Up until now, we have assumed an aLLIGO pendulum
structure, but with modified masses, wire lengths, and silicon rather than silica. An ad-
ditional change we can make, which is already being considered (by Glasgow?) is to add
silicon springs at the penultimate mass. This change greatly simplifies the conceptual design
because we are free to set the bounce mode with the springs. Thus, the bounce mode and
longitudinal isolation problems decouple. We would chose whatever test mass size we like,
set the other mass values according to Egs. and , choose the bounce mode with the
silicon spring design, and be done. The optimal parameter values are listed in Table [3 In
practice however, designing and implementing these springs is difficult and expensive, so all
options need to be considered carefully.
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10 Hz Longitudinal Isolation vs m , for f =9.27Hz,P=270kg,andL, =1m
4 bounce 4
10 T T T T T T T
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---aLIGO Performance
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Figure 7: Optimal longitudinal isolation vs P. The bounce mode is fixed to meet the aLIGO
performance. Iy = Ly = L3 = 0.38 m.

P and m, Values Closest to The Desired Constraints vs L4 for fb =9.27 Hz
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Figure 8: Releasing constraints: The blue curve is the value of P that meets the alLIGO
longitudinal isolation for m, = 143kg. The green curve is the value of m, that meets the
aLLIGO longitudinal isolation for P = 270.
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4 Conclusion

This technical note develops mathematical tools for optimizing the performance of a LIGO
IIT quadruple pendulum in terms of longitudinal and vertical seismic isolation and bounce
mode frequency. From these tools, the optimal longitudinal isolation is given by unique set
of wire lengths and mass values. The vertical isolation can be set arbitrarily by design of the
spring stiffness values. The bounce mode is moved down in frequency either by increasing
the lowest wire length or by minimizing the ratio of test mass to penultimate mass weight.

Assuming an aLLIGO structure to the pendulum, it is not possible to reconcile the longitudinal
isolation and bounce mode frequency such that they perform at least as well as the alLIGO
quad given our current constraints of payload, wire length, and test mass weight. To improve
the performance, the document suggests 3 possible solution: 1) allow for greater payloads,
2) reduce the test mass weight, or 3) install springs at the test mass. All of these solutions
have pros or cons. 1) and 3) have better noise performance (the latter is best), but come
at significant cost. 2) has slightly worse noise performance, but is the cheapest. All the
trade-offs need careful consideration when deciding which approach is best.

Note, an important parameter that contains significant uncertainty, and that influences these
results is the maximum stress we can apply to the silicon fibers. The higher the allowable
stress, the easier the other requirements are to meet. Consequently, it is critical we put tight
bounds on this stress moving forward.
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Normalized Quad Longitudinal Isolation vs the Top Three Masses
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Figure 9: Scanning the LIGO III quad model with the ms and mg values. The color axis is
the log of the 10 Hz longitudinal seismic transmission normalized by the alLIGO transmission,
e.g. 0 is equal to aLIGO, 1 is 10 times worse. m; = 270 — my — mz — my, where my = 143.
The wire lengths are the values reported in [I], where notably the test mass wire (L,) is 1
m. The minimum transmission occurs at m; = 51.90, moy = 42.12, mg = 32.98.
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A Generalized Seismic Isolation Analysis

This section presents the seismic isolation properties for the general 4 stage single-axis mass
spring system shown in Figure |10]

*g
X1, X2 3 X4
k k k k
1 2 3 4
OO OO OO OO

Figure 10: This single-axis mass spring system is used to simplify and generalize the dynamics
of the quadruple pendulum. z, represents ground motion, x; to x4 represents the motion of
stages 1 to 4, m; to my the mass of these stages, and k; to k4 the stiffnesses of these stages.

The system in Figure [10| consists of 4 masses, m; to my constrained to move along a single
axis, the x axis. The ground is also constrained to move along this axis. The masses are
connected to the ground and to each other by springs k; to kj.

The dynamics of this system are governed by the following equations of motion

M>"<+Kx:{ M }xg (10)
03x1
m; 0 0 0
10 my 0 0
M = 0 0 msg 0 (11)
0 0 0 my
]{Zl‘f‘kz _kQ 0 0
| —ky ko+ ks —ks 0
K= 0 Lk kst ks —k (12)
0 0 —ky k4
T
_ | T2
x=1 . (13)
Xy

where, M is the diagonal mass matrix, K is the symmetric positive definite stiffness matrix,
and x is the vector of displacement coordinates for the four masses.

Note, the derivation of K can be obtained by inspection of Figure using Hooke’s Law,
f = Kx. The procedure is the following: move x; by a unit displacement while holding the
other masses fixed. The resulting forces on each mass give the first column of K; then repeat
this procedure moving each stage by unit displacements one at a time until the full matrix
is constructed.
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From these equations, and the derivation in Appendix [B], one obtains the following relation-
ships between ground motion and x4 (the test mass),

o 1 kikeksk

T, - (27 f)® mymamamy

(14)

where f is the frequency in Hz, for frequencies greater than the resonance frequencies.

B Derivation of General Single-Axis Seismic Isolation

M)"(+Kx:[ M }xg (15)
03x1
g
_ | T2
x=1 (16)
Ty
m; 0 0 0
10 my 0 0
M= 0 0 mg O (17)
0 0 0 my
ki + ke —ko 0 0
| —ky kodks —ks 0
K=1 0 Tk ktk ki (18)
0 0 —ky ky
%+ M 'Kx = { o/ ] z, (19)
0351
xs? + M 'Kx = [ i/ } xg (20)
03x1
X = [M_1K+SQI4X4} = |: kl/ml :| azg (21)
03x1
s =1iw (22)
x=[MK — &’ Liyy] { ki/m ] o (23)
0351
V= [M 'K — &Ly (24)
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[k + k —k ]
1t kR o —R2 0 0
mq mq
—ko ko + ks 9 —_lfg 0
V — mao ma mao 9
I T (25)
0 —w —_—
ms ms ms
0 0 __k‘* ﬂ — W2
- m4 m4 -
x=V~! [ fo /s } T, (26)
03x1

But for the ground to test mass isolation, all we need is the lower left element (index 4,1) of
V1. Thus we don’t need to invert the whole matrix. This element is equal to

1 . L
(V7 ) = |V|Cl4 (27)

Where C is the matrix of cofactors. The Cy4 element is equal to the negative determinant
of the 3 x 3 lower left corner of V.

ke kethks o Zhs
o mo mo
—k k k koksk
Cu=-— 0 3 Ml el Mol (28)
ms ms M2M3mmy
0 0 __k4
my

Note, Cy4 is a triangular matrix, so its determinant is simply the product of the diagonal.

For w > resonance frequencies, V approaches the diagonal matrix

—w? 0 0 0

0 —w 0 0
V ~ 29
0 0 —w 0 (29)

0 0 0 0—w?
Thus, the determinant of V at these high frequencies is

V] ~ o (30)
E . i k1k2k3k4 (31)

Ty wSmimemsmy
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Now, for an N stage pendulum, the stiffness due to gravity of a wire at stage 7 is

>oi m
hi= 9=

Plugging this into the previous equation gives us

gt 1 (maA my A+ mg 4 ma)(my + mg + ma)(ms + my)md
ry W LyLoLgLy M MoM3My

(32)

(33)

This equation gives the longitudinal seismic isolation for a quadruple pendulum at frequencies
greater than the resonances. We can minimize this function to optimize the isolation. Note

that the minimization over the wire lengths is separable from that of the masses.

For a total main chain payload of P = my 4+ mq + ms + my,

vy g 1 P(mg + m3z + my)(ms + my)

Jf_g - EL1L2L3L4 (P — Mg — M3z — m4)m2m3

my = —(mz +my) + / P(m3z + my)

m3 = —A+ /A2 + A(P — mg — my)

_ my(meg + my)

A
P—I—m4

C Bounce Mode Derivation
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(34)

(35)

(36)
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