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1 Introduction

In this note, amplitude and power couplings of two astigmatic (0, 0)-th order gaussian modes
are calculated.

2 Astigmatic Hermite gaussian beams

An electric field of the astigmatic (n, m)-th Hermite-gaussian beam propagating to the z
direction is expressed as the following form [1]:
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Here, §,(z) is the g-parameter in the horizntal direction, being defined by ¢,(2) = z— 20z +Gow,
where o, = iZg,. Zg. is the Rayleigh range, being defined by 2z, = mw?,/\, where wy, is the
waist size in the horizontal direction. Same definitions for the vertical direction by replacing
x to y. k is the wave number and defined by k = 27/, where A is the wavelength of the
laser beam. The symbols tilde (7) express complex numbers.

X

Since we assume n = m = 0, the expression for the beam is simplified to the following form:
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By writing ¢ parameters more explicitly, we obtain

QO(ZL', Y, Z, ZRx, 20z %Ry ZOy) = Uoo(l‘, Y, Z)
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Zpe and zg, are the Rayleigh ranges of the beam in the horizontal and vertical directions,
respectively. 2o, and zp, are the waist positions in the horizontal and vertical directions,
respectively.

page 1



LIGO-T1300364-v1

3 Coupling of two beams

The amplitude coupling (i.e. the expansion coefficient) of the two such beams can be ex-
pressed as the following integration:

C= / / <P(9U, Y, Z, ZRx1, Rl1z; Ryl Zly)@*(% Y, Z, ZRx2, 22z, ZRy2, Z2y)d$ dy (4)

This C' is the amplitude coupling and a complex number in general. C' can be simplified by

using the relationship ffooo e’ dx = /7 /A for Re(A) > 0.

C =2 \/ZRzl ZRa2 ZRyl ZRy?2
[((z1e — 220) + (ZRe1 + ZRe2)|[1(21y — 22y) + (ZRy1 + 2Ry2)]

(5)

Note that this coupling is independent z.

The mode matching (or mode overlapping) can be obtained by the power coupling. This
can be obtained by

|C’|2 —4 ZRxl ZRx2 ZRyl ZRy?2 (6)
(212 = 222)? + (2Re1 + 2Re2)?][(21y — 22y)? + (ZRy1 + 2Ry2)?]

In the special case that the two modes are not astigmatic (i.e. 2ry1 = 2Zry1 = 2R1, ZRe2 =
ZRy2 = ZR2, Pz = 21y = 21, Z2x = 22y = 22), C and |C|? are expressed as the followings:

=9 \/#R1 ZR2 (7)
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