So far

We have introduced the £ transform

— The digital equivalent of the Laplace transform

— |t facilitates the solving of difference equations
— |t allows to easily evaluate the system’s response
— It is critical in designing linear filters

The Discrete-time Fourier Transform (DTFT)
— z = eJ? in the Z transform
— Mapping into frequency space

The Discrete Fourier Transform (DFT)

— The sampling of the DTFT in the frequency domain
— FFT: Fast Fourier Transform

* Algorithm for the efficient computation of DFTs
Sampling principle

— The signal’s bandwidth Fy must be less than the Nyquist
frequency F,, = F; /2 in order to avoid aliasing



Digital Signal Processing 3

Digital Filters

* An LTI system to frequency select or
discriminate
* Two classes

— Finite-duration impulse response (FIR) Filters
— Infinite-duration impulse response (lIR) Filters



FIR filter

* The filter’s unit impulse response is of finite
duration

— Its response settles to zero in a finite time
— There is no “feedback”

* Difference equation

M
y(m) = ) by x(n—m)
m=0

* Also referred to as recursive or moving
average filters.



IR filter

* The filter’s unit impulse response is of infinite
duration

* Difference equation
N

> @ y(n - k) = x(n)
k=0
e QOutput is recursively computed from previous
computed values = infinite duration response



FIR filter example:
Moving Average (MA)

In general

N
ym) = ) b x(n=10), b,
=0

ForN =1

1
y(n) = 5 x(n)

1

T NA+1

! 1
Ex(n— )



To the Z domain

Recall: when an LTI system is represented by the
difference equation

N M
ym) + ) ay(n—k) =) bx(n-D)
k=1 =0
Then
M by 77!
H(z) = 1=0 D1 2




System function H(z)

Coefficients g and b are
Ao = 1,b0 =b1 — 1/2

H(z)=% (1+z-1)=1(z+1>

2 Z

With a pole at the origin, and a zero at -1.



Imaginary Part

1
—
[
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1
=
o

1
i

Pole and zero map of H(z)

>> _______ ééml':';' ____________________ [1/2 _______ 1/2 ____________________________________ _
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Recall: difference equation and the
filter command

* |[n general, a difference equation is of the form
N

M
y() + ) ay(n—k) =) b x(n-D
[=0

k=1
e The MATLAB £ilter command solves the

difference equations numerically

— Given the input sequence x(n), the output
sequence y(n) is computed using

>> vy = filter (b, a, Xx)



Let’s apply the filter to a data stream

e Step function imbedded in noise
is shown to the right.

* Let’s apply the N=2 moving———— e
average filter - _—

T I
signal with noise
signal with no noise

3+

Signal [AU]

>> a=1; -
>> b=[1/2 1/27; )

. 0 0|2 0?4 0.i6 DiB ‘; 1.‘2 1.i4 1.‘6 1.i8 2
>> vy = filter (b, a, x); ts)
MA_example.m
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2-point moving average
4 T T T | I I I I
signal with noise 5 5 | : :
signal with noise, filtered
signal with no noise

3_ __________________ ................... ............................ .................. ___________________ .................. ................ _

Signal [AU]

2 i I I i I i I I i
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t [s]
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The impulse response function h

2-point moving average system response

1 | ! | !
a0=1,b0=b1 =1/2 '
0.8_ ........................ .......................... .................................................... ]
_ 0B _ O SO OO S PP PP TUPUIY —
= QL b b -
02 b —
0 1 | | i ;
20 15 10 -5 0 5 10 15
. sample n
>> h = filter (b, a, delta)
0.5 ! | ! : !
§ 0.4- | |
go.s—
§ 0.2
é 011
0
20

sample n
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The impulse response function h
From the £filter command

h(0) = h(1) = %

The system’s response
1

N N
(1) =20bi x(n — ) =Z)bi 8(n — i) with by = ~——
l= L=

h(n) = b,

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (5)
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Comparing the £i1lter output with convolution

Signal [AU]

LIGO-G1100863

3.5

Using convolution and filter command

. filter command

< convolution

t[s]

Matone: An Overview of Control Theory and Digital Signal Processing (5)
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Increasing filter order

11-point moving average system response

1 | | ! |

0.8 1 S E— I S T

06L SRR S—— I | TR T

8(n)

04b I T—— RO 2 I A S

| SRR — T ) E—— — T

-20 -15 -10 -5
sample n

w-gajdwexa YA

0.1 | | |

g 008 .......................... .......................... .......................... .......................... .......................
006 F .......................... .......................... .......................... .......................... ........................

004 o ........................... .......................... .......................... .......................... .......................... ........................

impulse response h

Q025 .......................... .......................... .......................... .......................... ........................

0
-20 -15 -10 -5
sample n



Increasing filter order

11-point moving average
4 I I | | T I T
signal with noise 5 : : :
signal with noise, filtered
signal with no noise

Signal [AU]

) | | | | | i | | i
0 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t[s]
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Imaginary Part

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

Increasing filter order

Pole and zero map of H(z2)

Real Part
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Frequency response of moving average filter

Moving average frequency respose (Fs=1024Hz)

g 101 _ B ............................................................................................
_____________________________________ 11pothA
, 20-point MA
10 1 ' -
10 10
>> [H, f]= freqgz(b,a,1000,Fs)

50
=
b
S,
N
I
5
3
I -100
o

-150

LIGO-G1100863

2
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Suppression but with phase delay

11-point moving average
2

1 I [
sinusoid (f=30Hz) with no noise
: : : : : sinusoid with noise
150 Vo S S | S sinusoid with noise, filtered

1_

0.5

0

w)ajdwexs VA

Signal [AU]

-0.5

-1

-1.5F

D | | | | | j | |

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
t[s]
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Analog-to-digital filter transformation

1. First, we design an analog filter that satisfies the
specifications.

2. Then we transform it into the digital domain.

Many transformations are available

— Impulse invariance

* Designed to preserve the shape of the impulse response from
analog to digital

— Finite difference approximation

» Specifically designed to convert a differential equation
representation to a difference equation representation

— Step invariance
* Designed to preserve the shape of the step response
Bilinear transformation
— Most popular technique

— Preserves the system’s function representation from
analog to digital




Filter stability in the analog and digital domain

Analog domain Digital domain
(s-plane) (z-plane)
IJm(s) Im(z)
1 Region of stability AI |
zl=1
e
Re(s) Re(z)
> >
have a inside the
negative real unit circle

part 1z| =1



Bilinear transformation

Analog domain Digital domain
(s-plane) (z-plane)
Im(s) Im(z)
A A
Iz| =1
R}e(s) / Re;(z)

Mapping
between the two
stability regions
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Bilinear transformation

Analog domain Digital domain
(s-plane) (z-plane)
IJm(s) Im(z)

A A

Sampling time T, |14=1

Re(s) / Re(z)
> >
2 1—2z71
N T, 1+20
1+ sT, /2
" 1—sT,/2
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Transformation example

Transform

into a digital filter with sampling T, = 1 s.

Sol.

2 1—z71 _3+ZZ_1—Z_2
01 1+z1)  20+44z1

H(z) = Ha<



Transformation example

TF with pole at 100 Hz and unity DC gain: analog and digita

| —— digital, Fs = 1024Hz |

analog

90 -

.
(8]

Phase (deqg)
L}

LIGO-G1100863

f (Hz)
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Transformatlon example

10th order butterworth filter wit cutoff at 100 Hz: analog and di
10° —_——

10-10 B

Mag

— digital, Fs = 1024Hz
analo : S

10-20 1 1 g 1 1 [ | | | |
10

180 -

w-gajdwexaJseaul|iq

w
L)
T

Phase (deqg)
L}

1

w

O
I

-180 -
10

|||I| I 1 1 | |
10' 10

f (Hz)
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Filter Design

* Filter specifications
— Constraints on the suppression factor
— Constraints on the phase response
— Constraints on the impulse response

— Constraints on the step response
— FIR or IIR
— Filter order

e Typical filters
— Low pass, High pass, Band pass and Band stop



FIR or lIR?

* Advantages of FIR filters over IIR

— Can be designed to have a “linear phase”. This
would “delay” the input signal but would not
distort it

— Simple to implement
— Always stable

* Disadvantages

— |IR filters are better in approximating analog
systems

— For a given magnitude response specification, IIR
filters often require much less computation than
an equivalent FIR



Low pass (LP) filter specifications

Magnitude Responsa

3@1“@/
stopband

attanmuation
tmnsllh:-n!"'l—"l,—ll'“ .'

|:IE|I1I:| ,u'

II“ Z ! 8g
passband  stopband T fg (2

edge adge

Iraquency  Iraguancy

Frequency

LIGO-G1100863

LP filter

— low frequencies pass, high
frequencies are attenuated.
Include
— target magnitude response
— phase response, and
— the allowable deviation for
each
Transition band

— frequency range from the
passband edge frequency to
the stopband edge frequency

Ripples

— The filter passband and
stopband can contain
oscillations, referred to as
ripples. Peak-to-peak value,
usually expressed in dB.

Matone: An Overview of Control Theory and Digital Signal Processing (5)
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High pass (HP) filter specifications
* HP filter

— High frequencies pass,

A low frequencies are
Bp —m110] : attenuated.
. 5 '
% '
: /|
: ! ]
= i ."I .
E 'ﬂj—h‘ fransifion
E‘ D . band
g -/ :
v/
0 t : -
T slopband  passband 1s 2
adfge adge
redjancy  Tradguancy
Frequency
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Band pass (BP) filter specifications

e BP filter

— a certain band of
frequencies pass while

A lower and higher

. / Nl frequencies are
S [ A\
g ,,f %1 attenuated.
% “ﬂl—,r—l" transilion Iransitian -I—'-,.—I-‘
= - band band |

By E -"' l"- fig

| |/ ﬁ“x? }

' ' -

+ stopband passband
el adgea
frequency  fragquency
1 1

passband  stopband f Ig 2

adge adge
frequency  frequency
= =

Frequency

LIGO-G1100863
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Band stop (BS) filter specifications

>

'
= B’ i —
A /i :
3 F [ :
E [ :
§ P {o
i o fo
= P [
=) W S
= ——®= transifion transition =f——=
& E Y i band band i |
%" : Yo Be c :
\ ' : /
; , \ v / , ,
passband  siopband T stopband  passband ts 2
elpa edga edge adga
frequency  frequancy fraguency  frequency
1 1 2 2

Frequancy

LIGO-G1100863
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e BS filter

— attenuates a certain band
of frequencies and passes
all frequencies not within
the band.
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A few types of IIR filters

Butterworth

— Designed to have as flat a frequency response as
possible in the passband

Chebyshev Type 1

— Steeper roll-off but more pass band ripple

Chebyshev Type 2

— Steeper roll-off but more stop band ripple
Elliptic

— Fastest transition



Sampling frequency set to 16384 Hz

Filter order set to 10, cutoff set at 1 kHz
Difficult comparison: specifications for each filter can be very different

Phase(H) [deq]

-100
-150

Low-pass filters, Fs=16384 Hz, cutoff at 1000 Hz, 10th order

10" e

IR Chebychev Type 1| = : 1 1 118
104 H lIR Elliptical ..... ..... ..................... L ........ PR .
FIR Window S I : 2 I Y R

150
100
a0

-50

Comparison

wsyo|d 4931y



Chebyshev filter has a
steeper roll-off with
respect to the
Butterworth filter

The elliptical filter has | L

the fastest roll-off V=

Elliptical’s attenuation

faCtOI’ at hlgh i»lo'z_ .......................... e .................

frequency is constant, IR Butterworth

unlike the others. y 1 henyenev Type 1)
10 H [IR Elliptical

Elliptical has the least FIR Window

phase delay with 10°

respect to the others

Notice: the
performance of a FIR
window filter of 10t
order is also shown.
For it to achieve the
same performance asg
the others, the filter
order must be
increased significantly

se(H) [deg]

-100
-160

Comments

Low-pass filters, Fs=16384 Hz, cutoff at 1000 Hz, 10th order

Dom— - 2 : -

.............................................................................................................

10°

filter_plots.m

150
100
50
0
-50

10




The Butterworth

filter has a flattest

response when

compared to the =°¢

others.

There is a trade off

— The faster the roll-

offs, the greater
the ripples

Phase(H) [deq]

1.1

1

0.9

0.7

0.6

0.5

-B0 H

-80

Comments

Low-pass filters, Fs=16384 Hz, cutoff at 1000 Hz, 10th order

[IR Butterworth :
IR Chebychev Type 1|
IR Elliptical T é : A

i FIR Window S 6 L A R

10 10 10



MATLAB's fdatool

* Filter Design and
Analysis Tool

* Allows you to
design (visually)
a digital filter

Can export the
filter into
different formats

— Filter coefficients

— MATLAB's
transfer function
object

>> fdatool

LIGO-G1100863

<) Filter Design & Analysis Tool - [untitled.fda]

File Edit Analysis Targeks Wiew ‘Window Help

DSl 220X O R AMMBM# LT~ B RN

4
[t}

B

PR
]

— Current Fiter Information

— Fitter Specifications

$Mag. (dB)
Structure;  Direct-Form FIR | _L
et =] 0t ,{‘»}J
[
Stable: Yes T T
Source: Deszigred A
=top
" | i 1 P
Stare Fitter ... 0 F e Fsm Fefo f (Hz)

Filtter Manager ... | P P

— Responsze Type — Fittet Oriler — Freguency Specifications — Magnitude Specifications

[
[

o |LOWpass

- |Highpass
(" Bandpass
" Bandstop

" |pitferertiatar -]
I— De=ign Method

IR |Butterworth @
 FIR |Equiripple =

{* Minimum order

" Specify order:

— Options

Density Factor: EU

Units: |Hz -

Fza: ESDDD
Fpass E00
Fstop FI2DE|D

Units: |dB j
Apass f
Astop ED

] Y

_esun itz |
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MATLAB's fdatool

Exporting
 Coefficientsa, b

. Eransfer function object
. DeHdERk 220X 0 R MERMA I BL @K E W
e Second-order-sections

=) Filter Design & Analysis Tool - [untitled.fda]

— Fitter Specifications

SOS
. $hdag. (dB)
The system function H(z) can |
be factored into second- e @ of 1,
order-sections. The system is e T I
then represented as a l
product of these sections. - | ! .
are Fiter ... 0 F FI Fai2 f(Hz)
Filter Manager ... | pass  stop
— Response Type —Fiter Oreler —_ Freguency Specifications — Magnitude Specifications
. . . == o ||—°WF'5'SS j  specify order: [0 Units: |Hz - Units: |oB -
As?c u rT]c ing input signal x, the " b | e
O u u : " Bandztop — Optiopg Frazs 500 . T —
p y " |bitterentiator | || pensity Factor: 0 S peen 1
|- Design Method — |
y = filter (Hd, x) Y|« e ]
™ FIR |Equiripple -
= filter(b,a,x 5
y ( ’ 14 ) E

y = sosfilt (sos, x)
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Sampling: Analog-to-Digital conversion

* Transforms analog signal to digital sequence
* Main components of an A/D converter

& |
xq(t) x(n) c(n)

K

\> C/D > Quantizer > Encoder /"‘ >

Bit stream c(t):
corresponds to discrete
time sequence x(n)

Analog signal x,,(t):
real valued function of
a continuous variable t
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Sampling: Analog-to-Digital conversion

* Transforms analog signal to digital sequence

* Main components of an A/D converter
Quantization interval A:
/ amplitude is integer multiple of A
JA (determined by the number of
bits)

JTS

xq (1)

>

C/D

x(n)

/

>

Quantizer

c(n)
> Encoder >

Sampler C/D: continuous-to-

discrete converter or an ideal A/D

converter:

x(n) = Xa (nTs)

\

Quantizer: maps continuous
range of possible amplitudes
into a discrete set of
amplitudes




Sampling: Analog-to-Digital conversion

* Transforms analog signal to digital sequence
* Main components of an A/D converter

" |
xq (1) x(n) c(n)
> C/D >{ Quantizer > Encoder

/

Encoder: produces a
sequence of binary
codewords
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Sampling: Analog-to-Digital conversion

e Anti-aliasing filter
— Signals in physical systems will never be exactly
bandlimited, aliasing can occur

— (Analog) lowpass at the Nyquist frequency.

* This minimizes signal energy above the Nyquist
frequency, minimizing aliasing l .

xq(t) Xq (1) x(n)
> AA > C/D >




Sampling: Analog-to-Digital conversion

e Anti-aliasing filter
— Signals in physical systems will never be exactly
bandlimited, aliasing can occur

— Analog lowpass filter that minimizes signal energy
above the Nyquist frequency
|

xq(t) Xq (1) x(n)
> AA > C/D >




And back: Digital-to-Analog conversion

Two steps involved
* Conversion to rectangular pulses

* Pulses cause multiple harmonics above the
Nyquist frequency

* This excess noise is reduced with an (analog)
low pass filter (or reconstruction filter)

xs(t) xq ()
x(n) N .C0nvert to 5| LP filter 5>
impulses




THANK YOU
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