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Syllabus (tentative)

Control theory: Physical systems, models, linear systems, block Chau, Pao C. Process Control:
1 diagrams, differential equations, feedback loops, cruise control A First Course with MATLAB®.

example, MATLAB implementation. Cambridge University Press,
2002. ISBN 0-521-00255-9.

Control theory: Laplace transform and its inverse , transfer
functions, partial fraction expansion, first-order and second-

2 . . . i
order systems, dynamic response, bode plots, stability criteria, Ingle, .Vma_y _K' an.d JO?” G.
MATLAB implementation. Proakls..D/gltc'll g .
Processing using Matlab".
Control theory: robustness, typical compensators, noise Brooks/Cole 2000. ISBN 0-
3 suppression, one arm cavity lock example, MATLAB 534-37174-4.

implementation and time-domain simulations with SIMULINK.
Smith, Steven W. The Scientist

and Engineer’s Guide to
Digital Signal Processing.
California Technical
Publishing 1999.
http://www.dspguide.com/

DSP: Discrete-time signals and systems, impulse response,
system stability, convolution and correlation, differential to

4 difference equations, the Z transform, the Discrete-time Fourier
Transform (DTFT), the Discrete Fourier Transform (DFT), MATLAB
implementation.

DSP: The Fast-Fourier Transform (FFT), power spectral density,
sampling theorem, aliasing, analog-to-digital transformations,
digital filtering, FIR filters, IR filters, moving average filter, filter
design, ADC and DACs, MATLAB implementation.
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LSC

Objective

Control System

* Manages and regulates a set
of variables in a system
— SISO - single-input-single-
output
— MIMO — multiple-input-
multiple-output
* A quantity is measured then
controlled

* Requirements
— Bandwidth
— Rise time
— Overshoot
— Steady state error

A FEEDBACK SYSTEM
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Objective

Digital Signal Processing
 Measure and filter an analog signal

* Digital signal A S()
— Created by sampling an analog signal | .
— Can be stored f

* Analog filters 15

_ Cheap, fast and have a large dynamic
range in both amplitude and frequency

* Digital filters

— Can be designed and implemented “on-
the-fly”

— Superior level of performance.

 Example: a low pass digital filter can have a
gain of 1 + 0.0002, a frequency cutoff at
1000 Hz, and a gain of less than 0.0002
for frequencies above 1001 Hz. A
transition of 1 Hz!

¢4




LSC)

Control Theory 1

* Given a physical system

— Objective: sense and control a variable in the
system

 Examples
— As basic as
e a car’s cruise control (SISO) or

— Not so basic as
* Locking the full LIGO interferometer (MIMO)



LSC
Example: Cruise Control @

Direction
of motien Normal * Objective
force (n) — Car needs to maintain
Friction A Force from a given speed
forcf ()~ | N engr el . Physical system

® & includes

— car’s inertia

v
Weight

(mg) — friction

Force or free body diagram: allows to
analyze the forces at play
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m—t Physical model @

— * Physical system described
orecon by the following equation
Normal of motion
force (n)
Friction 4 Force from f=f—fr=ma
forcs (fs) IK engi)ne ) | to road
O O * Simplifying and assuming
o friction force f¢,. is
(meg')g t proportional to speed
ffr = bv
dv f—b
ma=m—=1/f—bv
dt
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LSC
First-order differential equation@

—>

Direction
of motion * Solving for first-order
differential equation
rction Engine (assuming f is a constant)
force (f,) ~  \__force(f)
< > dv
@ e m—-=f-bv

vields the solution

v =, (1 — e t7)
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MATLAB implementation @

The linear differential equation describing the

—>

Direction dynamics of the system
of motion dv
m—=/f —bv
dt f
Friction Engine

force (f,) ~  \__force(f)
<€ >
®@ e

Using MATLAB’s Symbolic Math Toolbox

>> dsolve ('"m*Dy=f-b*y', 'y (0)=0")
ans =
(f - f/exp((b*t)/m)) /b
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LSC

al

Results: v = v, - (1 — e t/7)

m = 1000 kg
b — 50 kg/S Car speed as a function of time
f =500N 10

Ww'ulewopawil~ asinid

v [t]

80 100 120 140 160 180 200
t [s]
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e Block diagram: representing the @E
physical system

* To illustrate a cause-and-effect relationship

* Asingle block represents a physical system
* Blocks are connected by lines

— Lines represent how signals flow in the system

* |n general, a physical system G has signal x(t)
as input and signal y(t) as output

* G isthe transfer function of the system

x(t) c v(t)>




Car’s body

Transfer function G represents the car’s body

— G converts the force from the engine f (input
signal, N) to the car’s actual speed v (output
signal, m/s)

v==G-f

b
with G =~ (1 — e’

— Units: s/kg f(t) vit




LSC

Setting the desired speed

e Second transfer function H (the controller)

— Converts the desired speed (or reference) v, to a
required force f

— Sets the throttle
— For simplicity, H is set to a constant

f=H- Ur} _
=G f —»v=G"H" v,
— G - H must be dimensionless
Vi f V

> H G —
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Plotting results
 With H = b the actual speed
is the reference: v = v,

al

[ Simulate: Sett|ng deSiredu51 | ICruisesp‘eedsettol25m/s(|55mph)\n."ithnodistlurbances‘ |
speedto 25 m/s (55 mph).. |

1250

Generated force NEINEEEEEE
by controller H

Force [N

i 1 i i I i 1 i I
10 20 30 40 50 60 70 80 90 100 |
Time [s]

Resulting speed v —

o

wuiewopawlil 3oeqpe=9}asinid

Sp v [mss]

-
(=)
T T

[=] [&]
T

I I i i I I I i I
10 20 30 40 50 60 70 80 0 100

Desired speed v; Tinets

(o]
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LSC G
E
Co

Introducing a disturbance — a hil

* In the presence of a hill the
equation of motion needs
to be re-visited

Direction Force from
ofm/oti;n engine (f) * Assuming a small angle 6
W) 0
m—=f—bv —m
di 7
Friction \,Neight
(mg) Added term

force (f,)

15
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LSC G
E
Co

Introducing a disturbance — a hil

Assuming f and @ are constants

Direction Force from
of motion .
7 engine (f)

Weight
(mg)

Friction
force (f,)

Added term
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LSC

Modifying the block diagram

0 K =mg

|

Summation junction
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LSC

Modifying the block diagram

0 K =mg

|

v
K

V -

P

Summation junction
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LSC

=3

Plotting results

Setting desired speed to 25
m/s and slope of 8 = 5°

Cruise speed set to 25 m/s (55 mph) with 5 deg slope
1251 T I \ T T

12505

1250 J :

1249 | | | | | | | | |
0 10 20 30 50 60 70 80 90 100
ime [s]

Resulting speed v | />

Force [N]

Generated force
by controller H

W"ulewopawlil yoeqpasasinid

Speay v [m/s]

D e S i re d S p e e d 0 1i0 2i0 350 46 5‘0 8i0 750 8i0 96 100

Time [s]

Q [}
T T
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LSC Negative Feedback @

1. Let’s measure the car’s speed and

2. Correct for it by feeding back into the system
a measure of the actual speed v

‘1'6

K

Error signal

e
‘

Vv
+®—> H - G >

C

Correction signal
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LSC Negative Feedback @

1. Let’s measure the car’s speed and

2. Correct for it by feeding back into the system
a measure of the actual speeed %

Error signal e: the difference 1,
between the desired speed and K

the measured speed. If null, then
UV = Vy + € o+ 50 \
vr—>®—> H —)é—) G >

C

Correction signal c: in this case it is

J)ust a measure of the actual speed
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Plot of force vs. time

and speed vs. time with .,

negative feedback
Setting H = 103 kg/s
Result:

— Faster response with

15
10

Force [kN]

feedback (compare blue =

against red curves)

— Speed at regime:
23 m/s (error of
~10%)

—_
oo}

Speed [m/s]

Negative feedback

Cruise speed set to 25 m/s (55 mph) with 5 deg slope and feedback
] T T T T 1 1

al

\
10

i
20 30

I | i
40 50 60 70
t[s]

\
80

|
90

—_
(8]
T

o
T

<

I
H=1000 [

: : o o R
-
------
-
-

no feedback 4

| u'J'zu'!euJopauJn‘%aeq'pa‘a;as'!mo




Negative feedback

al

* Increasing the

CO ntrO”er’S gain (H) 250 Cruise speed set to 25 m/fs (55 mph) with 5 deg slope and feedback
Z 150
— while decreasing the g
steady state error o

° Sett|ng H — 104 kg/S % 10 2;0 3E0 10 550 5;0 70 80 9;0

t[s]

e Result: 2s

— H =10000
| mm— no feedback 4

A

— Even faster response

| u'J'gu'!euJopauJn‘%aeq'pa‘a;as'!mo

— Speed at regime: fz“’- _ _ _
2485 (orror of e

s
-
- :
-
-
-
-

O 0 10 20 30 40 50 60 70 80 90 100

<




Signal flow and block diagrams@

v=G-(f —K-0)

f=H-e

A b |

= |le—o

I
<
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System’s open
loop gain
(dimensionless)

6
|
K

13-

v, + -~ € § \'
r—)@—)H fié—)(;——)
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LSC , SR K-G_ @E
c=1+¢H " "1+¢H ‘,

IF G - H > 1 (high gain,
closed loop, with feedback)

IFG-H <« 1( 00+ n =
*H « 1(low ex0-vp+——-0~—
| " G-H H
galn, open Ioop, or no
teedback 0 Error signal in closed loop: close to
eedback) l' zero, proportional to angle 8
K 0
e = —
~ 1. el K H
e~1 (%% +K-G-6 The higher the controller’s gain, the

v+ o : _ lowere v
r_)®_) H v G Fr—

26
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LSC ) BE-Ry Sry Sy @E
=G-H- (v, —v)—K-G-0
=G-Hv,—-G-H-v—K-G-6

With no feedback
v=G-H-v,—K-G-6

6
|
K

v, + € N Vv
r—)@—)H fié—)(;——)
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LSC ~ G'H K- G . @
" " 1+6 H" 1+GH l]

IFG-H <1 (lowgain, |IFG-H > 1 (high gain, closed
open loop or no loop, with feedback)
feedback K-G K

) v1lv,———-0=v——0
v==G-H-v,—K-G-0 G-H H
Actual speed v: close to v, with an error proportional i
to 8 when in closed loop. The higher the controller’s
gain, the lower the speed error. K

v, +_ - € N Vv
r—>®—>H f;_é—)(;—%

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signalgrocessing (1) 28



. K-G
" Y1Y¥G6-H

0)
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__H  KGH Hﬂ@
rf_1+G-H r Yt TX G H

IF G - H < 1 (low gain, IF G - H > 1 (high gain,

open loop, or no feedback)

closed loop, with feedback)

1
f~H-v,+K-G-H-0 frzv+K-0
0
Force f: at regime, it does not ll
depend on the gain in H while

proportional to angle 6

V, +ge ¥ f +0 G V)
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m’lotting GH and GH/(1 + GH)

Open loop
v=G-H- (%% 20

Cruise speed set to 25 m/s (55 mph) with 5 deg slope and feedback
T T T T T ; ;

al

Closed loop L . —

—— H=1000]
I I

Setting H = 103 kg/s  *
Plotting the open loop 1

i
10

\
20

i
30

i I i
40 50 60 70 80 90
t[s]

transfer function vs. timeIf’-B

and the closed loop :

< 04

transfer function vs. tme |

lU'ZU!ElUOpBLU!l_%pEC] po9}asinid

Notice the rapid rise time %
for the closed loop case

i
10

\
20

i
30

| l i | i |
40 50 60 70 80 90 100
t[s]



* Plot of error signal e vs
time

* Error signal decreases
to 3 m/s.

* Notice a ~10% steady
state error

The error signal e

25

20F

Error signal e [m/s]

¢4

Cruise speed set to 25 m/s (55 mph) with 5 deg slope and feedback
T T T T T

uJ'izu!ewopi)aw!1_>|:i)eqpaa,las!m:)




200

150

L
5 100

GH/(1+GH)

30

0.6

0.4

0.2

2 Open and closed loop TF with

H=10%kg/s

Cruise speed set to 25 m/s (55 mph) with 5 deg slope and feedback

H = 10000

20 30 40 50 60 70 80 90 100

20 30 40 30 60 70 80 90 100




25

201

Error signal e [m/s]

-
[}

Error signal e with

H=10%kg/s

Cruise speed set to 25 m/s (55 mph) with 5 deg slope and feedback

-
on
|

H = 10000

20

30

40

50
t[s]

60

70

80

90

100




Cruise control example

* First-order differential
equation

e Simplest controller:
simply a gain with no
time constants involved

* How to handle more
complicated problems?
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Block diagram reduction

S ER

1+ PP,

€
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Practice @

Determine the output Cin terms of inputs U and R.

U

R + + LF
%@——)(;1 G, >
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Practice

Determine the output C in terms of inputs
Uy, U, and R.

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (1)

38



LSC Jyrres practice (y

R +

Determine C/R for the ¥
following systems.
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2D How do we MEASURE the OL TF o@E
a system when the loop is closed?

1. Add an injection point in a closed loop
system

2. Inject signal x and read signal y; (just before
the injection) and y, (right after the
injection)

Y1

3. Solve for the ratio = X
Y2 +
} *i T

V1 )




LSC)

So far... @

e Control theory builds on differential equations

. B
p
o« T

ock diagrams help visualize the signal flow in a
nysical system

ne cause-and-effect relationship between

variables is referred to as a transfer function (TF)

 The system’s open-loop TF is the product of
transfer functions
— cruise control example: G - H
—Twocases:G-H<KLK1landG-H>1

* MATLAB implementation
— Functions used: dsolve



LSC), @E
Laplace Transforms

* The technique of Laplace transform (and its
inverse) facilitates the solution of ordinary
differential equations (ODE).

* Transformation from the time-domain to the
frequency-domain.

* Functions are complex, often described in
terms of magnitude and phase



Linear systems

 To map a model to frequency space
— System must be linear
— Output proportional to input

* Given system P X o s

— Input signals: x; and x,

— Output signals (response): y; and y,
e System P is linear

— If input signal: a x; + b x,

— Then output signal: a y; + b y,

— Superposition principle



LSC),

Example
dx
¢ Isy = — @ linear system?
»Knowing that y; = % and y, = %

»>If input is c;x; + ¢, x5, output is

d
gy (c1xq1 + Cx3) =
d d

d — X4 +czd Xy =
Ci Y1ty
» System is linear




Example

* Isy = x? alinear system?
> Knowing that y; = (x;)? andy, = (x,)?

»>If input is c;x; + ¢, x5, output is
(c1x1 + C2%2)° # ¢1 Y1+ C2 Yo

» System is not linear



In general @

dTLy dn—ly

“nqen -1 gen-1 T AdY
d™x dm tx |
p— mdt_m ‘|‘ bm—l dtm‘_l - *°° + b(gx
n m
Z a;D'y(t) = b;Dx(t) n=m
i—0 i—0 For a stable system
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LSC), Laplace Transform £ @

* Transforms a linear differential equation into an
algebraic equation

* Tool in solving differential equations
e Laplace transform of function f

F(s) = L[f(®)]
* Laplace inverse transform of function F
f(t) = £7[F(s)]

where s = jw)is the transform variable



— G
E
| Co

Time domain €<= Laplace domai

t
&) f=dy/d_L

f(t)
—=

Y 3
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C)

Laplace Transform £
F(s) = £IF©] = | f(Dye~tds
0

f(t) = LHF(s)] = % _J::)F(S)e“ds



(Some) Laplace transform pairs @
I O O

Unit step u(t) 1/5
Unit ramp t 1/ .
s
Exponential et 1/(5 2)
Sinusoid sin(wgt) w/(sz + wg2)
0
(1/0)(1 = &™) 1/5(5 + a)
SHO Do ,—bwot Wo”
V1 — §2 %2+ 28wq s + wy?

X sin(\/l — 0% wyt)
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Laplace transform properties

 Linearity
Llci f1(E) + c2f2(t)] = c1F1(S) + ¢ F>5(s)
 Derivatives

— First-order:|.£ [d]; it)] = sF(s)

2
— Second-order: £ [dd];gt)] = s%F(s)

* Integral

L UO f(t)dt] = %F(s)
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LSC)

Solution to ODEs

1. Laplace transform the system’s ODE
2. Solve the algebraic equation in s
3. Inverse transform back to the time domain



Transfer Function G (s) @

n m
Z a;D'y(t) = Z b;D'x(t)
1=0 Using

n derivative
Z a; SlY(S) = Z b; SLX(S) property

1=0

Algebraic equation
m ; i in s, the ratio of 2

G(S) = Y(S) = Z polynomialsin s

X(s) YM,a;s!
Transfer function G(s) relates input X(s) to output Y(s)...
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Transfer Function G (s) @

The roots of the numerator are referred to as zeros.

Transfer function G(s) can

be defined b

, i G(s) = =0
The coefficients of s or X(s) 0 a;S"

* |ts poles and zeros

The roots of the denominator are referred to as poles.



Let’s apply it to the cruise control example:@E

— transfer function G (the car’s body)
of motion dv(t)
Friction Engine m ar f(t) —bv(t)
force (f:,) ﬂforce (f)
<€ >
- 4

msV(s) =F(s)—bV(s)

\ 4

V(s) =G(s) F(s)
where G(s) =

Poleat—b/m
nmeory and DIgItal SIghal Frocessing

f(t) v(t

vis 1/m

s+ b/m
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Dynamic response: using lookup @E

tables to inverse transform

Laplace inverse Input: step function, amplitude F,

transform using f(t) = Fo u(t)F
lookup tables F(s) = L[f ()] O/S
1
s(s+a) The response (in frequency space) is
1/m F,
V(s) =G(s) F(s) = '
(5) = G() F(s) =

The time-domain response is

v(t) = L7V (s)] =

1 . R
E(l_e ) =4 [m S(S-l-b/m)]
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Dynamic response: using lookup
tables to inverse transform

Laplace inverse v(t) = £71 [FO . 1
transform using m s(s+b/m)
lookup tables FO p-1
1 S m s(s+b/m)
s(s+a)

v(t) =

1
Polea = -

rview of Control Theory and Digital Signal Processing (1)

1
—(1—e™9)
a

LIGO-G1100863 Matone: An O
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LSC

G

p
S+p

First-order system step response

Step response to first-order system-p /(s +p)

1G(s) =

=5rad/s,t=0.2s

Response

Pole p

firstorder.m

i i I | T
0.1 0.12 0.14 0.16 0.18

time [s]

I | i
0.04 0.06 0.08
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LSC)

MATLAB implementation

The step response of transfer function

G(s) =

s+5

>> G=tf (b, [1 5]);
>> step (G) ;




LSC
Partial fraction expansion @,a

1. Reduce a complex function to a collection of
simpler ones

2. Then use lookup table  orgerm
a.
F(s) = Q(s) z ; m<n
Order n — P (S) ] S ] ai
— p1 al s -1 an
f)=£ L+a1]+ tL _S+an]
=q e Mt 4. 4 q, et

n

f(t) = z 0 @

1=0
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Comments @
F(s) =Esf‘@g f(t) =Zno

l

1. Poles of F(s) determine the time evolution of
f(t)

2. Zeros of F(s) affect coefficients

3. Poles closer to origin = larger time constants
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LSC Example @

Find f(t) of the Laplace transform
(6s% —12)

Sol: Using MATLAB

>> [R,P,K]=residue([6 0 -12],[1 1 -4 -47])

R:
3.0000 3 1 )
1.0000 —
2 .0000 F(s) S+2+S—2+S+1
P —
-2.0000
2.0000
-1.0000
K:

[] f(t)=3e ?t +e?t+2et

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (1) 62



Example: LRC circuit @

Vin (1) C —— |Voue(t)

o O

Vin(t) = vy (t) + vr(t) + v () ,

= Lil(t) + Ri(t) + ZJ i(t)dt

O

=LDi(t)+Ri(t) : i(t)
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Example: LRC circuit @

L R
O—WW—O

Vin (t) C —(— Vout (t)

o O

vi, () =LDi(t)+Ri(t) + 12 l(t) )

i(t) = itvout(t) =CD vout(t)
V() = (LCD*+ RCD+1)v,,(t)

LIGO-G1100863 Matone: An Overview of Control Theory and Digital Signal Processing (1) 64



Example: LRC circuit

L R
— N AN\ —

—o0

Uin (t) C —

— Voue (L)

Vi () = (LCD?*+ RCD + 1) v,,(t)

L

Vii(s)=(LCs*?+RCs+

1) Vout (S)
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C)

LRC circuit: transfer function

1
LCs?2+RCs

Vout (8) = 1 ' Vin(s)

SettingL=1H,C=1FandR=10

Vout () = Vin(s)

s?2+ s+1



G
E
A 4CO

LRC circuit: dynamic response to steg

Setting the input to a step of amplitude 1V

1
Vin(s) = ;
The unit step response is
1 1 1
Vour(S) = G T S TS v 52 s



LSC) LRC circuit: dynamic @E
response to step

- 1 . 04
Vout (S) _S3+52+S_zs+ai

L

Using MATLAB for the solution

Coefficient vector for

/ polynomial at numerator

>> n = [1]; Coefficient vector for

> d = [1 1 1 O],/ polynomial at denominator

>> [a, a, k] = residue(n, d);

Voyut(t) = ag et + a, e%2t + a5 e?



LSC ),

== Plotting results of two methods @

LRC circuit step response
| - >> y=a."*exp(art);
N T ;5 _________ >> plot(t, v, 'bo') ;

1.4

OOG“‘“:?L

)

&

o
N [+] .
: o :
: o
: o

)
T

: : ool : s - =
1 R Y -~ T . A N JETEIIEREFPEIEINEREEREEY

Pl N A R
I Rl e - R

08L : ............................... .......... - — ............................ _

Vout (V)
Q
®0

QB o ................ ... ............................ _

04k : ________ >> y2:Step(l, [1 1 1],t);
0.2 t: ------------ .>> plOt(tl y2l ‘r°’);

o] : :
(o] : : O residue
o . . : .

: : +  step
0@ i | | I I
0 2 4 6 8 10 12
t[s]




Second-order system step
response @

Step response to second-order system -- om? /( s? + 2*delta*om™s + om? )
14 | | ! | | | | | |

Overshoot

] SO ................. .......... _ ............. .................. e S .................. ................ _

<
™

R Y -p erlodof ___________ ___________________ ______________

OSC|IIat|on . the.
................. esponseOf a hlgh—

order system IS

04L ........................................................................................................

gsettle to +5% of fmal similar to the
value (determlned by .é.....second order one

the e —Swt term)

0 i I
0 1 2 3 4 5 B 7 8 9 10

=
=
o
e
=
(D
)

o
(5]
T

secondorder.m
Response

0.2F o f

om = 2*p|*0.2, delta =03
| |
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Verify the following

6s% — 12

F(s) =
() s34+ 52 —4s5—4
f(t) =2e7t 4+ 3e7%t + e4t

6s

F(s) =
() s3+5s52—-4s—4
f(t) =3e t —6e %t + 33t

s+5

F —
)= i+ 13
f(t) =2et —3e72t 4 g2t




LSC

Back to cruise control: system’s
step response

Vis) = —— 2 .y
(5) = oo ()
1/m
where G(S):s+b/m andH(S)=Kgain
Vv H >
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Step response

cn 1 Koamy
V(s) = - =
)= 1561 2 4 B+ Kgain)
m
Kjain m
v(t) = J 1 —e /%) witht =
gam'l'm( ) b+Kgain
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Back to cruise control

09 ,,,,,,,,,,,,,,,, ............................ .

08— .................... ............................... ............................ _
| & >> n = [k/m}; '

N F >>d=1[1 (b+k)/m0l; |
| | = residue (n, d)
OB ............... >>y:a.'*exp(a*); ............................ |

~e

v
¢
z
f

var

0_5_ .................. @ ............................... ............................... ............................ —
04 o ............................... .............. o .......... , ............................ _
03F @ ........ g " ............................ _

0.2 _ ............................... ................ - w - ............................ _

Odtg ............................... OOt SO O SO OO SOO OO OOUU FOUUUOUOUUO OO |
5 : : +  step

O residue

t[s]
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Back to cruise control @

o & >>G6 = tf((1/ml, (1 b/m); _

var

05L I T 2 LCL=G6 r H /[ (146 F.] DA _
f >> [y, t] = step(CL);

04 2 ;mmmmm>>;pl@t4tg ..... v, rngy;mmwmmé ____________________________ |

0_3_ ....... @ ................... ............................... ............................ —

0.2 _ ............................... ............................... ............................ _

01 _@ ........................... ............................... ............................ _|
: : : step

O residue

t[s]
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Transfer function, poles and zero

* |t is convenient to express a transfer function
G(s) in terms of its poles and zeros:

Q(s)
P(s)

_ _(S—Zl)'(S—Zz)--- &= 2Z)
(s—p1) (s—p2) ... (s—pp)

G(s) =

* kis the gain of the transfer function



mummary of pole characteristics@

* Real distinct poles (often neqgative)
Ci

S — Di

* Real poles, repeated m times (often negative)

o ePit

[ Ci1 4 Ci2 I Ci 3 + Cim ]
— . 2 3 m
>~ Pia (5 - Pi,z) (5 — Pi,s) (5 - pi,m)
0
4ot + i ot 4 Cim fm-1|. opit
Cl,l Cl,Z 21 Cl,3 (m . 1)| €



LSC C o
=3 Summary of pole characteristics @E

 Complex-conjugate poles
Ci (¢i)”
s—=p; s—(p)

often re-written as a second-order term

(1)2

s+ 26w s + w?
* Poles on imagqinary axis

PARN C; epit 4 (Cl.)*e(pi)*t

o ~e% - sin(ft + @)

— Sinusoid
— Pole at zero: step function

* Poles with a positive real part

— Unstable time-domain solution



Summary @

The Laplace transform is a tool to facilitate solving for ODEs.
Systems need to be linear

No need to do the transform (integral)
— Use transform pairs, transform tables
— Laplace transform properties: linearity, derivatives and integrals.

Once in the Laplace domain, a TF is simply the ratio of two polynomials
in s. Carry out algebra to solve the problem.

No need to do the inverse transform
— Use transform pairs, transform tables

— For high-order TFs, use the partial-fraction expansion to reduce the
problem to simpler parts

IMPORTANT:

— Poles of a transfer function determine the time evolution of the system

— Poles with a real positive part correspond to unstable and unphysical
systems

— The system TF needs to have poles with a negative real part
MATLAB implementation
— Functions used: step, residue, tf




Solutions
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Practice @

Determine the output Cin terms of inputs U and R.
Sol:

G-
C = - (GiR+U
(1+61G2> (G R+ U)

U

R + + 5T C
4’®_)G1 G, T
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m— Practice @

Determine the output C in terms of inputs Uy, U,
and R.

Sol:

C =

(G{ G, R+ G,U; +G;G,H U
(1_61621_111_12) (G4 2U1+ Ui + G1GyH, Uy)

R + ’é_) C
( G, > G, Fr>
+
H1(__?(_ H2<—
+

U
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LSC Jyrres practice (y

Determine C/R for the following R +
systems. Sol:
2) c _ G1+G, t
R 1-G{H{—G,H,
C  Gi+G
b) Z = 1 2
R 1-G{H;
C Gi+G,(1-G.H
C) Z = 1 2( 1 1)
R 1-G1H,

(c) (b)

Tk A
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2D How do we MEASURE the OL TF o@E
a system when the loop is closed?

1. Add an injection point in a closed loop
system

2. Inject signal x and read signal y; (just before
the injection) and y, (right after the
injection)

Y1

3. Solve for the ratio = X
R
V1 IR g

Sol: = = _GOL
Y2 Y1 V2




LSC),

Partial-fraction examples

e Denominator: has distinct, real roots
— Example 2.4, 2.5, 2.6

 Denominator: complex roots
— Example 2.7, 2.8

* Denominator: repeated roots
— Example 2.9




2 Practice: verify the following

6

FS) = DG+ D6 +3)
f(t) =3e7t—6e %t + 373

s+ 5
s?2+4s+ 13 -
f(t) =v2e 2t sin(3t + Z)

F(s) =

2
Fls) = (s+1)3(s + 2)

f(t)—Z[(l—t+t22> t—e‘”]




