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Abstract

The F-statistic is an optimal detection statistic for con-
tinuous gravitational waves, i.e., long-duration (quasi-)
monochromatic signals with slowly-varying intrinsic fre-
quency. This method was originally developed in the con-
text of ground-based detectors, but it is equally applicable to
LISA where many signals fall into this class of signals. We
report on the application of a LIGO/GEO F-statistic code to
LISA using the long-wavelength limit (LWL) approxima-
tion, and we present results of our search for white-dwarf
binary signals on the second Mock LISA Data Challenge
(MLDC2).

F-Statistic Method

A white-dwarf binary GW signal s(t) with frequency f , lo-
cated at ecliptic latitude β and longitude λ is characterized
by its Doppler parameters θ = {f, β, λ} and amplitude pa-
rameters A = {h0, cos ι, ψ, φ0}. A suitable reparametrization
{Aµ}4

µ=1 of the amplitude parameters allows the factoriza-
tion

s(t;A, θ) = Aµ hµ(t; θ) , (1)
with automatic summation over µ = 1, . . . 4. The optimal
detection statistic is the likelihood ratio Λ:

ln Λ(x;A, θ) ≡ (x‖s)− 1

2
(s‖s) , (2)

where x(t) is the measured strain data from the detector,
and (.‖.) is the (Wiener) matched-filtering scalar product.
By analytically maximizing ln Λ over the unknown Aµ, we
can find their maximum-likelihood estimators (MLE) as

Aµcand(x; θ) = Mµν (x‖hν) , (3)

where Mµν is the matrix inverse of Mµν ≡
(
hµ‖hν

)
. Sub-

stituting the MLEs Aµcand into the log-likelihood (2), we ob-
tain the F-statistic, which only depends on the unknown
Doppler parameters θ:

2F(x; θ) ≡ |Acand|2 , (4)

where the norm of amplitude 4-vectors A is defined as

|A|2 ≡ AµMµνAν . (5)

+ Using the F-statistic, we only need to search over the
unknown Doppler-parameters θ = {f, β, λ}. The F-statistic
follows a (non-central) χ2-distribution with four degrees of
freedom. When targeting an exact signal (“key”) at posi-
tion θ = θkey and amplitudes Akey, the χ2 non-centrality is∣∣Akey

∣∣2, and the expectation-value E [2F ] is

E
[
2F(x; θkey)

]
= 4 +

∣∣Akey

∣∣2 , (6)

where
∣∣Akey

∣∣ =
√

(s‖s) is the “signal-to-noise ratio” (SNR).

MLDC2 Pipeline

Challenge 2.1 of the MLDC2 included a population of
26 million galactic WD binaries. Of those, 59401 were
designated as “bright” sources, the norms of whose
amplitude parameter vectors are shown in Fig. 1.

Figure 1: Sources in Challenge 2.1 “loudest” key
file: norms

∣∣Akey

∣∣2 (corresponding to SNR2) of injected
amplitude-vectors Akey as function of frequency f .

The large number of detectable sources makes it difficult
to distinguish the actual (“primary”) from “secondary” max-
ima of the detection statistic 2F(x; θ) in Doppler parameter
space. Our pipeline is based on the empirical observation
that primary maxima show better coı̈ncidence between dif-
ferent TDI variables X, Y, Z than secondary maxima. The
coı̈ncidence criterion is based on the metric gij in Doppler
parameter space, namely

m = gij dθ
i dθj +O(dθ3) , (7)

which attributes a “distance” m to the Doppler offsets
dθ = {df, dβ, dλ}.
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Figure 2: Pipeline used in the MLDC2 search. The
coı̈ncidence criterion used to distinguish primary from sec-
ondary maxima was mCOINC2 ≤ 0.2.

Results

Our pipeline identified 1777 candidate signals, with 2F val-
ues ranging from 44.8 to 1.02 × 106. Of the 59401 “bright”
sources in the key, 6872 had

∣∣Akey

∣∣2 > 40. To evaluate
our results, we identified each candidate with the loudest
“bright” source within a Doppler mismatch of m ≤ 1. If
there was no “bright” source within that Doppler window,
we considered the candidate to be a false alarm. If there
were multiple bright sources in the Doppler window, the
ones with lower

∣∣Akey

∣∣ values were effectively “hidden” from
association with a candidate. The results of this identifica-
tion are illustrated in Fig. 3 and summarized in Table 1.

Figure 3: Overview of signal recovery in Challenge 2.1.

Freqs Found Missed Hidden False
0–5 mHz 1012 3642 2 3

5–10 mHz 679 1363 1 8
10–15 mHz 73 90 0 0
15–20 mHz 2 5 0 0
20–27 mHz 0 3 0 0

Table 1: Signals found in Challenge 2.1, along with missed
sources, sources which were “hidden” by coı̈ncidence with
louder ones, and false alarms. Only sources with

∣∣Akey

∣∣2 >
40 are included in the “missed” and “hidden” categories.

Figure 4: Sky positions of recovered and missed signals.
The galactic plane can be clearly seen as a great circle con-
taining most of the signals and sources.

As already seen in MLDC1 [1], the use of the LWL affects
the estimation of the amplitude parameters (Fig. 6), but
does not strongly affect the Doppler localization (Fig. 5).

Figure 5: Errors in estimated Doppler parameters: fre-
quency ∆f and skyposition φsky. Despite the use of the
LWL the Doppler accuracy remains good. “Hemisphere
flips” refer to signals that are found with the wrong sign of
the latitude, i.e., βcand ≈ −βkey.

Figure 6: Errors in estimated amplitude parameters Acand:
angle φA ≡ ∠(Acand,Akey) and relative loss in magnitude
|Acand| with respect to the injected

∣∣Akey

∣∣. These errors
are strongly affected by the LWL, which only holds for
f � 10 mHz. In each case, the black error bars show the
expected one-sigma statistical error (= 1/

∣∣Akey

∣∣).
Summary

Our MLDC2 pipeline is quite effective at separating pri-
mary candidates from secondary maxima: fewer than 1%
of returned candidates are not attributable to bright sources
(“false alarms” in table 1).
We are currently working to extend the F-statistic code be-
yond the LWL by using the rigid adiabatic approximation.
More work is also required to improve the detection effi-
ciency of this pipeline, as only a fraction of the O(10, 000)
detectable sources were recovered.
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