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1 Parameter Estimation Using Power

A periodic gravitational wave signal incident on a gravitational wave detector produces a strain
response of the form,

h(t) = Ay Fyr(¢,t) cos®(t) + A Fy (1, ) sin @(2), (1)

whereF', andF, are the antenna-pattern response functionsdaisdthe phase [1].

For a time-baselinel 30 minutes we call the Discrete Fourier Transform (DFT) of the data a
Short Fourier Transform (SFT). By using the power in SFTs the PowerFlux method [2] is able to
estimate the square amplitude of a linearly polarizél & 0 or A2 = 0) or circularly polarized
signal (42 = A2%). The estimated square amplitude can be used as a detection statistic to search
for elliptically polarized signals.

We have tried using the complex SFT amplitudes to estimatand A, based on the methods
given in [1]. This failed to be robust, for example because mismatch can cause complete loss of
signal in one SFT [3]. Instead, using power to estimate the square amplitudes reduces this loss to at
most a60% in any one SFT. Pursing this, we find several generalization of the PowerFlux method,
which we investigate here.

For an SFT, we can treat the frequency and antenna-pattern as constant. Ignoring the mismatch
in frequency (which is unknown in a search), the normalized signal power is,

2(h|?

Torr — 0.5(A2F? + A2 F2)Tspr, 2)

wherel is the DFT ofh(t) multiplied by one over the sample rate. From here on it is understood
that power is to be measured in the SFT bin closest to the signal frequency, ahd tnad /', are
constants evaluated at the midpoint of each SFT.

2 Derivation of the PowerFlux method
Equation|[(2) represents the expected signal power for an elliptically polarized signal from one SFT.
If we label the SFTs using index, and consider a linearly polarized signal with = 0, we can

define the noise weighed sum of the square deviations in power as

P, — 0.5A2 F2_ Typr]?
g=3 ! gt @)

«
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wheresS,, is the one-sided power spectral density for the appropriate frequency bin, and
2|Zo|?
Tspr

with z, the SFT data from the same frequency bin.
A natural way one way to estimaté , analogous tg? minimization, is to find the value that
minimizesg. Thus, we need to solve

f)g _ Z (Pa — 0-5A3_F_~2_QTSFT)F_|2_QTSFT
9A2 52

P, =

(4)

— 0. (5)

[0}

Solving for A% gives,

+a |£Ea|
Y ©
Note that equatiorj [6) is the detectlon statistic of the PowerFlux method defined in [2], though
the derivation here is different. We call this the PowerFlux Linear (polarization) method. This
search includes a search over valuesg oft is trivial to generalize this to circular polarization, by
replacingFy, with 7, + FZ, in Eq. (3), giving the PowerFlux Circular (polarization) method,
which does not require a search over

3 Generalization to estimate4? and A%

The obvious generalization of E@ (3) to an elliptically polarized signal is to redefase

— 0.5(A2 F? + A2 F2 )Tspr)? .
= Z = - @)
Thus minimizingg with repect toA% and A2 gives
89 —0.5 A2 F_,'Q_a + A2 ><a>TSFT]F_~2_aTSFT
AT =~ Z 3 =0, (8a)
2 12 2 12 2
(9g _ Z A F + AXFXQ>TSFT]FXQTSFT —0 (8b)
A% 52 '
Solving for A2 and 42, gives
4 [ FY o 2, |70] F2 P2 F2, |3,?]
A2 _ Xo “+a e . +a’ Xa X « 9a
: 922 BTy o 2 R T | o
1 a2 F2 P2 F2, |7,?]
A2 I ><a (e} +a” Xa +a a gb
=D Z i Dy Db el £ (96)

where

Z 52 (Z F+g—§xa> . (9¢)

[0}
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One can use the sum df. and A% as the detection statistic. This method siill has to include
a search over values gf. Computationally, it involves computing/3 as many sums as the basic
PowerFlux Method. We call this method PowerFlux Generalization I.

4 Generalization to estimateA?, A2, and ¢

We can re-writef’, andF\, in terms ofy) and two functions independent of a andb [1]:

FL(¢,t) = sin ([cos 29 a(t) + sin 24 b(t)], (10a)
Fy (1, t) = sin ([cos 21 b(t) — sin 2¢) a(t)). (10b)
The normalized signal power can be written as,
2| ha?
i = 05(./4(1(21 -+ Bbi = Caaba)TSFT, (11)
Tspr
where the amplituded, B, andC are
A = sin® (A% cos® 2¢) + A2 sin® 2¢)), (12a)
B = sin’® (A2 sin® 2¢ + A% cos® 2¢), (12b)
C = sin® (A% — A%)2cos 21 sin 2. (12c)

It is easy to invert these equations. Thus, we can redefase

P, — 0.5(Aa2 + Bb? + Canbs) Tspr)?
1= et CosbolTom] a3
Thus minimizingg with respect tod? andA? gives
_ 2 2
& Z 0.5 ACZ + Bb S—Qi— Caaba)TSFT]aaTSFT _ O, (14a)
_ 2 2
99 _ Z 0.5 ACZ —+ Bbs—zl- CCLa a)TSFT]baTSFT _ O, (14b)
ag [Pa — 05(./4(12 + Bb2 + Caaba)TspT]aabaTSFT
—= = — e a = 0. 14
e 2 52 0 (14¢)

Thus, the amplitudegl, B, andC can be found by inverting Eqg. (14). From these the amplitudes
A2 and A% and polarization angle’ can be found by inverting Eqg. (12). Computationally, this
method involves computing/3 as many sums as the basic PowerFlux Method, but because the
value forvy no longer has to be searched over (and in the standard PowerFlux search four linear
and one circularly polarization are used) the computational complexity of the search can be less
than that for the basic method. We call this method PowerFlux Generalization II.

5 Comparison of Detection Efficiencies

We have written code that generates fake signals and noise, and analyzed it using the above meth-
ods plus a pure StackSlide sum of the power (5ée [4]). The results are given in [figures 1 and
2.
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Figure 1:  Detection efficiency vs.
the normalized injected amplitude,
ho(Tspr/S)Y?, for a 1% false alarm
rate, whered, = 0.5ho(1 + cos? 1) and

Ay, = hgcost, andcos is the incli-
nation angle. Fake signals were gener-
ated for336 SFTs, equatorial sky posi-
tion (0,7/4), and for random inclina-
tion and polarization, allowing for a fre-
guency mismatch of up to one half of
an SFT bin, and polarization mismatch
of up ton/16. Spline fits are shown.
Errors are< 3%. Varying the declina-
tion of the sky position, the ranking of
StackSlide, Gen. PF I, and Gen. PF
Il can switch, while PF Circular always
remains the most efficient method.
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Figure 2: The figures show, for
ho(Tser/S)'/? = 4 as defined in Fid.|1
and 3000 random signals, a compari-
son of the injected and detected ampli-
tude A, for the PowerFlux Linear (po-
larization) method (top left), a compar-
ison of the injected and detected ampli-
tudesA, and A, for PowerFlux Gen-
eralization | (top right), and a compari-
son of the injected and detected ampli-
tudesA, and A, and the injected and
detectedy for PowerFlux Generaliza-
tion Il (bottom left and right).
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Figure 3: Larger version of Figufg 1: detection efficiency vs. the normalized injected
amplitude ho(Tspr/S)'/?, for a1% false alarm rate, wherg, = 0.5h4(1 + cos®¢) and

Ay = hgcost, andcos ¢ is the inclination angle. Fake signals were generates8o6FTs,
equatorial sky positioi0, 7/4) (Right Ascension = 0 hrs, Declination = 45 degrees), and
for random inclination and polarization, allowing for a frequency mismatch of up to one
half of an SFT bin, and polarization mismatch of uprta 6. Spline fits are shown. Errors
are< 3%. Varying the declination of the sky position, the ranking of StackSlide, Gen. PF
I, and Gen. PF Il can switch, while PF Circular always remains the most or nearly most
efficient method.
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Figure 4: Same as Figuré 3 for Declinatier) degrees.
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Figure 5: Same as Figuré¢ 3 for Declinatier00 degrees.
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Figure 6: The figures show, fa (Tsrr/S)"/? = 4 and3000 random signals, a compar-
ison of the injected and detected amplitud® for the PowerFlux Linear (polarization)
method (left), and a comparison of the injected and detected amplitifdesd A2 for

PowerFlux Generalization | (right).

page 8 of??




LIGO-G070407-00

18 1 1 1 1 18 1 1 1 1

o] i o]

= 16T § = 16T 2

z z + A TS

2 14} 1 214}

2 2

- 121 § - 121

i i

=101 1 =10t

: :

= Ar 1 E &f

k] k]

E: E:

= G 1 = &f

j j

= =

o 47 ] o 47

@ @

= 1z,

L L

= =

a a

o o

_E.I....I....I....I.. _E.I....I....I....I..

I o 10 15 I o 10 15
Injected Sguare Amplitude Injected Sguare Amplitude

Figure 7: The figures show, fa (Tsrr/S)"/? = 4 and3000 random signals, a compar-
ison of the injected and detected amplitud® for the PowerFlux Linear (polarization)
method (left), and a comparison of the injected and detected amplitlides A2 for the
PowerFlux Circular (polarization) method (right).
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Figure 8: The figures show, far (Tsrr/S)'/? = 4 and3000 random signals, a compar-
ison of the injected and detected amplitud&sand A% and the injected and detected
for PowerFlux Generalization Il (left and right respectively).
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