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Metric parameter-spaces and optimal grids

What is known about the covering problem?
Advantage of the best lattice-covering A} over Z"
LAL-implementation and results.
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Metric parameter space

-

fMa’[ched filtering: templates parametrized by
X = {\1, )2, ..\n} € B, plus some detection statistic: F(\).
If signal in X, = F(X,) local maximum SF|. =0,

Xs
In a “nearby” point X = X\, — AX:

Ao — AN) = F(Xg) + = AN; AN AN
o F(X)—F(X N
mismatch” m = (f)(Xs)( ) = gij(As) AXi AN; + O(3)

— /m is the “distance” corresponding to AX
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Requirements for a template bank

- i N

) Find a set of “templates™ \;) € I, such that for any point

In P, the mismatch m to the nearest grid-point is m < mmax-
— sphere covering with covering radius R = /Mmax-

Il) If search is computationally limited: find covering with
minimal number of templates \;; = “covering problem”.

(‘dual’ of sphere-packing problem!)

—

For general non-flat metric g;;(\): no known solutions. hard!
But: partial results available for Euklidean space! (flat metric)

— Strategy: if we can find a flat approximation for g;;, at
least in patches of P, small compared to curvature-radius,
- we can use Euklidean covering on these patches! |
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Sphere “Packing” versus “Covering”’

| J

Packing density: A = : Volume of sphere

undamental volume <1

Volume of sphere

undamental volume > 1

Covering thickness: © = ;

A fraction of space occupied by spheres
©: average number of spheres covering a point

“Packing problem”: given p, maximize density A
L“Covering problem”: given R, mimimize thickness © J
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The Euklidean Covering Problem

Conway, Sloane, Sphere packings, lattices and groups (1998)

in 2D:
e thinnest covering = hexagonal lattice, A5 (kershner 1939)

e densest packing = hexagonal lattice (Thue 1892/1910)

iIn 3D and higher: unsolved, but
e Thinnest /attice coverings: A3 (bcc), A}, Az
e Densest /attice packings: As (fcc), Dy, D5, Eg, E7, Eg

for n > 5:
Thinnest coverings known: A} up to n < 21 (except

n=3§8,9).

—> A* provides the best (known) covering up to n = 21!
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Properties of the A’ lattice
-

fA;: hexagonal, A3: body-centered-cubic
Ar: Generating matrix (n x (n + 1)):

B} (1 -1 0 .. 0 0 )

/}1\ L 0 -1 . 0 0
M py = ? —

N 1 0 0 — | 0

[

B T

n(n+2)

Covering radius R 4, = \/m

: : n/2
(Normalized) thickness 6.4, = v/n + 1 (1712(&121)))

o |

LIGO-G050327-00-Z R. Prix: Optimal Covering of template parameter-spaces — p. 7/12



Advantage of A’ covering over Z"

-

fCubic lattice Z™ has generating matrix M5 = 1,,, covering
radius R = /n/2, (normalized) thickness 65 = 27" n""/?

— “gain” factor x(n) = 55*(&)) = \?Z/T: (ﬁ)m T %
LAtLaticsomamgh n k(n) | ©44(n)
e 2 || 1.30 | 1.21
s 3 1.86 1.46
ol 4 2.80 1.77
| 5| 433 | 212
| | 11| 78.23 | 6.28
Li | | | | 17 | 1691.6 | 18.3 J
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Implementation

-

LALLatticeCovering () in LAL

Specification: given a covering-radius R, a
constant-coefficient metric g;;, a start-point and

boundary-condition (and lattice-type), returns the
corresponding lattice-covering.

void LALLatticeCovering (LALStatus *status,
REAL8VectorList **covering,
REAL8 coveringRadius,
const REAL8Vector *metric,
const REAL8Vector *startPoint,
BOOLEAN (*isInside) (const REAL8Vector *point),
LatticeType latticeType);
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Implementation:
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Plans

Provide interface for use in other matched-filtering
searches (inspiral?)

Generate covering-lattice “point-by-point” instead of
“all-at-once” (Pulsar-search: 10!Y templates...)

Implement & validate the (Krolak-Jaranowski) flat-metric
approximation for pulsar-metric.

Integrate flat pulsar-matric and A’ -lattice covering into
JF-statistic.
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