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BASIS OF THE OPTICAL WAVEFRONT SPECIFICATIONS

INTRODUCTION AND OVERVIEW

This document is intended to accompany Surface Specifications for the LIGO Arm Cavity
Mirrors November 1, 1993.

Basic Assumptions: The large aperture optics (the recycling mirror, beam splitter and
arm cavity mirrors) constitute the major untested extrapolation we are making from the
laboratory scale interferometers to the LIGO. These optics will not be integrated into
a gravitational wave interferometer until the initial LIGO interferometer is assembled in
the LIGO facilities. The strategy we have adopted to minimize the risk of failure is to
couple metrology of the optics to physical optical models of the interferometer and stray
light models of the LIGO beam tubes. A variety of analytic and computer models of the
interferometer have been developed for this purpose as well as analytic and computational
stray light propagation models of the LIGO beam tubes.

Although it may be uncomfortable to rely so on models, no compelling arguments have
been presented for intermediate length tests of the full scale optics in either the current
prototypes or in ancillary intermediate baseline facilities such as the X-ray collimation tube
at NASA, Huntsville, Alabama. The metrology is expected to be good enough to predict
the optical performance on the spatial and angular scales relevant to the LIGO.

Basis of the specifications: The specifications for the large aperture optics of the initial
LIGO interferometer are based on a combination of technical and scientific criteria strongly
weighted by our expectations of the near term capabilities of the optics industry.

The goal for the initial interferometer is to achieve an rms strain sensitivity of 10−21 in a
band of a few hundred Hz near a hundred Hz. We have chosen to use existing ion lasers
with single mode output power of a few watts. Having set this goal and made the choice
of the laser source, the interferometer must be a recycled system and the mirror properties
become derived requirements.

The interferometer phase sensitivity is determined by the interferometer transfer function
relating optical phase, φ(f), at the antisymmetric port to the gravitational wave strain,
h(f), incident on the interferometer.

φ(f)

h(f)
=

4πτst

τopt

√
(1 + (4πτstf)2)

τst =
2L

c (Tarminput + Lsinglepass)

The optical loss in an arm cavity is

Larm =
4 Lsinglepass

Tarminput
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The phase noise due to quantum fluctuations in the light and photodetection with power
recycling is given approximately by (a more complete expression including the RF modula-
tion is given in Analysis of an Externally Modulated Recycled Interferometer D. Shoemaker
and R. Weiss):

φ2
n(f) ≈ hνLtotal

CηPinput(1− Larm)
Ltotal = Larm + Lrcyl + (1− C)

where C is the fringe contrast at the antisymmetric port.

The equivalent gravitational wave strain noise becomes

hn(f) =
h(f)

φ(f)
φn(f)

Sample Parameters

Tarminput 3× 10−2

τst 9× 10−4 sec
τopt = λ/c 1.7× 10−15 sec
Larm < 3× 10−2

Lsinglepass < 2.1× 10−4

Ltotal = Trcyl < 4× 10−2

1 − C < 3× 10−3

ηPinput 2 watts

φn(f) 9× 10−11 radians/
√

Hz
h(100Hz) 2× 10−231/

√
Hz

The arm cavity geometric parameters are set by the cavity g factors which determine the
Guoy phase and with the wavelength determine the Gaussian spot radii.

g = 1 − L

R

where L is the cavity length and R is the radius of curvature of the curved mirror.

The Gaussian beam size on the flat mirror of the flat/spherical cavity is given by

w0 =

√
Lλ

π

( g

(1− g)

)1/4
and on the curved mirror by

w =

√
Lλ

π

( 1

g(1− g)

)1/4
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In the spherical/spherical cavity the spot size at either mirror is

w =

√
Lλ

π

( 1

(1− g2)

)1/4
The Gaussian spot radii for the LIGO cavities are shown in figure 1 as a function of the
curved mirror g factor. The diffraction power loss of the lower order Laguerre-Gauss cavity
modes as a function of the ratio of aperture radius, r, to Gaussian spot size, w, is shown
in figure 2. The power excitation of higher order Laguerre-Gauss modes by the diffraction
of a finite aperture illuminated by a TE0,0 mode is shown in figure 3.

The Guoy phase for the TE0,0 mode is

ψ0,0 = cos−1(
√
g1g2)

and the difference between the Guoy phase of any other Laguerre-Gauss mode with radial
index p and angular index m and the TE0,0 mode is

∆ψpm = (2p + m)ψ0,0

The cavity g factors are chosen so that the Guoy phase difference of modes with low values
of p and m, modes that have small diffraction loss in the cavities, will not be multiples of
n2π and therefore resonant in the cavity simultaneously with the TE0,0 mode.

The requirement on the contrast defect is not only based on the shot noise estimate for the
signal to noise which varies slowly with the contrast defect, as shown in figure 4 (the figure
includes the optimization of the modulation index to maintain the shot noise minimum),
but is also determined by the allowed power on the photo detector at the antisymmetric
port assumed to be less than 300 milliwatts, a qualitative estimate for the effect on the
wavefront alignment system and a hedge against extrinsic amplitude noise of the laser.
The minimum coating diameter is chosen to maintain the allowed contrast defect and arm
cavity loss.

The adopted cavity and interferometer parameters are summarized in Table 1 and Table
2.

The wavefront distortion specifications assume that the initial interferometer will not use
an output mode filter and that the spatial mode degeneracy of the recyling cavity composed
of the recycling and two front cavity mirrors does not make a serious contribution to the
loss of the RF sidebands in the recycling cavity.

The use of an output mode filter is a backup in the event that we have difficulty in achieving
the wavefront specifications. The deleterious effects of the recycling cavity degeneracy are
currently under investigation. Should further optical modeling indicate that the wavefront
distortion of the RF sidebands is significant and plays an important role in compromising
the wavefront sensing alignment system, the preference is not to increase demands on the
mirror specifications. Rather, to remove the degeneracy by figured optics in the recycling
cavity or to abandon the asymmetric interferometer configuration.
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The requirements for cavity loss, contrast defect and phase noise due to scattering, are in
many regards satisfied by optics used in small space based low scatter optical telescopes
and microelectronics optical masking machines. The primary differences arise from the
need to control wavefront distortion on passing through thick substrates and from the
transmission and reflection by large aperture multilayer dielectric coatings.
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TABLE 1

OVERALL INITIAL OPTICAL PARAMETERS

Optical wavelength: λ = 5.145× 10−5 cm

Cavity geometric parameters:

Arm cavity length: Larm = 4× 105 cm

Recycling cavity length: Lrecyl = 1.2× 103 cm

Radius of arm cavity front mirror: Rfront arm = R1 = ∞ (flat)

Radius of arm cavity back mirror: Rback arm = R2 = 6× 105 cm

Arm cavity g factor 1: g1 = 1.0

Arm Cavity g factor 2: g2 = 0.333

Gaussian spot radius at front: ω0 = ω1 = 2.15 cm

Gaussian spot radius at back: ω2 = 3.73 cm

Gouy phase of TE0,0 mode in arm cavity: ψ0,0 = 9.56× 10−1 radians

Closest mode p ≤ 5, m ≤ 5 : ∆ψ5,3 = −0.14 radians

Rayleigh range: zr = 2.83× 105 cm

Radius of recycling mirror: Rrcycl = 6.64× 107 cm (flat)

Recycling cavity g factor: g = 1 − 1.8× 10−5 (almost unstable cavity)

Optical properties (scattering and losses):

Scattering and absorption loss of surfaces: A ≤ 1.0× 10−4

BRDF of surfaces: dPscat

dΩ∗Pinc
≤ 1×10−6

θ2 sr−1, θ ≤ 6× 10−3 radians

(Value used in tube scattering model)

Loss coefficient of bulk material: α ≤ 5× 10−6 cm−1

Approximate rms surface error : σrms

λ ≤ 1
400

Optical Properties (reflectivity and transmission):

Reflectivity of recycling mirror: Rrecyl = 0.96 − A

Reflectivity of front arm cavity mirror: Rfront arm = 0.97 − A

Transmission of back arm cavity mirror: Tback arm = 1× 10−5

Reflectivity of back arm cavity mirror: Rback arm = 1.0−A− Tback arm

Reflectivity of beam splitter: Rbeam split = 0.5 − A/2

Transmission of beam splitter: Tbeam split = 0.5 − A/2

Cavity and Interferometer Performance Parameters

Arm cavity loss: Larm ≤ 2.7× 10−2

Contrast defect at antisymmetric port: 1 − C ≤ 3× 10−3

Recycling cavity loss (Arecyl, AR coatings, bulk loss): Lrec ≤ 2× 10−3

Recycling power gain = (Larm + (1− C) + Lrec)−1 : ≥ 30

Power on antisymmetric port photodetector: Pdet ≤ 300 mW
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Optics dimensions:

Arm cavity mirror diameter: D = 25 cm

Arm cavity mirror thickness: t = 10 cm

Minimum coating diameter front cavity mirror: Dct1 = 12 cm

Minimum coating diameter rear cavity mirror: Dct2 = 20 cm

Minimum coating diameter sph/sph arm cavity: Dct = 14.5 cm
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TABLE 2

OPTICAL POWER AND INTENSITY AT VARIOUS COMPONENTS

component ω (cm) Power (W) Intensity (W/cm2)
φ modulator 7× 10−2 4 4× 102

isolator 5× 10−2 4 8× 102

mode filter (flat) 1× 10−1 4× 103 2× 105

mode filter (curved) 2× 10−1 4× 103 6× 104

telescope out. mir. 2.1 3 4× 10−1

recycling mir. 2.1 8× 101 1× 101

beam splitter 2.1 8× 101 1× 101

arm cavity input mir. 2.1 4.5× 103 6.7× 102

arm cavity far mir. 3.8 4.5× 103 2× 102

main frame laser 5× 10−2 1× 102 3× 104
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Extension from experience in the prototypes: There are several critical areas in
the specification of the large aperture optics for the initial LIGO interferometer which
change priorities from the experience with the current prototypes. The initial LIGO in-
terferometer cavities have much lower finesse than those now in the 40 meter system and
the interferometer will be optically recombined. Even though we intend to power recy-
cle the interferometer, the planned recycling power gain is modest. These factors taken
together make optical loss from all sources of comparable importance to contrast defect
at the antisymmetric port of the interferometer and the scattering by the mirror, which
can contribute to phase noise from the tube walls. The other change is the increase in
Gaussian spot radius from mm to cm scales. The new issue affecting the interferometer
performance becomes the more difficult to control “figure errors” rather than the small
scale roughness of the surfaces, substrates and coatings. The problem is compounded by
the experience that the spatial power spectrum of optical wavefront phase distortions have
a 1
νn dependence with n varying between 1 to 3 depending on the spatial frequency ν and

fabrication procedures.

Wavefront characterizations

Power spectrum: Figure 5 shows a composite hypothetical one dimensional power spec-
trum of surface perturbations for a high quality small telescope mirror based on data from
Hughes Danbury at low spatial frequencies and typical surface roughness measurements
in the literature at high spatial frequencies. The spectrum is given in units of waves2

(5145A) of optical distortion per wavenumber (cm−1) of spatial frequency. The integral
of the power spectrum over spatial frequency gives the mean square fluctuations of the
wavefront in units of optical waves when surface correlations become negligible: typically,
above 3 cm−1. The high frequency power spectrum shown represents a high quality but
not superpolished surface: microroughness of several Angstroms rather than fractions of an
Angstrom. The one dimensional power spectrum above about 0.3 cm−1 varies as 1

ν . The
two dimensional power spectrum varies as 1

ν2 so that the differential scattering (BRDF)
would vary as 1

θ2 where θ is the scattering angle from the mirror normal. The sample spec-
trum would give a mirror with 130 ppm loss due to irregularities with spatial frequency
larger than 3 cm−1. The low spatial frequency errors would produce an interferometer
contrast defect of ≈ 10−4 (front mirror) and ≈ 10−3 (back mirror) and equivalent overall
cavity loss when such a mirror is put into a LIGO arm cavity. Over the Gaussian spot
diameter the sample mirror would have a small spatial frequency rms of ≈ λ

500 .

The role of the different spatial frequencies of the wavefront perturbations is broadly indi-
cated in the figure. Power at all spatial frequencies contribute to optical loss. The power
at spatial frequencies between 0.1 to 3 cm−1 is particularly important in establishing the
interferometer contrast defect. While the power between 3 to 125 cm−1 incurs scattering
into angles that encounter the LIGO beam tube and baffles producing phase noise due to
scattered light. The power in spatial frequencies larger than 125 cm−1 is scattered into
large angles which is strongly attenuated by the beamtubes and also has a small proba-
bility of recombination with the main beam. This is the domain of microroughness which
has been a major concern in the prototypes but is less important in the initial LIGO
interferometer.
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Figure 5 also shows the spatial frequency band and typical sensitivities of the available
metrological techniques.

Orthogonal cylindrical functions: The spatial power spectrum is a useful quantitative
measure for the differential scattering and the integrated scattering loss when one can
neglect the spatial coherence of the exciting light and the correlations on the mirror surface:
in our application for spatial frequencies larger than about 3 cm−1. At spatial frequencies
below 3 cm−1, to estimate the performance of the cavities and the interferometer, it is more
useful to expand the wavefront perturbations in terms of orthogonal cylindrical functions.
We have chosen to express the low spatial frequency part of the mirror specifications in
terms of Zernike and Laguerre - Gauss functions.

Zernike functions: The Zernike functions have become a standard in the optical indus-
try. The lower order radial and angular Zernike functions are directly related to specific
aberrations in the wavefront and optical shops have developed intuition for reducing their
amplitude by adjusting polishing techniques.

There are several difficulties with using the Zernike functions, however. The first, trivial
but confusing, is that the normalization of the functions has not been standardized so
that one has to be careful to know the definitions used in the software associated with
the wavefront decompositions. More relevant is that they have a poor weighting for our
application.

The scale parameter for the Zernike functions is the aperture radius. The critical part
of the wavefront in our application lies within about 3 Gaussian spot radii. A full mirror
aperture Zernike decomposition, therefore, places the important terms at high radial order.
This can in part be alleviated by reducing the aperture radius. The cavity optical modeling
has shown that even with subaperatures, the dynamic range in radial order required to
properly characterize the interferometer contrast defect is still larger than that available in
most commercial software packages. In addition, the radial functions themselves, especially
the higher order functions, have large derivatives at the aperture edges so that with a finite
number of pixels in the wavefront map, the orthogonality of the functions is not maintained
in practice. This results in the large amplitude terms corrupting the estimates for the small
amplitude ones. Standard computational techniques for orthogonalizing a subset of the
functions evaluated on a given pixel grid have been developed but are also not part of most
of the software packages used in optical shops.

Laguerre- Gauss Functions: The Laguerre - Gauss functions are the cylindrical form of
the Cartesian Hermite - Gauss functions. Both are solutions of the paraxial ray equations
associated with the cavity modes of the interferometer and are thereby a natural basis to
transform the wavefronts in our application. The key parameter becomes the Gaussian
beam spot size and the wavefront distortions of the mirrors, expressed in terms of these
transforms, are optimally weighted. Furthermore, the interferometer performance can be
easily related analytically to the transform amplitudes when projected onto the input
TE00 mode. The trouble with these functions is that they are not standard in the optical
industry.
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TECHNIQUES TO MODEL THE CAVITIES AND THE INTERFEROMETER

Introduction: Two methods have been developed to calculate the cavity and interferom-
eter performance from the measured wavefronts: the FFT paraxial ray propagation code
and an approximate analytic technique that uses the orthogonal function transforms.

The FFT propagation code was developed by the VIRGO group and then improved by
LIGO team members (P. Saha, Y. Hefetz and B. Bochner). The program calculates the
complex optical field wavefronts directly by using the paraxial form of the Kirchoff diffrac-
tion integrals. The current pixel format is 128 by 128 so that the program is primarily
useful for wavefront distortions at low spatial frequencies. Routines have been developed
to converge on the field solutions in single cavities and a full recycled interferometer using
guided iteration methods. The optical components are characterized by their phase maps
in reflection (work is currently underway to include transmission phase maps). Once a
field solution is determined by the main propagation program, auxiliary programs calcu-
late the interferometer contrast and loss and modal decompositions of the fields, if these
are desired.

The FFT propagation code is the best method we have for estimating the overall inter-
ferometer and cavity performance once the actual phase maps for the LIGO mirrors have
been measured. The program will be the primary tool for making the final evaluation of
the LIGO optics after metrology of the components.

The mirror specifications have been primarily determined by analytic perturbation tech-
niques using single perturbed mirrors in modal expansions in a single cavity. The results
were later spot checked for consistency with the FFT program. There are several reasons
for this. The first is historical, the analytic techniques were developed before the FFT
code became available. The second is that the computational efficiency of the analytic
methods is much better than the FFT code, a typical Cray run with the FFT program
takes about 15 minutes while an entire phase map can be analysed in a matter of seconds
by the analytic methods. Finally, the analytic methods give some insight to the types of
wavefront distortions significant in influencing the interferometer and cavity performance.
The analytic methods,however, have not been developed to determine the performance of
a full recycled interferometer.

One of the questions that was not addressed by the analytic methods was the overall
contrast defect and loss with several perturbed mirrors in the interferometer. To establish
the scaling relations for contrast defect and loss, the FFT program was used with perturbed
but statistically similar mirrors at all locations in the interferometer. The results of these
runs are that the contrast defect and loss grow linearly with the number of perturbed
mirrors in the interferometer. The relation is only approximately true for the flat/spherical
cavities where the beam size on the spherical mirror is larger than on the flat. In these
cavities the spherical mirror is more critical than the flat to establish the overall cavity loss
since the beam samples lower spatial frequencies on the mirror. For the contrast defect
estimates this is partially offset by the spatial filtering of the cavity and the perturbation
of the wavefront from the unfiltered reflection at the front flat mirror.

10



The analytic method and the mirror specification: The basis of the analytic method
is to illuminate an imperfect optical component by a TE0,0 mode field and to decompose
the perturbed transmitted or reflected wave into a sum of Laguerre-Gauss mode fields. The
modal fields are then propagated through the optical train to calculate the modal optical
transfer function of the system. The calculation is carried out in first order: the modal fields
are not decomposed iteratively after each encounter with a new perturbing component. In
a cavity, for example, the perturbations due to the back mirror are calculated once as a
source of the modal fields and then these fields are propagated in the cavity as though
the optics were perfect. The cavity diffraction loss and Guoy phase for the modal field is
included in the cavity transfer function for the mode. The method applies only for small
wavefront perturbations. The loss of the cavity is estimated by calculating the ratio of
the sum of the cavity intensities in the higher order modes to that of the cavity intensity
in the exciting TE0,0 mode. The contrast defect is determined by the ratio of twice the
sum of the intensities in the higher modes to the intensity of the exciting TE0,0 light in
reflection.

The real Laguerre - Gauss functions are

LGp,m,+(r, θ) =
Mp,m

w0
(

√
2r

w0
)mLmp (

2r2

w2
0

)e−r
2/w2

0 cos(mθ)

LGp,m,−(r, θ) =
Mp,m

w0
(

√
2r

w0
)mLmp (

2r2

w2
0

)e−r
2/w2

0 sin(mθ)

where w0 is the Gaussian waist radius and Lmp ( 2r2

w0
) are the Laguerre polynomials. The

Laguerre-Gauss functions are ortho-normal∫ ∞
0

∫ 2π

0

LGp,m,±(r, θ) LGj,q,±(r, θ) rdrdθ = δp,jδm,q

when the normalization constant is chosen as

Mp,0 =
( 2p!

π((m+ p)!)3

)1/2
Mp,m =

( 4p!

π((m+ p)!)3

)1/2
The optical phase shift (without the 2π) of a perturbed reflecting surface or transmitting
component is characterized by the height distribution in waves

z(r, θ)

λ

derived from interferometric phase maps of the component. A spatial variation in the
reflection or transmission amplitude is determined from intensity maps

r(r, θ) =
√
R(r, θ) t(r, θ) =

√
T (r, θ)
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The Gaussian weighted decomposition components of the phase map are then defined as

bp,m,0,0,± =

∫ ∞
0

∫ 2π

0

LGp,m,±(r, θ)
z(r, θ)

λ
LG0,0(r, θ)rdrdθ

with corresponding decompositions for the reflection and transmission amplitudes.

The interpretation of bp,m,0,0,± requires some care since even a perfect surface of finite
radius will give non vanishing values due to the diffraction loss by the finite aperture. With
the parameters of the LIGO cavities and mirror diameters, values of b2p,m,0,0,± ≤ 1×10−7

on the spherical mirror and b2p,m,0,0,± ≤ 2 × 10−15 on the flat mirror for p ≤ 20 are
limits due to the finite mirror size.

When the phase, transmission or reflection maps are expressed as Zernike functions over
the measurement aperture, the procedure includes the added step of converting the Zernike
transforms into the Gaussian Weighted Laguerre- Gauss decompositions.

The Zernike functions are area normalized and real - use sin and cos as the angular func-
tions.

Zn,l,+(r, θ) = Nn,l Rn,l(r) cos(lθ)

Zn,l,−(r, θ) = Nn,l Rn,l(r) sin(lθ)

The Rn,l are the radial Zernike functions.

The Zernike functions are ortho-normal∫ R

0

∫ 2π

0

Zn,l,±(r, θ) Zj,q,±(r, θ) rdrdθ = δn,jδl,q

where R is the aperture radius. The normalization constant is chosen as

Nn,0 =

√
n+ 1

π

Nn,l =

√
2(n+ 1)

π

The phase surface, z(r, θ), is decomposed

z(r, θ)

λ
=

n,l,±∑
0,0

an,l,± Zn,l,±(r, θ)

where the amplitude coefficients are defined as

an,l,± =

∫ R

0

∫ 2π

0

z(r, θ)

λ
Zn,l,±(r, θ)rdrdθ
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NOTE: The Zernike functions used in ZYGO interferometer software are not normalized.
The functions all have Nn,l = 1 and are given by a numbering scheme from 1 to 36 that
includes the real functions from n = 0, l = 0 to n = 7, l = 7.

The Gaussian weighted Zernike decomposition components become

bp,m,n,l,0,0,± =

∫ ∞
0

∫ 2π

0

LGp,m,±(r, θ)an,l,±Zn,l,±(r, θ)LG0,0(r, θ)rdrdθ

FORTRAN Programs Used in Determining the Specification

OPTICS:

cavmodes.f

Cavity mode maps

contloss.f

Cavity loss and interferometer contrast using Zernike transforms and Laguerre-Gauss
transforms as input

overlapzlg.f

Overlap integrals of Zernike functions with Laguerre-Gauss functions

zerncorr.f

Cross correlation of phase maps in terms of Zernike functions, comparison of phase maps

2dmap.f

Phase map analysis: rms, peak-peak, midpoint averages, 1d and 2d fourier transforms,
Zernike transforms, Laguerre-Gauss transforms, phase map cleaning by removal of Zernike
functions removal of Laguerre-Gauss functions

zygoconvg.f

Manipulation of Zygo phase maps from different instruments into standard form for anal-
ysis stray light maps and path history files.

edgediffloss.f

Diffraction loss and mode mixing by finite aperture mirrors.

fakemir.f

Method of generating different fake wavefront surfaces that have the same spatial power
spectrum but different surfaces

SYSTEM MODELS

gravnoiseplot.f, gnp2.f gravnoiserms.f

Overall detector noise power budget including: shot noise for a variety of interferometer
configurations, thermal noise from substrates, support wires, final stages of isolation sys-
tem, coupling from vertical to horizontal, seismic noise from measured isolation systems,
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modeled idealized systems with arbitary number of stages, magnetic controller noise, vac-
uum residual gas fluctuations, radiation pressure noise, frequency and amplitude noise in
unbalanced interferometers naturally occurring gravity gradient noise, electronics noise in
photodetector. gnp2 and gravnoiseplot give results in h(f) while gravnoiserms in h(rms).

Surface Power Spectra

The power spectra are parametrized by the prescription given in Church, Takacs and
Leonard (SPIE Vol 1165 (1989)) for isotropic fractal surfaces. The one dimensional power
spectrum, determined from data taken along a profilometer scan or a line in an interfero-
metric phase map, is represented by

S1(fx) =
A

(1 + (2πfxlcor)2)
c/2

The one dimensional power spectrum, S1, and the coefficient A are expressed in units
of (waves (5145A))2 cm. lcor is the surface correlation length in cm. f(x) is the spatial
frequency on the surface in cm−1 also referred to as wavenumbers. The representation
of real surfaces will require different spectral models for the large, mid and small spatial
scales.

The isotropic two dimensional power spectrum associated with S1 is given by

S2(f) =
Γ((c+ 1)/2)

Γ(c/2)

√
πlcorA

(1 + (2πflcor)2)
(c+1)/2

f is the isotropic spatial frequency f =
√
f2
x + f2

y . S2(f) is expressed in units of (waves

(5145A))2 cm2

The mirror BRDF depends on the two dimensional power spectrum and optical wavelength

BRDF =
dPscat

dΩ ∗ Pinc
=

16π2

λ2
S2(f)

The grating relations couple the scattering angle and surface spatial frequency. At angles
where θ ≈ sin(θ), the spatial frequency, optical wavelength and the scattering angle are
related as

θ ≈ λf

so that the BRDF can be expresed in terms of the scattering angle (incident beam assumed
at normal incidence to the surface) by

BRDF =
dPscat(θ)

dΩ ∗ Pinc
=

16π5/2

λ2

Γ((c+ 1)/2)

Γ(c/2)

lcorA

(1 + (2πθlcor/λ)2)
(c+1)/2

The one and two dimensional power spectra are designed to give the same surface variance
in waves2

σ2

λ2
=

∫ ∞
0

S1(fx)dfx = 2π

∫ ∞
0

S2(f)fdf =
A

2
√
π(c− 1)lcor

Γ((c+ 1)/2)

Γ(c/2)
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The total scattering loss by the surface is related to the surface variance

Ptotal scat

Pinc
= 16π2σ

2

λ2

NOTE: The one dimensional power spectra in some commercial software is given in units
of microns3 and the spatial frequencies are given in microns−1. The two dimensional power
spectra are given in units of microns4. The conversion of the power spectra used in these
specifications to those using microns as the basis are the following:

S1(µ−1) = 2.65× 103 S1(cm−1)

S2(µ−1) = 2.65× 107 S2(cm−1)
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OVERALL LIGO ARM CAVITY PARAMETERS

Optical wavelength: λ = 5.145× 10−5 cm

Cavity parameters:

Arm cavity length: Larm = 4× 105 cm

Recycling cavity length: Lrecyl = 1.2× 103 cm

Radius of arm cavity front mirror: Rfront arm = R1 = ∞ (flat)

Radius of arm cavity back mirror: Rback arm = R2 = 6× 105 cm

Arm cavity g factor 1: g1 = 1.0

Arm Cavity g factor 2: g2 = 0.333

Gaussian spot radius at front: ω0 = ω1 = 2.15 cm

Gaussian spot radius at back: ω2 = 3.73 cm

Rayleigh range: zr = 2.83× 105 cm

Radius of recycling mirror: Rrcycl = 6.64× 107 cm (flat)

Recycling cavity g factor: g = 1 − 1.8× 10−5 (unstable cavity)

Optical properties (scattering and losses):

Scattering and absorption loss of surfaces: A ≤ 1.0× 10−4

BRDF of surfaces: dPscat

dΩ∗Pinc
≤ 1×10−6

θ2 sr−1, θ ≤ 6× 10−3 radians

Loss coefficient of bulk material: α ≤ 3× 10−6 cm−1

Contrast defect at antisymmetric port: 1 − C ≤ 3× 10−3

Approximate rms surface error : σrms

λ ≤ 1
400

Optical Properties (reflectivity and transmission):

Reflectivity of recycling mirror: Rrecyl = 0.96 − A

Reflectivity of front arm cavity mirror: Rfront arm = 0.97 − A

Reflectivity of back arm cavity mirror: Rback arm = 1.0 − A

Reflectivity of beam splitter: Rbeam split = 0.5 − A/2

Transmission of beam splitter: Tbeam split = 0.5 − A/2

Optics dimensions:

Arm cavity mirror diameter: D = 25 cm

Arm cavity mirror thickness: t = 10 cm
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SURFACE SPECIFICATION FOR THE LIGO ARM CAVITY MIRRORS

R. Weiss November 1, 1993

Introduction : The document presents the surface specifications for the initial LIGO
interferometer arm cavity mirrors. The specifications are divided broadly into three spatial
scales.

20 - 0.3 cm : The spatial scale (large) that primarily determines the cavity field dis-
tribution and thereby the interferometer contrast and one component of the diffractive
cavity losses. Perturbations on scales 2 cm and shorter have diffracted components that
fall outside the mirror radius in the arm cavities.

0.3 - 0.008 cm : The spatial scale (mid) that primarily contributes to the scattered light
in the LIGO beam tubes producing phase noise through modulation by interaction with
the walls and baffles. The mirror perturbation power spectra on these spatial scales are
likely to be the same for all the mirrors so that the primary effect in the arm cavities is
expected to be cavity loss rather than interferometer contrast defect.

≤ .008 cm: The spatial scale (small) which in the LIGO contributes primarily diffractive
arm cavity loss and to the interferometer contrast defect if the power spectrum on these
spatial scales is different for the mirrors in the two arm cavities.

Some of the specifications are inconsistent with each other since they have been arrived at
from different considerations. The specification is then determined by the more rigorous
condition. A specific example are the allowed higher order Zernike amplitudes, these
are larger than the values specified by the surface power spectrum. The inconsistency
comes about because different performance criteria have been used. In the case of the
Zernike decompositions, the interferometer contrast defect is the driver, while for the
power spectrum specification, it is the scattering.

NOTE: A separate issue, not considered in this specification, is the effect from mid and
small scale perturbations on the small beam tests that may be performed in cavity ring
down or laboratory absorption measurements.

1



SURFACE SPECIFICATIONS

The specifications are presented several ways:

1. Sums of the squares of the amplitudes of ortho-normalized Zernike functions over an
aperture radius of 10 cm.

2. Sums of the squares of the amplitudes of ortho-normalized Zernike functions over a
subaperture radius of 5 cm.

3. Sums of the squares of the amplitudes of the ortho-normalized Laguerre - Gauss func-
tions weighted by the lowest order Laguerre - Gauss function (radial and angular index =
0).

4. The 1 dimensional surface power spectrum in units of waves (5145A)2cm.

5. The 2 dimensional surface power spectrum in units of waves (5145A)2cm2.

3



DEFINITION OF TERMS

Zernike decomposition

The Zernike functions are area normalized and real - use sin and cos as the angular func-
tions.

Zn,l,+(r, θ) = Nn,l Rn,l(r) cos(lθ)

Zn,l,−(r, θ) = Nn,l Rn,l(r) sin(lθ)

The Rn,l are the radial Zernike functions.

The Zernike functions are ortho-normal∫ R

0

∫ 2π

0

Zn,l,±(r, θ) Zj,q,±(r, θ) rdrdθ = δn,jδl,q

where R is the aperture radius. The normalization constant is chosen as

Nn,0 =

√
n+ 1

π

Nn,l =

√
2(n+ 1)

π

The surface, z(r, θ), is decomposed

z(r, θ)

λ
=

n,l,±∑
0,0

an,l,± Zn,l,±(r, θ)

where the amplitude coefficients are defined as

an,l,± =

∫ R

0

∫ 2π

0

z(r, θ)

λ
Zn,l,±(r, θ)rdrdθ

NOTE: The Zernike functions used in ZYGO interferometer software are not normalized.
The functions all have Nn,l = 1 and are given by a numbering scheme from 1 to 36 that
includes the real functions from n = 0, l = 0 to n = 7, l = 7.

Surface Power Spectra

The power spectra are parametrized by the prescription given in Church, Takacs and
Leonard (SPIE Vol 1165 (1989)) for isotropic fractal surfaces. The one dimensional power
spectrum, determined from data taken along a profilometer scan or a line in an interfero-
metric phase map, is represented by

S1(fx) =
A

(1 + (2πfxlcor)2)
c/2

4



The one dimensional power spectrum, S1, and the coefficient A are expressed in units
of (waves (5145A))2 cm. lcor is the surface correlation length in cm. f(x) is the spatial
frequency on the surface in cm−1 also referred to as wavenumbers. The representation
of real surfaces will require different spectral models for the large, mid and small spatial
scales.

The isotropic two dimensional power spectrum associated with S1 is given by

S2(f) =
Γ((c+ 1)/2)

Γ(c/2)

√
πlcorA

(1 + (2πflcor)2)
(c+1)/2

f is the isotropic spatial frequency f =
√
f2
x + f2

y . S2(f) is expressed in units of (waves

(5145A))2 cm2

The mirror BRDF depends on the two dimensional power spectrum and optical wavelength

BRDF =
dPscat

dΩ ∗ Pinc
=

16π2

λ2
S2(f)

The grating relations couple the scattering angle and surface spatial frequency. At angles
where θ ≈ sin(θ), the spatial frequency, optical wavelength and the scattering angle are
related as

θ ≈ λf

so that the BRDF can be expresed in terms of the scattering angle (incident beam assumed
at normal incidence to the surface) by

BRDF =
dPscat(θ)

dΩ ∗ Pinc
=

16π5/2

λ2

Γ((c+ 1)/2)

Γ(c/2)

lcorA

(1 + (2πθlcor/λ)2)
(c+1)/2

The one and two dimensional power spectra are designed to give the same surface variance
in waves2

σ2

λ2
=

∫ ∞
0

S1(fx)dfx = 2π

∫ ∞
0

S2(f)fdf =
A

2
√
π(c− 1)lcor

Γ((c+ 1)/2)

Γ(c/2)

The total scattering loss by the surface is related to the surface variance

Ptotal scat

Pinc
= 16π2σ

2

λ2

NOTE: The one dimensional power spectra in some commercial software is given in units
of microns3 and the spatial frequencies are given in microns−1. The two dimensional power
spectra are given in units of microns4. The conversion of the power spectra used in these
specifications to those using microns as the basis are the following:

S1(µ−1) = 2.65× 103 S1(cm−1)

5



S2(µ−1) = 2.65× 107 S2(cm−1)

Gaussian Weighted Laguerre - Gauss Decomposition

A direct but unconventional specification for resonant cavity performance is the decom-
position of the mirror surface into weighted Laguerre - Gauss functions. These quantities
provide a measure of the amount of excitation into higher order cavity modes by the mirror
surface irregularities when illuminated by the lowest order cavity mode (assumed to be at
a waist on the surface of the mirror). The real Laguerre - Gauss functions are

LGp,m,+(r, θ) =
Mp,m

w0
(

√
2r

w0
)mLmp (

2r2

w2
0

)e−r
2/w2

0 cos(mθ)

LGp,m,−(r, θ) =
Mp,m

w0
(

√
2r

w0
)mLmp (

2r2

w2
0

)e−r
2/w2

0 sin(mθ)

where w0 is the Gaussian waist radius and Lmp ( 2r2

w0
) are the Laguerre polynomials. The

Laguerre-Gauss functions are ortho-normal∫ ∞
0

∫ 2π

0

LGp,m,±(r, θ) LGj,q,±(r, θ) rdrdθ = δp,jδm,q

when the normalization constant is chosen as

Mp,0 =
( 2p!

π((m+ p)!)3

)1/2
Mp,m =

( 4p!

π((m+ p)!)3

)1/2
The Gaussian weighted decomposition components are defined as

bp,m,0,0,± =

∫ ∞
0

∫ 2π

0

LGp,m,±(r, θ)
z(r, θ)

λ
LG0,0(r, θ)rdrdθ

The interpretation of bp,m,0,0,± requires some care since even a perfect surface of finite
radius will give non vanishing values due to the diffraction loss by the finite aperture. With
the parameters of the LIGO cavities and mirror diameters, values of b2p,m,0,0,± ≤ 1×10−7

on the spherical mirror and b2p,m,0,0,± ≤ 2 × 10−15 on the flat mirror for p ≤ 20 are
limits due to the finite mirror size.

The most difficult surface specification to meet is the large scale error on the spherical back
arm cavity mirror where the Gaussian spot size is largest in the proposed LIGO cavity
geometry.

6



THE SURFACE SPECIFICATIONS

Front arm cavity mirror - flat

Zernike sums over a 10 cm radius aperture

∞∑
n=8

a2
n,0 ≤

(1 − C)

(578)
≤ 5× 10−6

∞∑
n=18

a2
n,2 ≤

(1 − C)

(288)
≤ 1× 10−5

∞∑
n=24

a2
n,4 ≤

(1 − C)

(162)
≤ 2× 10−5

∞∑
n=24

a2
n,6 ≤

(1 − C)

(72)
≤ 4× 10−5

Zernike sums over a 5 cm radius aperture

∞∑
n=4

a2
n,0 ≤

(1 − C)

(300)
≤ 1× 10−5

∞∑
n=8

a2
n,2 ≤

(1 − C)

(140)
≤ 2× 10−5

∞∑
n=10

a2
n,4 ≤

(1 − C)

(80)
≤ 3× 10−5

∞∑
n=18

a2
n,6 ≤

(1 − C)

(60)
≤ 5× 10−5

Weighted Laguerre - Gauss sums

∞∑
p=2

p∑
m=0

b2p,m,0,0 ≤
(1 − C)

4970
≤ 6× 10−7 p, m even

∞∑
p=1

p∑
m=1

b2p,m,0,0 ≤
(1 − C)

1264
≤ 2× 10−6 p, m odd
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Rear arm cavity mirror - spherical

Zernike sums over a 10 cm radius aperture

∞∑
n=8

a2
n,0 ≤

(1 − C)

(960)
≤ 3× 10−6

∞∑
n=18

a2
n,2 ≤

(1 − C)

(478)
≤ 6× 10−6

∞∑
n=24

a2
n,4 ≤

(1 − C)

(270)
≤ 1× 10−5

∞∑
n=24

a2
n,6 ≤

(1 − C)

(120)
≤ 2× 10−5

Zernike sums over a 5 cm radius aperture

∞∑
n=4

a2
n,0 ≤

(1 − C)

(490)
≤ 6× 10−6

∞∑
n=8

a2
n,2 ≤

(1 − C)

(230)
≤ 1× 10−5

∞∑
n=10

a2
n,4 ≤

(1 − C)

(130)
≤ 2× 10−5

∞∑
n=18

a2
n,6 ≤

(1 − C)

(100)
≤ 3× 10−5

Weighted Laguerre - Gauss sums

∞∑
p=2

p∑
m=0

b2p,m,0,0 ≤
(1 − C)

4970
≤ 6× 10−7 p, m even

Sagitta match of spherical mirrors

∆h

λ
≤ 1.6

√
(1 − C) ≤ 0.08

8



Power Spectrum Parameters for Both Mirrors

Spatial frequency range: 3 - 125 cm−1

Power law exponent: c = 1

Correlation length: lcor ≥ 1× 10−1 cm

Power spectrum amplitude coefficient: A ≤ 2× 10−8 waves(5145A)2 cm

Surface variance: σ2

λ2 =
∫ 125

3
S1(fx)dfx ≤ 1.4× 10−7

Surface roughness rms (in band): σ ≤ 2 Angstroms

Spatial frequencies fx ≥ 125 cm−1

Surface variance: σ2

λ2 =
∫∞

125
S1(fx)dfx ≤ 1× 10−6

9



OPTICS:

cavmodes.f

Cavity mode maps

contloss.f

Cavity loss and interferometer contrast using Zernike transforms and Laguerre-Gauss transforms as
input

overlapzlg.f

Overlap integrals of Zernike functions with Laguerre-Gauss functions

zerncorr.f

Cross correlation of phase maps in terms of Zernike functions, comparison of phase maps

2dmap.f

Phase map analysis: rms, peak-peak, midpoint averages, 1d and 2d fourier transforms, Zernike trans-
forms, Laguerre-Gauss transforms, phase map cleaning by removal of Zernike functions removal of Laguerre-
Gauss functions

zygoconvg.f

Manipulation of Zygo phase maps from different instruments into standard form for analysis stray light
maps and path history files.

edgediffloss.f

Diffraction loss and mode mixing by finite aperture mirrors.

fakemir.f

Method of generating different fake wavefront surfaces that have the same spatial power spectrum but
different surfaces

SYSTEM MODELS

gravnoiseplot.f, gnp2.f gravnoiserms.f

Overall detector noise power budget including: shot noise for a variety of interferometer configurations,
thermal noise from substrates, support wires, final stages of isolation system, coupling from vertical to
horizontal, seismic noise from measured isolation systems, modeled idealized systems with arbitary number
of stages, magnetic controller noise, vacuum residual gas fluctuations, radiation pressure noise, frequency
and amplitude noise in unbalanced interferometers naturally occurring gravity gradient noise, electronics
noise in photodetector. gnp2 and gravnoiseplot give results in h(f) while gravnoiserms in h(rms).

1



APPENDIX 1

January 20, 1994

Mirror Scattering Loss and Surface Power Spectrum

The limits on the allowed power spectrum in the 3 - 125 cm−1 band were determined
from the phase noise specifications used in the Breault/LIGO beamtube scattering study.
The BRDF assumed for the mirror surface in this study is given on page 2 and leads to
the specification on page 9. The initial interferometer is not expected to require such low
values of the BRDF.

An alternate requirement for the power spectrum specification in the band above 3 cm−1

comes from the allowed mirror scattering loss. The assumed loss due to scattering and
absorption per mirror in the initial interferometer is A ≤ 1 × 10−4. The scattering loss
is given on page 5 by

Ptotal scat

Pinc
= 16π2σ

2

λ2
=

∫ ∞
fx min

S1(fx)dfx ≤ A

The allowed rms surface roughness for 100ppm scattering loss becomes

σ

λ
≤ 8 × 10−4

σ ≤ 4 Angstroms

It is important to note that the power law index of the spectrum, c, cannot be (and in real
mirrors is not) unity over all the spatial frequencies otherwise σ will grow without bound
at low spatial frequencies. This is part of the reason for breaking the specification into
different spatial frequency bands.

1
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Summary:

The following phase maps were analysed

           nuyp                 the uncoated curved face

           fig_2

           fig_4                 the phase maps for the coated surface

           fig_5

           fig_6

          model               a model phase map using a “clean” witches hat coating perturbation

The results of the analysis, shown in the enclosed figures and tables, are summarized below.

1) The substrate chosen to coat has 10 to 30 times the noise power of the Calflat at spatial frequen-

cies lower than 0.5 cm-1

2) The coating does not substantively change the power spectrum of the surface.

3) The non uniformity in the coating will dominate the power spectrum of the best CSIRO and

GO surfaces at spatial frequencies lower than 1 cm-1.

4) The coating non uniformity has a similar witches hat geometry as the coatings on the 4 inch test
masses that were installed in the 40 meter prototype indicating that REO needs to better isotropize
the motion of the sputtering guns.

5) A better substrate (preferably a flat) should be used in the next coating test.



LIGO-T970109-00

page 5 of 8

LI
G

O
-D

R
AF

T

Figure 1   One dimensional power spectra determined from the NIST metrology. The curve
labeleduncoated(solid) is from the curved surface phase map designated as nuyp. The curve
labeledcoatedis an average of fig_2, fig_4, fig_5, fig_6. It is derived from the  high reflectivity
coating on the surface nuyp. The curve labeledcoating model is the power spectrum of the
witches hat structure measured in the phase map of the coated surface and shown infigure 2. The
curve labeled GO is the power spectrum of the uncoated curved surface of the GO mirror labeled
m in prior plots.This mirror and the CSIRO mirror labeled k in prior plots have been the reference
for the improvements in the mirrors over the Calflat. The structure in the coating will cause the
final mirrors to be poorer than the uncoated GO and CSIRO mirrors. The coatings did , indeed,

coated

uncoated
coating
model

GO 
uncoated
curve m

All phase maps have the following Zernike functions removed:
Z(0,0), Z(1,1), Z(2,0), Z(2,2), Z(3,1), Z(3,3), Z(4,0)
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not increase the power spectrum much over the uncoated substrate, however, the uncoated sub-
strate was one of our poorer mirrors. The model should give a good estimate of the perturbations
from the coating imperfection and sets a lower limit to the mirror performance if not fixed in sub-
sequent coating runs.

Figure 2 A model of the coating inhomogeneity used in determining the perturbation power spec-
trum from the coating alone infigure 1. The witches hat structure has been seen in the 4 inch mir-
rors coated for the 40 meter prototype.

Table 1: Zernike and Laguerre Gauss amplitudes in microns

function uncoated coated model

        p-p 1.6 x 10-3   1.1 x 10-2 1.7x 10-3    1.4 x 10-2 8.6 x 10-4   5.1 x 10-3

Z(2,0) 8.6 x 10-5 -1.8 x 10-4 -7.6 x 10-4

Z(4,0) 9.5 x 10-4 1.45 x 10-3 8.2 x 10-4

Z(6,0) -1.2 x 10-3 -1.36 x 10-3 -7.3 x 10-4

Z(8,0) -1.7 x 10-5 1.26 x 10-4 5.3x 10-4

Z(10,0) 4.9 x 10-4 4.1 x 10-4 -2.9 x 10-4

Z(12,0) -2.9 x 10-4 -2.96 x 10-4 6.9 x 10-5

LG(1,0) 2.1 x 10-3 2.99 x 10-3 1.4 x 10-3

LG(2,0) 1.8 x 10-3 2.09 x 10-3 1.3 x 10-3

LG(3,0) -1.4 x 10-3 -1.50 x 10-3 7.6 x 10-4

LG(4,0) -1.5 x 10-3 -1.37 x 10-3 2.6 x 10-4

LG(5,0) -1.4 x 10-3 -1.15 x 10-3 4.6 x 10-5

LG(6,0) -6.2 x 10-4 -5.1 x 10-4 -1.3 x 10-4

50mm

31mm
7.8mm

4.4mm

0.0034 microns

0.0016 microns

σ
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The Zernike functions are defined over a 15 cm aperture, while the Laguerre Gauss functions use
a Gaussian spot size of 3.63 cm. Typical  rms noise in the Zernike and Laguerre Gauss amplitudes

is 1 x 10-4  microns.

The optical field in the Laguerre - Gauss  mode LG(i,j) in a single cavity resonant at the mode fre-
quency when illuminated by a pure LG(0,0) of unity amplitude is given by 2  the amplitude
given in the table when the input light is in the Laguerre - Gauss (0,0) mode

π
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Figure 3  Intercomparison of curved surface NIST phase maps.

g

h

j

k

m

g HDOS 001
h CSIRO 002
j  HDOS  004
k CSIRO 006
m GEO

One dimensional power spectra from NIST
metrology of curved surfaces. Z(0,0),Z(1,1)
Z(2,0),Z(2,2),Z(3,1),Z(3,3),Z(4,0) removed

h

g,j,k,m
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Concerning the collection of metrology data included in this document

Figures 1 - 4  Spectra of the folding mirrors

Table 1 - 4 Zernike transforms of the folding mirror

Table 5 Simple statistics from the phase maps of the folding mirrors

Figure 5 A two dimensional Fourier transform of a folding mirror

Figure 6 Composite spectra from the phasemaps of the end test masses

Figure 7 Composite spectra from the phasemaps of the recycling mirrors

Figures 8 - 11 Spectra for the individual end test masses (phasemaps and toposcans)

Figure 12 - 15  Spectra for the individual recycling mirrors (phasemaps and toposcans)

Tables: 6, 12, 18, 24, 30, 36, 42, 48 Zernike amplitudes for the end and recycling mirrors

Tables intervening the above are the Laguerre-Gauss transforms projected on to a TE00 mode 
with spot radius on the mirror: 2.5, 3.0 3.5, 4.0, 4.5 cm

Table 53 Simple statistics for the recycling mirrors and the end test masses

Notes:

1) Broadly the mirrors are about 1/3 in power as rough as the Calflat between 0.1 to 1 cm-1   and 

about 1/10 in power as rough as the Calflat above 10 cm-1 . The Calflat mirror has been used as 
the basis for the Fourier transform propagation code modeling of the full interferometer.

2) The Laguerre-Gauss transforms of the mirrors projected onto a TE00 mode are a means of esti-
mating the excitation of radial modes in a single cavity.  The excitation amplitude of the mode is 
given by  4  times the tabulated amplitude and then multiplied by the cavity field resonance fac-
tor for the mode. To change wavelengths,  multiply the tabulated amplitude by the ratio of the 
measurement wavelength to the operational wavelength. The amplitudes are defined by

                               

π

bp m 0 0, , , LGp m, r θ,( )
z r θ,( )

λ----------------LG0.0 r( )r rd θd

0

∞

∫
0

2π

∫=
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Figure 1:  One dimensional FFT of phase maps for folding mirrors fma1,fma2,fma3,fma4. The
amplitude of the phase map has been adjusted from 6907A to 6328A  to be compatible with all
prior measurenments. The phase maps have Z(1,1),Z(2,0),Z(2,2) removed before Fourier
transformation. The sharp spectral features repeat in all the phase maps so are most likely in the
interferometer. fma1 looks too flat. fm3 has two dust particles in the map and also the piece shows
a pronounced hollow in the middle and down turn at the edges. This feature will show up as a
negative amplitude in the Z(n,0) transforms as can be seen in the table of Zernike amplitudes and
is highlighted in Figure 3.

fm1

fm2

fm3

fm4
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fm1

fm2

fm3

fm4
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Table 1: Zernike amplitudes fm1a1  23.4 cm aperture

 map file: fm1a1.fix                 transform file: zernfm1a1a.dat           

 oper. wavel (mu) =      0.6328 meas. wavel (mu) =      0.6907        

 max radial =    6 # transf(n,l) =   16 x pts =  560 y pts   = 560

    p    l       amplitude              sine                  cosine      

    0    0  -1.430715E-07   0.000000E+00   0.000000E+00

    1    1   1.535137E-04  -2.984662E-05   1.505844E-04

    2    0  -4.691779E-04   0.000000E+00   0.000000E+00

    2    2   1.668858E-03   1.630502E-03   3.557389E-04

    3    1   7.605861E-04   4.329745E-04  -6.253194E-04

    3    3   6.945791E-04   6.848036E-04   1.161210E-04

    4    0  -2.527080E-03   0.000000E+00   0.000000E+00

    4    2   2.040873E-04  -1.680844E-04   1.157552E-04

    4    4   4.048862E-04   1.623534E-04   3.709100E-04

    5    1   2.877680E-04   2.022914E-04  -2.046671E-04

    5    3   5.618999E-05  -5.454006E-05   1.351652E-05

    5    5   2.039227E-04  -1.992542E-04   4.338463E-05

    6    0  -3.156667E-04   0.000000E+00   0.000000E+00

    6    2   2.643414E-04  -2.561315E-04  -6.536837E-05

    6    4   2.204800E-04   7.867980E-05   2.059634E-04

    6    6   8.651580E-05  -3.387865E-06   8.644944E-05

Table 2: Zernike amplitudes fm2a1  23.4 cm aperture

 map file: fm2a1.fix                 transform file: zernfm2a1a.dat           

 oper. wavel (mu) =      0.6328 meas. wavel (mu) =      0.6907  

 max radial =    6 # transf(n,l) =   16 x pts =  560 y pts   = 560

    p    l       amplitude              sine                 cosine

    0    0   3.664668E-08   0.000000E+00   0.000000E+00

    1    1   1.426231E-04   1.169998E-04   8.156223E-05

    2    0   2.302344E-03   0.000000E+00   0.000000E+00

    2    2   8.037091E-04   4.602822E-04   6.588540E-04

    3    1   8.634037E-04   5.250933E-04  -6.853779E-04

    3    3   1.567457E-04   1.421902E-04   6.596329E-05

    4    0  -3.784684E-03   0.000000E+00   0.000000E+00

    4    2   2.852590E-04  -1.574261E-04   2.378860E-04

    4    4   3.191189E-04   1.219656E-04   2.948919E-04

    5    1   2.607084E-04   1.365676E-05  -2.603504E-04

    5    3   4.277954E-05   5.925194E-07  -4.277543E-05

    5    5   9.031987E-05  -7.710484E-05   4.703747E-05

    6    0  -5.468017E-04   0.000000E+00   0.000000E+00

    6    2   1.235739E-04  -1.008894E-04  -7.135707E-05

    6    4   1.115016E-04   1.948588E-05   1.097857E-04

    6    6   3.002884E-05   2.837143E-05  -9.838353E-06
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Table 3: Zernike amplitudes fm3a1  23.4 cm aperture

 map file: fm3a1.fix                 transform file: zernfm3a1a.dat           

 oper. wavel (mu) =      0.6328 meas. wavel (mu) =      0.6907  

 max radial =    6 # transf(n,l) =   16 x pts =  560 y pts   = 560

    p    l        amplitude           sine               cosine

    0    0   3.782143E-07   0.000000E+00   0.000000E+00

    1    1   2.991750E-04   1.838973E-04   2.359819E-04

    2    0   5.738993E-03   0.000000E+00   0.000000E+00

    2    2   1.547228E-03   6.552151E-04   1.401644E-03

    3    1   1.085462E-03  -2.564725E-04  -1.054727E-03

    3    3   5.630030E-04   4.038238E-04   3.922993E-04

    4    0  -7.968427E-03   0.000000E+00   0.000000E+00

    4    2   8.021463E-04  -1.771760E-04   7.823345E-04

    4    4   9.224627E-04   1.005405E-04   9.169673E-04

    5    1   5.000252E-04  -2.128404E-04  -4.524645E-04

    5    3   9.261059E-05   9.492046E-06  -9.212286E-05

    5    5   4.790077E-05  -2.687739E-05   3.964959E-05

    6    0  -2.773192E-03   0.000000E+00   0.000000E+00

    6    2   1.356091E-04  -1.192046E-04   6.465366E-05

    6    4   4.416051E-04   7.517930E-05   4.351587E-04

    6    6   1.122577E-04  -1.659662E-06  -1.122454E-04

Table 4: Zernike amplitude fm4a1   23.4 cm aperture

 map file: fm4a1.fix                 transform file: zernfm4a1a.dat           

 oper. wavel (mu) =      0.6328  meas. wavel (mu) =      0.6907

 max radial =    6 # transf(n,l) =   16 x pts =  560 y pts   = 560

    p    l        amplitude            sine                cosine

    0    0  -3.608079E-07   0.000000E+00   0.000000E+00

    1    1   1.943074E-04   1.260716E-04   1.478557E-04

    2    0   7.272835E-03   0.000000E+00   0.000000E+00

    2    2   4.365990E-04   4.208518E-04  -1.162001E-04

    3    1   6.770210E-04   2.744004E-04  -6.189200E-04

    3    3   4.068161E-04   3.885907E-04   1.204016E-04

    4    0  -3.134031E-03   0.000000E+00   0.000000E+00

    4    2   8.267297E-04  -2.514056E-04   7.875768E-04

    4    4   2.312623E-04   1.282118E-04   1.924681E-04

    5    1   1.293338E-04   6.556797E-05  -1.114813E-04

    5    3   1.057557E-04  -9.103536E-05  -5.382223E-05

    5    5   5.490946E-05   4.171240E-05   3.570889E-05

    6    0  -7.068200E-04   0.000000E+00   0.000000E+00

    6    2   2.864183E-04  -6.464017E-05   2.790289E-04

    6    4   4.917906E-05  -2.282165E-05  -4.356320E-05

    6    6   8.721102E-05   4.400869E-05   7.529274E-05
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                Z removed implies Z(1,1), Z(2,0) and Z(2,2) removed from the phase map

Table 5: Statistics over 23.4 cm aperture

surface sigma p-p sigma  Z removed p-p  Z removed

waves 6328A waves 6328A waves 6328A waves 6328A

fm1a1 0.00216 0.020 0.0019 0.017

fm2a1 0.00276 0.017 0.00239 0.018

fm3a1 0.00624 0.051 0,00526 0.055

fm4a1 0.00461 0.022 0.0021 0.016



LIGO-T980065-00-D

page 10 of 46

LI
G

O
-D

R
AF

TFigure 3:  A plot of the optical surface height variation of the folding mirrors as a function of
radial distance from the center of the aperture. The one dimensional presentation averages all
heights at the same radius - averages over azimuth angle. The figure shows ,also indicated by the
Zernike coefficients, that the major errors in the folding mirrors are Z(n,0) terms. The tit in the
middle and the cusp near the aperture edge may be artifacts of the interferometry or systematics in
the polishing. It is worth finding out why this could be happening.
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from the phase map as well as the average of the topo scans taken at each magnification. I
consider the argreement between the different measurement methods reasonable. The surface

microroughness is about 4 A if the integral is taken to as low as 1 cm-1  and 2 A if the integral is

taken to 10 cm-1 . The power spectrum is varying as  between 10 to 10000 cm-1 .
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Figure 5: Two dimensional Fourier transform of the fm1a1 phase map showing the spectral

features at 2.99 cm-1 and 4.2 cm-1 which would transform back into geometric space as a J0
Bessel function. One source for this would be a reflection or diffraction from a circular sub-
aperture. The features show up in both the phase maps of the folding flat as well as the spherical
surface mirrors.
.

2.99cm^-1

4.2 cm^-1
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the identity of the spectral features at spatial frequencies above 2 cm-1 . This seems to be due to
the instrument since the features are the same for the flat, etm and rm mirrors. All of the phase
maps have had Z(1,1), Z(2,0) and Z(2,2) removed and have had the “BAD” points replaced by the
average of the surrounding points. The phase maps have, furthemore, been midpoint averaged
removing points greater than 3  .
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Figure 7:  Composite one dimensional spectrum of the one dimensional fft of the 4 recycling
mirrors. The same notes apply as to Figure 6.
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TFigure 8:   One dimensional fft of the phasemap and  average of the three toposcans of etm1. The

spectrum varies as   between 10 to 1000 cm-1 . The rms roughness integrated above 10 cm-1

is approximately 1.3 A. The phasemaps have had Z(1,1), Z(2,0), Z(2,2) removed. The points
labeled “BAD” have been replaced by the average around the point and the phasemap has been
mid averaged eliminating points with values larger than 3 .
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Figure 10: One dimensional fft of the phasemap and  average of the three toposcans of etm3.
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Figure 11:  One dimensional fft of the phasemap and  average of the three toposcans of etm4. 



LIGO-T980065-00-D

page 19 of 46

LI
G

O
-D

R
AF

T
Figure 12: One dimensional fft of the phasemap and  average of the three toposcans of rm1.
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Figure 13: One dimensional fft of the phasemap and  average of the three toposcans of rm2.
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Figure 14: One dimensional fft of the phasemap and  average of the three toposcans of rm3.
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Figure 15: Figure 15  One dimensional fft of the phasemap and  average of the three toposcans of
rm4.
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Table 6:  etm1a Zernike amplitudes in units of 6907A over 22 cm aperture

 map file: etm1a1a.fix               transform file: etm1a1azern.dat          

   n     l      amplitude            sine                cosine

    0    0  -1.336110E-04   0.000000E+00   0.000000E+00

    1    1   4.852845E-03  -4.136534E-03   2.537556E-03

    2    0   6.463434E-01   0.000000E+00   0.000000E+00

    2    2   3.922018E-02  -1.667105E-04  -3.921982E-02

    3    1   5.319441E-04   4.731567E-04   2.430786E-04

    3    3   5.839354E-04   5.758500E-04   9.683661E-05

    4    0  -4.028467E-04   0.000000E+00   0.000000E+00

    4    2   3.431228E-04  -9.798651E-05   3.288342E-04

    4    4   2.278492E-04   6.462525E-05   2.184922E-04

    5    1   1.604022E-04  -4.959912E-05   1.525411E-04

    5    3   2.000456E-04  -1.679991E-04  -1.086027E-04

    5    5   4.920621E-05  -3.931595E-05   2.958897E-05

    6    0  -2.558853E-04   0.000000E+00   0.000000E+00

    6    2   1.622316E-04  -1.034802E-04   1.249438E-04

    6    4   2.814195E-05   5.701657E-06  -2.755831E-05

    6    6   1.554717E-05   1.935622E-06   1.542621E-05

Table 7: etm1 Laguerre-Gauss transforms for  cm in units of 6907A, Z(2,0) 
removed, 22cm aperture

 map file: etm1a1a.fix               lagguerre-gauss transform file       etm1a1alg2.5c.dat        

    p   m      amplitude            sine               cosine

    0    0  -1.301560E-04   0.000000E+00   0.000000E+00

    1    0  -2.245979E-05   0.000000E+00   0.000000E+00

    1    1   6.133915E-05  -3.694236E-06   6.122781E-05

    2    0  -2.144666E-05   0.000000E+00   0.000000E+00

    2    1   2.210230E-05  -2.074603E-06   2.200472E-05

    2    2   8.506449E-06   4.147216E-06   7.426997E-06

    3    0  -1.312764E-05   0.000000E+00   0.000000E+00

    3    1   7.259480E-06   2.573966E-06   6.787839E-06

    3    2   6.802620E-06   6.551167E-06   1.832445E-06

    3    3   6.703822E-06  -1.465823E-06   6.541604E-06

    4    0  -2.081376E-06   0.000000E+00   0.000000E+00

    4    1   7.006637E-06   7.003167E-06   2.204877E-07

    4    2   8.470281E-06   8.258751E-06  -1.881141E-06

    4    3   4.694510E-06   7.952605E-07   4.626660E-06

    4    4   8.002167E-06   7.866396E-06  -1.467818E-06

ω 2.5=
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Table 8: etm1 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture 

 map file: etm1a1a.fix               lagguerre-gauss transform file: etm1a1alg3.0c.dat        

    p    m    amplitude               sine                  cosine

    0    0  -2.558767E-04   0.000000E+00   0.000000E+00

    1    0  -3.094122E-05   0.000000E+00   0.000000E+00

    1    1   1.526628E-04  -4.878694E-06   1.525849E-04

    2    0  -3.090872E-05   0.000000E+00   0.000000E+00

    2    1   6.867852E-05  -7.226375E-06   6.829728E-05

    2    2   2.426018E-05   3.148254E-06   2.405504E-05

    3    0  -4.964507E-05   0.000000E+00   0.000000E+00

    3    1   3.423040E-05  -9.875855E-06   3.277481E-05

    3    2   1.483091E-05   2.491241E-06   1.462017E-05

    3    3   2.059340E-05  -1.325068E-05   1.576413E-05

    4    0  -3.037104E-05   0.000000E+00   0.000000E+00

    4    1   1.470107E-05  -1.748271E-06   1.459674E-05

    4    2   9.389273E-06   6.212222E-06   7.040366E-06

    4    3   1.527094E-05  -7.743186E-06   1.316224E-05

    4    4   1.972566E-05   1.909344E-05  -4.954003E-06

Table 9: etm1 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22cm aperture

 map file: etm1a1a.fix               lagguerre-gauss transform file: etm1a1alg3.5c.dat        

    p    m      amplitude            sine                  cosine    

    0    0  -4.573839E-04   0.000000E+00   0.000000E+00

    1    0  -5.736036E-05   0.000000E+00   0.000000E+00

    1    1   3.134873E-04  -8.463332E-06   3.133730E-04

    2    0   6.019390E-06   0.000000E+00   0.000000E+00

    2    1   1.581584E-04   5.184258E-06   1.580735E-04

    2    2   5.022519E-05   1.002789E-05   4.921394E-05

    3    0  -6.596789E-05   0.000000E+00   0.000000E+00

    3    1   8.598199E-05  -1.928684E-05   8.379093E-05

    3    2   3.813780E-05   3.462066E-06   3.798033E-05

    3    3   3.368172E-05  -2.068434E-05   2.658226E-05

    4    0  -1.068513E-04   0.000000E+00   0.000000E+00

    4    1   5.873202E-05  -2.538267E-05   5.296386E-05

    4    2   2.574055E-05  -2.989276E-06   2.556638E-05

    4    3   3.919541E-05  -2.883935E-05   2.654378E-05

    4    4   3.221363E-05   3.142870E-05  -7.067882E-06

ω 3.0=

ω 3.5=
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Table 10: etm1 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22cm aperture

 map file: etm1a1a.fix               lagguerre-gauss transform file: etm1a1alg4.0c.dat        

    p    m     amplitude              sine                  cosine    

    0    0  -7.474097E-04   0.000000E+00   0.000000E+00

    1    0  -1.567382E-04   0.000000E+00   0.000000E+00

    1    1   5.631860E-04  -4.196864E-05   5.616200E-04

    2    0   7.430217E-05   0.000000E+00   0.000000E+00

    2    1   3.268737E-04   4.237741E-05   3.241150E-04

    2    2   7.960994E-05   1.720393E-05   7.772881E-05

    3    0   2.473420E-05   0.000000E+00   0.000000E+00

    3    1   1.658298E-04   2.846520E-06   1.658054E-04

    3    2   7.618863E-05   2.345140E-05   7.248958E-05

    3    3   3.147506E-05   7.633233E-07   3.146581E-05

    4    0  -1.176657E-04   0.000000E+00   0.000000E+00

    4    1   1.145919E-04  -3.596001E-05   1.088034E-04

    4    2   5.813096E-05   6.625841E-06   5.775211E-05

    4    3   4.719546E-05  -2.666782E-05   3.893891E-05

    4    4   3.940213E-05   3.900523E-05  -5.578467E-06

Table 11: etm1 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22cm aperture

 map file: etm1a1a.fix               lagguerre-gauss transform file: etm1a1alg4.5c.dat        

    p    m     amplitude             sine                   cosine

    0    0  -1.123460E-03   0.000000E+00   0.000000E+00

    1    0  -3.770330E-04   0.000000E+00   0.000000E+00

    1    1   9.030382E-04  -1.506237E-04   8.903878E-04

    2    0   8.121292E-05   0.000000E+00   0.000000E+00

    2    1   6.234308E-04   8.485822E-05   6.176286E-04

    2    2   1.005028E-04  -2.825099E-06   1.004631E-04

    3    0   1.940916E-04   0.000000E+00   0.000000E+00

    3    1   3.258438E-04   6.753004E-05   3.187693E-04

    3    2   1.184743E-04   4.660506E-05   1.089226E-04

    3    3   5.398964E-05   4.762338E-05   2.543411E-05

    4    0   5.889929E-05   0.000000E+00   0.000000E+00

    4    1   1.758808E-04   2.390277E-07   1.758806E-04

    4    2   1.131397E-04   4.613151E-05   1.033077E-04

    4    3   4.248170E-05   1.196287E-05   4.076254E-05

    4    4   3.593265E-05   3.591438E-05  -1.145850E-06

ω 4.0=

ω 4.5=
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Table 12: etm2 Zernike amplitudes in units of 6970A over 22 cm aperture

 map file: etm2a1a.fix               transform file: etm2a1azern.dat          

    n    l        amplitude              sine                   cosine

    0    0  -4.135297E-05   0.000000E+00   0.000000E+00

    1    1   4.452493E-03  -3.752179E-03   2.397050E-03

    2    0   6.457519E-01   0.000000E+00   0.000000E+00

    2    2   3.943315E-02  -2.920727E-04  -3.943207E-02

    3    1   5.818187E-04   3.134547E-04   4.901623E-04

    3    3   5.016491E-04   4.525309E-04   2.164892E-04

    4    0   5.823464E-04   0.000000E+00   0.000000E+00

    4    2   1.939290E-04  -1.479701E-04   1.253527E-04

    4    4   2.783810E-04   1.258805E-04   2.482943E-04

    5    1   1.180301E-04  -3.591152E-05   1.124342E-04

    5    3   2.342654E-05   6.480474E-06  -2.251235E-05

    5    5   5.600456E-05   1.806489E-05   5.301105E-05

    6    0  -6.200658E-04   0.000000E+00   0.000000E+00

    6    2   1.983115E-04  -1.122005E-04   1.635192E-04

    6    4   1.322066E-05  -1.270165E-05   3.667970E-06

    6    6   9.294759E-05   9.102205E-05   1.882130E-05

Table 13: etm2 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm2a1a.fix               lagguerre-gauss transform file: etm2a1alg2.5c.dat        

   p     m      amplitude          sine                    cosine

    0    0   2.598775E-04   0.000000E+00   0.000000E+00

    1    0   6.903734E-05   0.000000E+00   0.000000E+00

    1    1   4.024322E-05  -3.055213E-06   4.012708E-05

    2    0   4.190735E-05   0.000000E+00   0.000000E+00

    2    1   1.214149E-05  -8.292291E-06   8.868694E-06

    2    2   9.893719E-06  -9.115769E-06   3.845571E-06

    3    0   3.396848E-05   0.000000E+00   0.000000E+00

    3    1   8.045020E-06  -7.855936E-06  -1.733958E-06

    3    2   3.430199E-06  -3.287022E-06   9.806891E-07

    3    3   9.529703E-06  -8.958902E-06   3.248587E-06

    4    0   1.789849E-05   0.000000E+00   0.000000E+00

    4    1   7.376438E-06  -5.219642E-06  -5.212214E-06

    4    2   1.682320E-06   1.584312E-06  -5.658234E-07

    4    3   7.301296E-06  -6.382894E-06   3.545079E-06

    4    4   2.382028E-06   2.346800E-06   4.081513E-07

ω 2.5=



LIGO-T980065-00-D

page 27 of 46

LI
G

O
-D

RA
FT

Table 14: etm2 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm2a1a.fix               lagguerre-gauss transform file: etm2a1alg3.0c.dat        

    p    m      amplitude            sine                 cosine                

    0    0   4.880004E-04   0.000000E+00   0.000000E+00

    1    0   1.386679E-04   0.000000E+00   0.000000E+00

    1    1   1.102596E-04   5.117607E-06   1.101408E-04

    2    0   6.266104E-05   0.000000E+00   0.000000E+00

    2    1   4.086893E-05  -7.066064E-06   4.025345E-05

    2    2   2.743147E-05  -2.367552E-05   1.385478E-05

    3    0   6.694100E-05   0.000000E+00   0.000000E+00

    3    1   2.116422E-05  -1.758235E-05   1.178072E-05

    3    2   2.060843E-05  -1.961042E-05   6.335543E-06

    3    3   2.141600E-05  -2.099831E-05   4.209046E-06

    4    0   6.655496E-05   0.000000E+00   0.000000E+00

    4    1   1.572469E-05  -1.571352E-05  -5.926290E-07

    4    2   1.244821E-05  -1.215385E-05   2.691051E-06

    4    3   2.001995E-05  -1.944868E-05   4.748420E-06

    4    4   7.653669E-06   7.650807E-06  -2.092944E-07

Table 15: etm2 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm2a1a.fix               lagguerre-gauss transform file: etm2a1alg3.5c.dat        

    p    m      amplitude         sine                    cosine

    0    0   8.221908E-04   0.000000E+00   0.000000E+00

    1    0   2.792889E-04   0.000000E+00   0.000000E+00

    1    1   2.375824E-04   1.528133E-05   2.370904E-04

    2    0   7.907643E-05   0.000000E+00   0.000000E+00

    2    1   1.109690E-04   1.561472E-05   1.098649E-04

    2    2   4.986604E-05  -3.607658E-05   3.442530E-05

    3    0   8.595967E-05   0.000000E+00   0.000000E+00

    3    1   4.617375E-05  -1.585975E-05   4.336454E-05

    3    2   4.181911E-05  -3.584632E-05   2.153786E-05

    3    3   2.259090E-05  -2.247392E-05   2.296055E-06

    4    0   9.052089E-05   0.000000E+00   0.000000E+00

    4    1   3.934697E-05  -3.311459E-05   2.125108E-05

    4    2   3.754456E-05  -3.627962E-05   9.663502E-06

    4    3   3.621143E-05  -3.548682E-05   7.207827E-06

    4    4   1.395258E-05   1.303652E-05  -4.972284E-06

ω 3.0=

ω 3.5=
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Table 16: etm2 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm2a1a.fix               lagguerre-gauss transform file: etm2a1alg4.0c.dat        

    p    m    amplitude              sine                    cosine

    0    0   1.266241E-03   0.000000E+00   0.000000E+00

    1    0   5.515547E-04   0.000000E+00   0.000000E+00

    1    1   4.295818E-04   3.507382E-06   4.295675E-04

    2    0   9.793032E-05   0.000000E+00   0.000000E+00

    2    1   2.601192E-04   5.963677E-05   2.531906E-04

    2    2   8.188676E-05  -5.360024E-05   6.190683E-05

    3    0   9.511930E-05   0.000000E+00   0.000000E+00

    3    1   1.031096E-04   2.211525E-05   1.007101E-04

    3    2   6.425175E-05  -4.071404E-05   4.970568E-05

    3    3   1.346934E-05   4.542263E-06  -1.268034E-05

    4    0   1.353268E-04   0.000000E+00   0.000000E+00

    4    1   5.601994E-05  -2.419833E-05   5.052399E-05

    4    2   6.128679E-05  -4.852195E-05   3.743917E-05

    4    3   2.498784E-05  -2.485385E-05   2.584184E-06

    4    4   2.009593E-05   1.664522E-05  -1.125980E-05

Table 17: etm2 Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22cm aperture

 map file: etm2a1a.fix               lagguerre-gauss transform file: etm2a1alg4.5c.dat        

    p    m      amplitude             sine                  cosine      

    0    0   1.802697E-03   0.000000E+00   0.000000E+00

    1    0   1.037382E-03   0.000000E+00   0.000000E+00

    1    1   6.651411E-04  -6.255354E-05   6.621931E-04

    2    0   1.631843E-04   0.000000E+00   0.000000E+00

    2    1   5.301309E-04   1.016170E-04   5.203006E-04

    2    2   1.395146E-04  -1.001326E-04   9.714826E-05

    3    0   2.280648E-05   0.000000E+00   0.000000E+00

    3    1   2.511502E-04   9.161882E-05   2.338427E-04

    3    2   8.737786E-05  -4.905089E-05   7.231114E-05

    3    3   6.761019E-05   5.151724E-05  -4.378484E-05

    4    0   1.780806E-04   0.000000E+00   0.000000E+00

    4    1   9.257621E-05   3.552675E-05   8.548803E-05

    4    2   8.351999E-05  -4.012291E-05   7.325122E-05

    4    3   3.142526E-05   2.100632E-05  -2.337267E-05

    4    4   2.573351E-05   1.502079E-05  -2.089473E-05

ω 4.0=

ω 4.5=
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Table 18: etm3a Zernike amplitudes in units of 6970A over 22 cm aperture

 map file: etm3a1a.fix               transform file: etm3a1azern.dat          

    n    l        amplitude           sine                 cosine

    0    0  -1.512319E-01   0.000000E+00   0.000000E+00

    1    1   6.942606E-03  -6.940810E-03  -1.579105E-04

    2    0   6.486059E-01   0.000000E+00   0.000000E+00

    2    2   3.947102E-02   1.743057E-04  -3.947063E-02

    3    1   7.382267E-04   2.442905E-05   7.378224E-04

    3    3   9.528427E-04   9.521619E-04  -3.601423E-05

    4    0  -1.507021E-03   0.000000E+00   0.000000E+00

    4    2   2.132705E-04  -2.556150E-05   2.117331E-04

    4    4   3.066196E-04   1.045240E-04   2.882539E-04

    5    1   7.592227E-05   6.086481E-05  -4.538355E-05

    5    3   8.110111E-05  -7.951190E-05   1.597646E-05

    5    5   1.143186E-04   1.621937E-05   1.131621E-04

    6    0   2.758343E-06   0.000000E+00   0.000000E+00

    6    2   1.696453E-04  -1.345585E-04   1.033128E-04

    6    4   9.195012E-06   8.619554E-06   3.201801E-06

    6    6   3.803165E-05  -7.962782E-06  -3.718872E-05

Table 19: etm3a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm3a1a.fix               lagguerre-gauss transform file: etm3a1alg2.5c.dat        

    p    m      amplitude            sine                    cosine

    0    0  -7.199453E-04   0.000000E+00   0.000000E+00

    1    0  -1.769566E-04   0.000000E+00   0.000000E+00

    1    1   2.976312E-05   2.466868E-05   1.665230E-05

    2    0  -2.557083E-05   0.000000E+00   0.000000E+00

    2    1   1.665145E-05   7.492224E-06   1.487068E-05

    2    2   6.096213E-06   1.645099E-06   5.870048E-06

    3    0  -2.060567E-06   0.000000E+00   0.000000E+00

    3    1   1.074773E-05   1.540130E-06   1.063681E-05

    3    2   1.333243E-06   8.112326E-07  -1.058035E-06

    3    3   9.591694E-06  -8.334956E-06   4.746483E-06

    4    0   1.553831E-07   0.000000E+00   0.000000E+00

    4    1   5.120403E-06  -1.137958E-07   5.119138E-06

    4    2   5.933580E-06   1.263999E-06  -5.797386E-06

    4    3   4.920148E-06  -3.855072E-06   3.057168E-06

    4    4   2.803719E-06   1.879281E-06  -2.080658E-06

ω 2.5=
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Table 20: etm3a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm3a1a.fix               lagguerre-gauss transform file: etm3a1alg3.0c.dat        

    p    m     amplitude            sine                   cosine

    0    0  -1.341267E-03   0.000000E+00   0.000000E+00

    1    0  -4.655561E-04   0.000000E+00   0.000000E+00

    1    1   6.840086E-05   6.359841E-05   2.517778E-05

    2    0  -9.469027E-05   0.000000E+00   0.000000E+00

    2    1   3.754832E-05   2.834512E-05   2.462581E-05

    2    2   2.441955E-05   7.763940E-06   2.315244E-05

    3    0  -1.827125E-05   0.000000E+00   0.000000E+00

    3    1   2.779309E-05   7.746951E-06   2.669159E-05

    3    2   1.483053E-05   1.050303E-06   1.479329E-05

    3    3   3.070973E-05  -2.866488E-05   1.101873E-05

    4    0  -2.730891E-06   0.000000E+00   0.000000E+00

    4    1   2.355840E-05   2.083217E-06   2.346611E-05

    4    2   4.640318E-06  -1.295655E-06   4.455764E-06

    4    3   2.415669E-05  -2.197590E-05   1.003024E-05

    4    4   9.922655E-06   8.612582E-06  -4.927730E-06

Table 21: etm3a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm3a1a.fix               lagguerre-gauss transform file: etm3a1alg3.5c.dat        

    p    m      amplitude            sine                    cosine

    0    0  -2.194824E-03   0.000000E+00   0.000000E+00

    1    0  -1.017384E-03   0.000000E+00   0.000000E+00

    1    1   1.303691E-04   1.247000E-04   3.802638E-05

    2    0  -2.697053E-04   0.000000E+00   0.000000E+00

    2    1   8.521331E-05   7.990818E-05   2.959714E-05

    2    2   4.681473E-05   2.306634E-05   4.073773E-05

    3    0  -5.308727E-05   0.000000E+00   0.000000E+00

    3    1   4.424862E-05   3.269024E-05   2.982094E-05

    3    2   4.318215E-05   1.590699E-05   4.014556E-05

    3    3   4.534756E-05  -4.306704E-05   1.419968E-05

    4    0  -2.494311E-05   0.000000E+00   0.000000E+00

    4    1   4.531822E-05   5.555865E-06   4.497637E-05

    4    2   3.083401E-05   4.670542E-07   3.083047E-05

    4    3   5.631460E-05  -5.313822E-05   1.864575E-05

    4    4   1.607148E-05   1.506567E-05  -5.596253E-06

ω 3.0=

ω 3.5=
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Table 22: etm3a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm3a1a.fix               lagguerre-gauss transform file: etm3a1alg4.0c.dat        

    p    m     amplitude           sine                   cosine

    0    0  -3.253768E-03   0.000000E+00   0.000000E+00

    1    0  -1.927687E-03   0.000000E+00   0.000000E+00

    1    1   2.032819E-04   1.952633E-04   5.653097E-05

    2    0  -6.689402E-04   0.000000E+00   0.000000E+00

    2    1   1.752037E-04   1.655111E-04   5.746651E-05

    2    2   5.613565E-05   2.735086E-05   4.902184E-05

    3    0  -1.446574E-04   0.000000E+00   0.000000E+00

    3    1   1.036238E-04   1.032231E-04   9.103438E-06

    3    2   7.697507E-05   4.875183E-05   5.956862E-05

    3    3   2.161989E-05  -2.099655E-05   5.154063E-06

    4    0  -1.894754E-05   0.000000E+00   0.000000E+00

    4    1   5.127455E-05   4.051694E-05   3.142382E-05

    4    2   7.250173E-05   3.277176E-05   6.467235E-05

    4    3   6.245266E-05  -5.970333E-05   1.832614E-05

    4    4   1.440989E-05   1.398849E-05  -3.459343E-06

Table 23: etm3a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm3a1a.fix               lagguerre-gauss transform file: etm3a1alg4.5c.dat        

    p    m   amplitude              sine                    cosine

    0    0  -4.463078E-03   0.000000E+00   0.000000E+00

    1    0  -3.247750E-03   0.000000E+00   0.000000E+00

    1    1   2.636507E-04   2.596047E-04   4.601189E-05

    2    0  -1.432765E-03   0.000000E+00   0.000000E+00

    2    1   3.080275E-04   2.642379E-04   1.583012E-04

    2    2   5.493233E-05  -1.370081E-05   5.319632E-05

    3    0  -4.347023E-04   0.000000E+00   0.000000E+00

    3    1   2.182417E-04   2.178122E-04   1.368643E-05

    3    2   8.911222E-05   6.709127E-05   5.864937E-05

    3    3   4.738980E-05   4.521795E-05  -1.418202E-05

    4    0  -4.321483E-05   0.000000E+00   0.000000E+00

    4    1   1.453813E-04   1.413366E-04  -3.405438E-05

    4    2   1.176343E-04   8.563202E-05   8.065352E-05

    4    3   1.676669E-05  -1.676656E-05   6.729267E-08

    4    4   1.171129E-05  -4.736084E-06  -1.071093E-05

ω 4.0=

ω 4.5=
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Table 24: etm4a Zernike amplitudes in units of 6970A over 22 cm aperture

 map file: etm4a1a.fix               lagguerre-gauss transform file: etm4a1azern.dat          

    n    l      amplitude             sine                    cosine

    0    0  -2.221012E-01   0.000000E+00   0.000000E+00

    1    0  -1.075858E-02   0.000000E+00   0.000000E+00

    1    1   4.397566E-05  -3.949247E-06   4.379797E-05

    2    0  -4.217650E-05   0.000000E+00   0.000000E+00

    2    1   6.936983E-06  -1.781564E-06   6.704309E-06

    2    2   4.223111E-06   1.921435E-06   3.760686E-06

    3    0  -1.398422E-05   0.000000E+00   0.000000E+00

    3    1   2.534270E-06  -2.033042E-07  -2.526102E-06

    3    2   5.399412E-06   5.287722E-06   1.092542E-06

    3    3   6.963486E-06  -6.818841E-06   1.411934E-06

    4    0  -1.484332E-06   0.000000E+00   0.000000E+00

    4    1   4.184634E-06   2.015937E-07  -4.179775E-06

    4    2   7.627274E-06   7.605525E-06   5.755869E-07

    4    3   2.458853E-06  -2.252888E-06   9.851152E-07

    4    4   1.512045E-06   1.010793E-06   1.124535E-06

Table 25: etm4a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm4a1a.fix               lagguerre-gauss transform file: etm4a1alg2.5c.dat        

   p     m     amplitude             sine                   cosine

    0    0  -8.363589E-04   0.000000E+00   0.000000E+00

    1    0  -2.001411E-04   0.000000E+00   0.000000E+00

    1    1   4.397566E-05  -3.949247E-06   4.379797E-05

    2    0  -4.217650E-05   0.000000E+00   0.000000E+00

    2    1   6.936983E-06  -1.781564E-06   6.704309E-06

    2    2   4.223111E-06   1.921435E-06   3.760686E-06

    3    0  -1.398422E-05   0.000000E+00   0.000000E+00

    3    1   2.534270E-06  -2.033042E-07  -2.526102E-06

    3    2   5.399412E-06   5.287722E-06   1.092542E-06

    3    3   6.963486E-06  -6.818841E-06   1.411934E-06

    4    0  -1.484331E-06   0.000000E+00   0.000000E+00

    4    1   4.184634E-06   2.015937E-07  -4.179775E-06

    4    2   7.627274E-06   7.605525E-06   5.755868E-07

    4    3   2.458853E-06  -2.252888E-06   9.851152E-07

    4    4   1.512045E-06   1.010793E-06   1.124535E-06

ω 2.5=
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Table 26: etm4a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm4a1a.fix               lagguerre-gauss transform file: etm4a1alg3.0c.dat        

    p    m    amplitude             sine                   cosine

    0    0  -1.566325E-03   0.000000E+00   0.000000E+00

    1    0  -5.083117E-04   0.000000E+00   0.000000E+00

    1    1   1.289708E-04  -8.301313E-06   1.287033E-04

    2    0  -1.166324E-04   0.000000E+00   0.000000E+00

    2    1   3.731488E-05  -6.014908E-06   3.682691E-05

    2    2   1.464047E-05  -2.414725E-06   1.443996E-05

    3    0  -5.082575E-05   0.000000E+00   0.000000E+00

    3    1   6.833321E-06  -3.742112E-06   5.717593E-06

    3    2   6.680707E-06  -1.426651E-06   6.526601E-06

    3    3   2.554430E-05  -2.507063E-05   4.896404E-06

    4    0  -3.263625E-05   0.000000E+00   0.000000E+00

    4    1   3.718507E-06  -2.802746E-07  -3.707930E-06

    4    2   3.572598E-06   3.434083E-06   9.851544E-07

    4    3   1.969430E-05  -1.948177E-05   2.885521E-06

    4    4   2.427277E-06   1.332532E-06  -2.028801E-06

Table 27: etm4a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm4a1a.fix               lagguerre-gauss transform file: etm4a1alg3.5c.dat        

    p    m    amplitude              sine                    cosine

    0    0  -2.586398E-03   0.000000E+00   0.000000E+00

    1    0  -1.106320E-03   0.000000E+00   0.000000E+00

    1    1   2.936113E-04  -1.408848E-05   2.932731E-04

    2    0  -2.810829E-04   0.000000E+00   0.000000E+00

    2    1   1.157105E-04  -9.298367E-06   1.153363E-04

    2    2   3.270255E-05  -1.141065E-06   3.268263E-05

    3    0  -8.594192E-05   0.000000E+00   0.000000E+00

    3    1   3.415269E-05  -1.073391E-05   3.242205E-05

    3    2   2.543067E-05  -4.297080E-06   2.506499E-05

    3    3   3.813025E-05  -3.659428E-05   1.071330E-05

    4    0  -7.879559E-05   0.000000E+00   0.000000E+00

    4    1   1.202721E-05  -8.523058E-06   8.485949E-06

    4    2   1.632926E-05  -9.064759E-06   1.358215E-05

    4    3   4.669826E-05  -4.557967E-05   1.015979E-05

    4    4   3.222308E-07  -2.247040E-07  -2.309562E-07

ω 3.0=

ω 3.5=
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Table 28: etm4a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm4a1a.fix               lagguerre-gauss transform file: etm4a1alg4.0c.dat        

    p    m      amplitude             sine                   cosine

    0    0  -3.876136E-03   0.000000E+00   0.000000E+00

    1    0  -2.121481E-03   0.000000E+00   0.000000E+00

    1    1   5.562878E-04  -2.580611E-05   5.556889E-04

    2    0  -6.677590E-04   0.000000E+00   0.000000E+00

    2    1   2.881576E-04  -8.447696E-06   2.880337E-04

    2    2   4.994886E-05  -3.454396E-06   4.982926E-05

    3    0  -1.507792E-04   0.000000E+00   0.000000E+00

    3    1   9.935313E-05  -1.454452E-05   9.828276E-05

    3    2   4.925210E-05   8.618267E-06   4.849221E-05

    3    3   2.440548E-05  -2.154977E-05   1.145576E-05

    4    0  -6.356837E-05   0.000000E+00   0.000000E+00

    4    1   3.365920E-05  -1.600763E-05   2.960907E-05

    4    2   4.309215E-05  -3.430715E-06   4.295537E-05

    4    3   4.983799E-05  -4.698154E-05   1.663008E-05

    4    4   1.771672E-05  -3.376696E-06   1.739195E-05

Table 29: etm4a Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: etm4a1a.fix               lagguerre-gauss transform file: etm4a1alg4.5c.dat        

    p    m     amplitude             sine                  cosine

    0    0  -5.377461E-03   0.000000E+00   0.000000E+00

    1    0  -3.640320E-03   0.000000E+00   0.000000E+00

    1    1   9.018128E-04  -5.311580E-05   9.002472E-04

    2    0  -1.443043E-03   0.000000E+00   0.000000E+00

    2    1   6.081510E-04  -2.317464E-06   6.081466E-04

    2    2   7.466600E-05  -3.591639E-05   6.546010E-05

    3    0  -3.950589E-04   0.000000E+00   0.000000E+00

    3    1   2.645461E-04  -1.576369E-05   2.640761E-04

    3    2   6.718568E-05   1.852427E-05   6.458148E-05

    3    3   1.337021E-05   1.221377E-05   5.439324E-06

    4    0  -5.519571E-05   0.000000E+00   0.000000E+00

    4    1   8.071327E-05  -1.960673E-05   7.829565E-05

    4    2   7.078318E-05   2.681703E-05   6.550653E-05

    4    3   2.173438E-05  -1.751653E-05   1.286680E-05

    4    4   4.667466E-05  -1.453091E-05   4.435512E-05

ω 4.0=

ω 4.5=
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Table 30: rm1b Zernike amplitudes in units of 6970A over 22 cm aperture

 map file: rm1b1a.fix                transform file: zern.dat                 

    n   l          amplitude            sine                    cosine

    0    0  -5.768606E-05   0.000000E+00   0.000000E+00

    1    1   4.066137E-03  -2.907604E-03   2.842413E-03

    2    0   3.090188E-01   0.000000E+00   0.000000E+00

    2    2   1.750253E-02  -1.153118E-04  -1.750215E-02

    3    1   6.737826E-04   6.314464E-04  -2.350712E-04

    3    3   9.696604E-04   8.166525E-04   5.228000E-04

    4    0  -8.108730E-04   0.000000E+00   0.000000E+00

    4    2   5.402867E-05   2.534055E-05  -4.771743E-05

    4    4   1.972156E-04   1.539110E-04   1.233103E-04

    5    1   1.121278E-04  -7.958186E-05   7.898970E-05

    5    3   5.756676E-05  -1.773010E-05  -5.476838E-05

    5    5   1.477611E-04   3.925573E-05   1.424512E-04

    6    0   7.661493E-04   0.000000E+00   0.000000E+00

    6    2   2.064487E-04  -1.502725E-04   1.415601E-04

    6    4   7.747209E-05  -3.605378E-05  -6.857150E-05

    6    6   7.068666E-05   6.832178E-05   1.813112E-05

Table 31: rm1b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm1b1a.fix                lagguerre-gauss transform file: rm1b1alg2.5c.dat         

    p    m      amplitude             sine                 cosine

    0    0  -7.753641E-04   0.000000E+00   0.000000E+00

    1    0  -2.813256E-04   0.000000E+00   0.000000E+00

    1    1   5.964973E-05   2.220147E-05   5.536411E-05

    2    0  -5.895768E-05   0.000000E+00   0.000000E+00

    2    1   2.412835E-05   5.000332E-06   2.360454E-05

    2    2   1.168977E-05  -9.233788E-06   7.168526E-06

    3    0  -4.937181E-06   0.000000E+00   0.000000E+00

    3    1   1.289413E-05  -5.986837E-06   1.141999E-05

    3    2   8.264375E-06  -6.396882E-06   5.232571E-06

    3    3   1.315448E-05  -1.305816E-05   1.588956E-06

    4    0   2.171749E-06   0.000000E+00   0.000000E+00

    4    1   7.869953E-06  -6.569491E-06   4.333354E-06

    4    2   4.765922E-06  -2.868852E-06   3.805745E-06

    4    3   7.952403E-06  -7.611376E-06   2.303835E-06

    4    4   9.166347E-06   9.152943E-06  -4.955394E-07

ω 2.5=
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Table 32: rm1b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm1b1a.fix                lagguerre-gauss transform file: rm1b1alg3.0c.dat         

    p   m       amplitude             sine                   cosine

    0    0  -1.373782E-03   0.000000E+00   0.000000E+00

    1    0  -6.952863E-04   0.000000E+00   0.000000E+00

    1    1   1.430113E-04   5.146988E-05   1.334281E-04

    2    0  -2.185087E-04   0.000000E+00   0.000000E+00

    2    1   7.294606E-05   4.113223E-05   6.024340E-05

    2    2   2.186328E-05  -1.610442E-05   1.478683E-05

    3    0  -4.204189E-05   0.000000E+00   0.000000E+00

    3    1   3.697692E-05   3.375680E-06   3.682251E-05

    3    2   2.191171E-05  -1.794730E-05   1.257050E-05

    3    3   3.723385E-05  -3.716649E-05  -2.238722E-06

    4    0   1.664067E-06   0.000000E+00   0.000000E+00

    4    1   2.755430E-05  -1.417496E-05   2.362859E-05

    4    2   1.808200E-05  -1.546533E-05   9.369224E-06

    4    3   3.051279E-05  -3.048704E-05   1.253338E-06

    4    4   1.357770E-05   1.349823E-05  -1.466926E-06

Table 33: rm1b Laguerre-Gauss transforms for  cm units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm1b1a.fix                lagguerre-gauss transform file: rm1b1alg3.5c.dat         

    p    m       amplitude            sine                  cosine

    0    0  -2.129076E-03   0.000000E+00   0.000000E+00

    1    0  -1.396581E-03   0.000000E+00   0.000000E+00

    1    1   2.853619E-04   5.758723E-05   2.794908E-04

    2    0  -5.961719E-04   0.000000E+00   0.000000E+00

    2    1   1.722332E-04   1.176159E-04   1.258205E-04

    2    2   2.780944E-05  -1.667152E-05   2.225815E-05

    3    0  -1.839815E-04   0.000000E+00   0.000000E+00

    3    1   9.713159E-05   6.367527E-05   7.334852E-05

    3    2   3.210381E-05  -2.185328E-05   2.351784E-05

    3    3   5.797491E-05  -5.709419E-05  -1.006697E-05

    4    0  -2.537363E-05   0.000000E+00   0.000000E+00

    4    1   5.837498E-05   1.864657E-06   5.834520E-05

    4    2   3.683576E-05  -3.018787E-05   2.110844E-05

    4    3   6.441417E-05  -6.385920E-05  -8.437344E-06

    4    4   1.610110E-05   1.609938E-05   2.350325E-07

ω 3.0=

ω 3.5=
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Table 34: rm1b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm1b1a.fix                lagguerre-gauss transform file: rm1b1alg4.0c.dat         

     p   m      amplitude            sine                   cosine

    0    0  -2.989500E-03   0.000000E+00   0.000000E+00

    1    0  -2.406412E-03   0.000000E+00   0.000000E+00

    1    1   5.260373E-04  -1.812679E-05   5.257249E-04

    2    0  -1.291908E-03   0.000000E+00   0.000000E+00

    2    1   3.209716E-04   1.949984E-04   2.549478E-04

    2    2   3.534936E-05  -2.420090E-05   2.576614E-05

    3    0  -5.549419E-04   0.000000E+00   0.000000E+00

    3    1   2.286635E-04   1.914642E-04   1.250138E-04

    3    2   3.284996E-05  -8.819250E-06   3.164396E-05

    3    3   5.572529E-05  -5.514969E-05  -7.988711E-06

    4    0  -1.665184E-04   0.000000E+00   0.000000E+00

    4    1   1.391260E-04   1.054048E-04   9.080677E-05

    4    2   4.364406E-05  -2.576059E-05   3.523061E-05

    4    3   7.849516E-05  -7.610806E-05  -1.921075E-05

    4    4   1.889991E-05   1.760248E-05   6.881801E-06

Table 35: rm1b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm1b1a.fix                lagguerre-gauss transform file: rm1b1alg4.5c.dat         

    p    m     amplitude            sine                      cosine

    0    0  -3.895379E-03   0.000000E+00   0.000000E+00

    1    0  -3.700459E-03   0.000000E+00   0.000000E+00

    1    1   9.164141E-04  -2.264659E-04   8.879910E-04

    2    0  -2.355037E-03   0.000000E+00   0.000000E+00

    2    1   5.396888E-04   2.035034E-04   4.998503E-04

    2    2   7.925186E-05  -7.415446E-05   2.796378E-05

    3    0  -1.262797E-03   0.000000E+00   0.000000E+00

    3    1   3.987639E-04   3.204715E-04   2.372987E-04

    3    2   3.005157E-05   2.979615E-06   2.990349E-05

    3    3   4.389754E-05  -4.130886E-05   1.485165E-05

    4    0  -5.722144E-04   0.000000E+00   0.000000E+00

    4    1   3.216955E-04   2.973013E-04   1.228818E-04

    4    2   4.492735E-05   6.557363E-06   4.444624E-05

    4    3   6.277455E-05  -6.232091E-05  -7.533158E-06

    4    4   2.225349E-05   1.431321E-05   1.703966E-05

ω 4.0=

ω 4.5=
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Table 36: rm2b Zernike amplitudes in units of 6970A over 22 cm aperture

 map file: rm2b1a.fix                transform file: rm2b1azern.dat           

    n    l        amplitude             sine                  cosine

    0    0  -1.157662E-05   0.000000E+00   0.000000E+00

    1    1   2.605362E-03  -2.579297E-03  -3.676141E-04

    2    0   3.106442E-01   0.000000E+00   0.000000E+00

    2    2   1.806972E-02   8.851534E-04  -1.804803E-02

    3    1   3.256531E-04   3.254213E-04   1.228353E-05

    3    3   3.357083E-04   3.245380E-04  -8.587866E-05

    4    0  -2.285246E-03   0.000000E+00   0.000000E+00

    4    2   6.168473E-04  -2.308193E-04   5.720341E-04

    4    4   5.226667E-05  -2.409363E-05   4.638213E-05

    5    1   1.901455E-04   1.158137E-04   1.508061E-04

    5    3   1.308634E-04  -1.299564E-04   1.538075E-05

    5    5   6.799230E-05  -3.874073E-05   5.587583E-05

    6    0   3.921068E-04   0.000000E+00   0.000000E+00

    6    2   1.688045E-04  -1.522417E-04   7.292077E-05

    6    4   1.450646E-05   5.739669E-06   1.332267E-05

    6    6   9.839252E-05   8.417041E-05  -5.095517E-05

Table 37: rm2b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm2b1a.fix                lagguerre-gauss transform file: rm2b1alg2.5c.dat         

    p    m      amplitude           sine                    cosine

    0    0  -9.503452E-04   0.000000E+00   0.000000E+00

    1    0  -1.685324E-04   0.000000E+00   0.000000E+00

    1    1   5.133064E-05   1.127947E-06   5.131825E-05

    2    0  -1.418620E-05   0.000000E+00   0.000000E+00

    2    1   2.004247E-05  -1.321127E-06   1.999888E-05

    2    2   7.589641E-06  -5.484554E-06   5.246172E-06

    3    0  -3.938206E-06   0.000000E+00   0.000000E+00

    3    1   7.753770E-06  -5.519220E-07   7.734102E-06

    3    2   2.458664E-06  -1.285625E-06   2.095757E-06

    3    3   5.051306E-06  -5.042681E-06  -2.950463E-07

    4    0  -1.267108E-06   0.000000E+00   0.000000E+00

    4    1   1.207689E-06   9.647947E-07   7.264188E-07

    4    2   2.072384E-06   2.070885E-06  -7.880682E-08

    4    3   2.167367E-06  -1.157455E-06  -1.832424E-06

    4    4   3.956533E-06   2.680424E-06  -2.910238E-06

ω 2.5=
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Table 38: rm2b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm2b1a.fix                lagguerre-gauss transform file: rm2b1alg3.0c.dat         

 oper. wavel (mu) =      0.633 meas. wavel (mu) =      0.633

    0    0  -1.821968E-03   0.000000E+00   0.000000E+00

    1    0  -4.714985E-04   0.000000E+00   0.000000E+00

    1    1   1.266014E-04   6.919425E-06   1.264121E-04

    2    0  -4.496913E-05   0.000000E+00   0.000000E+00

    2    1   5.521561E-05  -1.015886E-06   5.520626E-05

    2    2   2.131188E-05  -1.585005E-05   1.424682E-05

    3    0  -1.072133E-05   0.000000E+00   0.000000E+00

    3    1   3.192021E-05  -4.211273E-06   3.164119E-05

    3    2   1.638856E-05  -1.218879E-05   1.095529E-05

    3    3   2.256831E-05  -2.116248E-05   7.840789E-06

    4    0  -1.039307E-05   0.000000E+00   0.000000E+00

    4    1   1.845209E-05  -3.116697E-06   1.818697E-05

    4    2   8.966628E-06  -6.909442E-06   5.714895E-06

    4    3   1.571187E-05  -1.561857E-05   1.709721E-06

    4    4   8.475562E-06   7.272024E-06  -4.353485E-06

Table 39: rm2b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm2b1a.fix                lagguerre-gauss transform file: rm2b1alg3.5c.dat         

    p    m      amplitude             sine                  cosine

    0    0  -3.070209E-03   0.000000E+00   0.000000E+00

    1    0  -1.113328E-03   0.000000E+00   0.000000E+00

    1    1   2.673068E-04   1.849213E-05   2.666664E-04

    2    0  -1.374015E-04   0.000000E+00   0.000000E+00

    2    1   1.189949E-04   6.937535E-06   1.187925E-04

    2    2   3.387049E-05  -2.666333E-05   2.088724E-05

    3    0   5.147930E-07   0.000000E+00   0.000000E+00

    3    1   6.697336E-05  -4.245443E-06   6.683866E-05

    3    2   3.461620E-05  -2.323574E-05   2.565895E-05

    3    3   4.118756E-05  -3.149992E-05   2.653621E-05

    4    0  -2.770423E-05   0.000000E+00   0.000000E+00

    4    1   5.209240E-05  -7.963873E-06   5.148005E-05

    4    2   3.088445E-05  -2.318677E-05   2.040154E-05

    4    3   4.408099E-05  -4.008403E-05   1.834132E-05

    4    4   9.664997E-06   9.572744E-06  -1.332191E-06

ω 3.0=

ω 3.5=
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Table 40: rm2b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,  22cm aperture

 map file: rm2b1a.fix                lagguerre-gauss transform file: rm2b1alg4.0c.dat         

    p    m       amplitude          sine                    cosine

    0    0  -4.678515E-03   0.000000E+00   0.000000E+00

    1    0  -2.288299E-03   0.000000E+00   0.000000E+00

    1    1   5.030370E-04   3.199337E-05   5.020185E-04

    2    0  -4.265229E-04   0.000000E+00   0.000000E+00

    2    1   2.461881E-04   2.682399E-05   2.447224E-04

    2    2   4.832119E-05  -4.681003E-05   1.198992E-05

    3    0   5.098956E-05   0.000000E+00   0.000000E+00

    3    1   1.156227E-04   2.616921E-06   1.155930E-04

    3    2   4.683539E-05  -2.696670E-05   3.829296E-05

    3    3   4.800400E-05  -1.412594E-05   4.587855E-05

    4    0   8.894852E-06   0.000000E+00   0.000000E+00

    4    1   8.425674E-05  -5.981462E-06   8.404416E-05

    4    2   5.129755E-05  -3.126648E-05   4.066750E-05

    4    3   6.109556E-05  -4.077715E-05   4.549607E-05

    4    4   1.104244E-05   9.216065E-06   6.082725E-06

Table 41: rm2b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,  22cm aperture

 map file: rm2b1a.fix                lagguerre-gauss transform file: rm2b1alg4.5c.dat         

    p    m       amplitude             sine                   cosine

    0    0  -6.570010E-03   0.000000E+00   0.000000E+00

    1    0  -4.161503E-03   0.000000E+00   0.000000E+00

    1    1   8.447281E-04   3.590096E-05   8.439648E-04

    2    0  -1.168426E-03   0.000000E+00   0.000000E+00

    2    1   4.928344E-04   6.574271E-05   4.884297E-04

    2    2   1.054703E-04  -1.013326E-04  -2.925213E-05

    3    0   5.130154E-05   0.000000E+00   0.000000E+00

    3    1   2.198774E-04   1.894976E-05   2.190593E-04

    3    2   5.143063E-05  -3.664971E-05   3.608197E-05

    3    3   5.564573E-05   2.392737E-05   5.023871E-05

    4    0   1.755869E-04   0.000000E+00   0.000000E+00

    4    1   1.118233E-04  -2.107130E-06   1.118034E-04

    4    2   6.145065E-05  -2.263341E-05   5.713065E-05

    4    3   6.841967E-05  -5.685379E-06   6.818305E-05

    4    4   1.294611E-05   7.365290E-06   1.064679E-05

ω 4.0=

ω 4.5=
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Table 42: rm3b Zernike amplitudes in units of  6970A over 22 cm aperture

 map file: rm3b1a.fix                transform file: rm3b1azern.dat           

    n    l       amplitude           sine                    cosine

    0    0  -4.590727E-06   0.000000E+00   0.000000E+00

    1    1   4.005116E-03  -3.883001E-03  -9.814570E-04

    2    0   3.043592E-01   0.000000E+00   0.000000E+00

    2    2   1.705861E-02   5.661509E-04  -1.704921E-02

    3    1   5.476053E-04   1.737157E-04  -5.193211E-04

    3    3   8.192723E-04   8.069603E-04   1.414998E-04

    4    0   8.972764E-04   0.000000E+00   0.000000E+00

    4    2   8.501191E-05  -3.223114E-05   7.866498E-05

    4    4   1.439705E-04   8.344808E-05   1.173198E-04

    5    1   2.215874E-04   7.985416E-05   2.066985E-04

    5    3   1.287581E-04  -1.286415E-04  -5.478155E-06

    5    5   8.203160E-05   5.624019E-07   8.202968E-05

    6    0   6.502946E-05   0.000000E+00   0.000000E+00

    6    2   2.523730E-04  -1.763149E-04   1.805690E-04

    6    4   7.974448E-05   7.794688E-05  -1.683645E-05

    6    6   2.770906E-05   2.343613E-05   1.478309E-05

Table 43: rm3b Laguerre-Gauss amplitudes for  cm in units of 6970A, Z(2,0) 
removed,  22cm aperture

 map file: rm3b1a.fix                lagguerre-gauss transform file: rm3b1alg2.5c.dat         

    p    m     amplitude           sine                     cosine

    0    0  -1.145166E-04   0.000000E+00   0.000000E+00

    1    0  -2.052482E-04   0.000000E+00   0.000000E+00

    1    1   6.922140E-05  -1.114741E-05   6.831791E-05

    2    0  -7.059481E-05   0.000000E+00   0.000000E+00

    2    1   2.556649E-05  -8.835179E-06   2.399136E-05

    2    2   5.221247E-06  -5.221111E-06   3.770478E-08

    3    0  -1.095983E-05   0.000000E+00   0.000000E+00

    3    1   1.055973E-05  -5.111518E-06   9.240149E-06

    3    2   2.611306E-06  -2.558587E-06  -5.220659E-07

    3    3   9.014400E-06  -8.350092E-06  -3.396377E-06

    4    0  -1.513209E-06   0.000000E+00   0.000000E+00

    4    1   2.315241E-06  -1.532385E-06   1.735551E-06

    4    2   1.192803E-06   8.235536E-07  -8.628659E-07

    4    3   6.178991E-06  -4.373206E-06  -4.365203E-06

    4    4   4.980512E-06   4.945510E-06   5.894357E-07

ω 2.5=
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Table 44: rm3b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,  22 cm aperture

 map file: rm3b1a.fix                lagguerre-gauss transform file: rm3b1alg3.0c.dat         

    p    m      amplitude              sine                  cosine

    0    0  -7.667364E-05   0.000000E+00   0.000000E+00

    1    0  -4.455082E-04   0.000000E+00   0.000000E+00

    1    1   1.758517E-04  -1.763574E-05   1.749651E-04

    2    0  -2.450093E-04   0.000000E+00   0.000000E+00

    2    1   7.118751E-05  -1.804879E-05   6.886148E-05

    2    2   9.226186E-06  -9.224744E-06  -1.630675E-07

    3    0  -6.167490E-05   0.000000E+00   0.000000E+00

    3    1   3.890481E-05  -1.571726E-05   3.558865E-05

    3    2   1.259297E-05  -1.234722E-05   2.475679E-06

    3    3   2.977022E-05  -2.976193E-05   7.027975E-07

    4    0  -2.970280E-06   0.000000E+00   0.000000E+00

    4    1   2.305960E-05  -1.143406E-05   2.002517E-05

    4    2   9.696962E-06  -9.696499E-06  -9.471976E-08

    4    3   2.106614E-05  -2.067225E-05  -4.054654E-06

    4    4   7.662641E-06   7.651066E-06  -4.210058E-07

Table 45: rm3b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,   22cm aperture

 map file: rm3b1a.fix                lagguerre-gauss transform file: rm3b1alg3.5c.dat         

    p    m     amplitude           sine                   cosine

    0    0   1.020722E-04   0.000000E+00   0.000000E+00

    1    0  -7.361829E-04   0.000000E+00   0.000000E+00

    1    1   3.800750E-04  -2.286323E-05   3.793868E-04

    2    0  -6.230440E-04   0.000000E+00   0.000000E+00

    2    1   1.598854E-04  -2.578709E-05   1.577922E-04

    2    2   1.224573E-05  -2.914906E-06  -1.189374E-05

    3    0  -2.547160E-04   0.000000E+00   0.000000E+00

    3    1   8.576797E-05  -2.719934E-05   8.134089E-05

    3    2   1.384584E-05  -1.318840E-05   4.215850E-06

    3    3   5.606033E-05  -5.438304E-05   1.361046E-05

    4    0  -4.387763E-05   0.000000E+00   0.000000E+00

    4    1   5.985919E-05  -2.488436E-05   5.444164E-05

    4    2   2.498632E-05  -2.317525E-05   9.339379E-06

    4    3   5.670236E-05  -5.635796E-05   6.240026E-06

    4    4   1.152496E-05   1.126788E-05  -2.420635E-06

ω 3.0=

ω 3.5=
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Table 46: rm3b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed, 22 cm aperture

 map file: rm3b1a.fix                lagguerre-gauss transform file: rm3b1alg4.0c.dat         

    p    m       amplitude          sine                   cosine

    0    0   4.707411E-04   0.000000E+00   0.000000E+00

    1    0  -9.377023E-04   0.000000E+00   0.000000E+00

    1    1   7.284649E-04  -2.812990E-05   7.279216E-04

    2    0  -1.212303E-03   0.000000E+00   0.000000E+00

    2    1   3.317276E-04  -2.961225E-05   3.304032E-04

    2    2   4.309857E-05   3.779164E-06  -4.293256E-05

    3    0  -7.350932E-04   0.000000E+00   0.000000E+00

    3    1   1.651518E-04  -3.759963E-05   1.608148E-04

    3    2   1.781675E-05   7.817367E-06  -1.601016E-05

    3    3   6.095249E-05  -5.410490E-05   2.806896E-05

    4    0  -2.576974E-04   0.000000E+00   0.000000E+00

    4    1   1.082759E-04  -3.757963E-05   1.015453E-04

    4    2   1.763593E-05  -1.465614E-05   9.809365E-06

    4    3   8.453826E-05  -8.018772E-05   2.677027E-05

    4    4   1.797089E-05   1.724041E-05  -5.071592E-06

Table 47: rm3b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,  22 cm aperture

 map file: rm3b1a.fix                lagguerre-gauss transform file: rm3b1alg4.5c.dat         

    p    m      amplitude             sine                  cosine

    0    0   1.036065E-03   0.000000E+00   0.000000E+00

    1    0  -8.730148E-04   0.000000E+00   0.000000E+00

    1    1   1.258929E-03  -3.833343E-05   1.258345E-03

    2    0  -1.873021E-03   0.000000E+00   0.000000E+00

    2    1   6.423015E-04  -2.585284E-05   6.417810E-04

    2    2   8.376045E-05  -2.188991E-05  -8.084952E-05

    3    0  -1.574728E-03   0.000000E+00   0.000000E+00

    3    1   3.186739E-04  -4.502205E-05   3.154775E-04

    3    2   7.502269E-05   3.577906E-05  -6.594136E-05

    3    3   3.173071E-05  -1.654971E-05   2.707295E-05

    4    0  -8.443816E-04   0.000000E+00   0.000000E+00

    4    1   1.810021E-04  -5.161755E-05   1.734859E-04

    4    2   3.649443E-05   2.664360E-05  -2.493917E-05

    4    3   8.301391E-05  -6.847029E-05   4.693749E-05

    4    4   2.596905E-05   2.339800E-05  -1.126611E-05

ω 4.0=

ω 4.5=
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Table 48: rm4b Zernike amplitudes in units of 6970A over 22 cm aperture

 map file: rm4b1a.fix                transform file: rm4b1azern.dat           

    n     l       amplitude           sine                   cosine

    0    0  -6.436001E-05   0.000000E+00   0.000000E+00

    1    1   2.751497E-03  -2.312000E-03   1.491775E-03

    2    0   3.098268E-01   0.000000E+00   0.000000E+00

    2    2   1.851168E-02   1.772640E-04  -1.851083E-02

    3    1   3.569245E-04   3.559749E-04   2.601894E-05

    3    3   4.913611E-04   4.870784E-04   6.473288E-05

    4    0  -2.036130E-03   0.000000E+00   0.000000E+00

    4    2   1.962799E-04  -2.342417E-05   1.948771E-04

    4    4   1.358537E-04   1.191735E-04   6.522193E-05

    5    1   4.980499E-04   4.975508E-04   2.229137E-05

    5    3   2.387963E-04  -2.378811E-04  -2.088619E-05

    5    5   1.763917E-04  -7.703535E-05   1.586807E-04

    6    0  -9.343543E-04   0.000000E+00   0.000000E+00

    6    2   1.123808E-04  -9.161318E-05   6.508812E-05

    6    4   6.701124E-05  -6.560392E-05   1.366133E-05

    6    6   4.367473E-05   3.438218E-05   2.693229E-05

Table 49: rm4b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,  22 cm aperture

 map file: rm4b1a.fix                lagguerre-gauss transform file: rm4b1alg2.5c.dat         

    p    m      amplitude               sine                   cosine

    0    0  -5.736243E-04   0.000000E+00   0.000000E+00

    1    0  -8.990360E-05   0.000000E+00   0.000000E+00

    1    1   6.084329E-05  -1.189386E-05   5.966945E-05

    2    0   3.131281E-06   0.000000E+00   0.000000E+00

    2    1   2.694509E-05  -1.391243E-05   2.307557E-05

    2    2   3.092742E-06  -1.005656E-07  -3.091107E-06

    3    0   3.637099E-06   0.000000E+00   0.000000E+00

    3    1   1.375218E-05  -1.002200E-05   9.417118E-06

    3    2   3.816621E-06  -1.732314E-07  -3.812688E-06

    3    3   1.171102E-05  -1.154050E-05  -1.991206E-06

    4    0  -1.462834E-06   0.000000E+00   0.000000E+00

    4    1   7.130461E-06  -6.530702E-06   2.862412E-06

    4    2   4.279414E-06   1.835612E-06  -3.865735E-06

    4    3   8.440590E-06  -7.745313E-06  -3.354652E-06

    4    4   2.090919E-06  -8.216182E-07  -1.922728E-06

ω 2.5=
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Note missing 3.5 cm

Table 50: rm4b Laguerre-Gauss transforms for  cm in units of 6970A, Z(2,0) 
removed,  22cm aperture

 map file: rm4b1a.fix                lagguerre-gauss transform file: rm4b1alg3.0c.dat         

    p    m      amplitude               sine                  cosine

    0    0  -1.106883E-03   0.000000E+00   0.000000E+00

    1    0  -2.697656E-04   0.000000E+00   0.000000E+00

    1    1   1.473910E-04  -9.292629E-06   1.470978E-04

    2    0  -9.092104E-06   0.000000E+00   0.000000E+00

    2    1   7.057942E-05  -2.596239E-05   6.563086E-05

    2    2   6.270693E-06   4.801088E-06  -4.033752E-06

    3    0   2.273635E-05   0.000000E+00   0.000000E+00

    3    1   4.116598E-05  -2.343633E-05   3.384341E-05

    3    2   3.108821E-06  -2.352506E-06  -2.032359E-06

    3    3   3.148219E-05  -3.124728E-05   3.838726E-06

    4    0   7.161800E-06   0.000000E+00   0.000000E+00

    4    1   2.631734E-05  -1.784984E-05   1.933870E-05

    4    2   6.946022E-06  -4.158508E-06  -5.563634E-06

    4    3   2.518136E-05  -2.516214E-05  -9.838338E-07

    4    4   4.942222E-06  -3.170399E-06  -3.791323E-06

Table 51: rm4b Laguerre-Gauss transforms for  cm in units of 6970A,  Z(2,0) 
removed,  22 cm aperture

 map file: rm4b1a.fix                lagguerre-gauss transform file: rm4b1alg4.0c.dat         

    p    m      amplitude            sine                    cosine

    0    0  -1.874085E-03   0.000000E+00   0.000000E+00

    1    0  -6.452248E-04   0.000000E+00   0.000000E+00

    1    1   3.038431E-04   1.341870E-05   3.035466E-04

    2    0  -9.289461E-05   0.000000E+00   0.000000E+00

    2    1   1.548369E-04  -3.405743E-05   1.510448E-04

    2    2   2.833585E-05   2.223119E-05  -1.756971E-05

    3    0   4.779652E-05   0.000000E+00   0.000000E+00

    3    1   8.795179E-05  -4.269410E-05   7.689428E-05

    3    2   8.295077E-06   8.294329E-06   1.113939E-07

    3    3   5.338054E-05  -5.045166E-05   1.743880E-05

    4    0   5.297949E-05   0.000000E+00   0.000000E+00

    4    1   6.250865E-05  -3.564160E-05   5.135180E-05

    4    2   6.459589E-06  -4.391016E-06   4.737644E-06

    4    3   5.501840E-05  -5.398359E-05   1.062057E-05

    4    4   8.476883E-06  -7.001894E-06  -4.778183E-06

ω 3.0=

ω 4.0=
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Table 52: rm4b Laguerre-Gauss transforms for  cm in units of 6970A,  Z(2,0) 
removed,  22 cm aperture

 map file: rm4b1a.fix                lagguerre-gauss transform file: rm4b1alg4.5c.dat         

    p    m      amplitude             sine                  cosine

    0    0  -4.093897E-03   0.000000E+00   0.000000E+00

    1    0  -2.282195E-03   0.000000E+00   0.000000E+00

    1    1   8.724754E-04   1.598989E-04   8.576979E-04

    2    0  -7.558401E-04   0.000000E+00   0.000000E+00

    2    1   6.072616E-04   2.942791E-05   6.065481E-04

    2    2   1.002182E-04   5.432295E-05  -8.421815E-05

    3    0  -2.013250E-04   0.000000E+00   0.000000E+00

    3    1   3.293652E-04  -6.232408E-05   3.234148E-04

    3    2   1.195523E-04   7.602235E-05  -9.226788E-05

    3    3   7.449189E-05  -5.642138E-05   4.863816E-05

    4    0   5.977813E-05   0.000000E+00   0.000000E+00

    4    1   1.839263E-04  -9.182675E-05   1.593635E-04

    4    2   7.543258E-05   6.046081E-05  -4.510614E-05

    4    3   8.107886E-05  -6.261091E-05   5.151364E-05

    4    4   2.205943E-05  -8.660393E-06  -2.028832E-05

Table 53: RMS surface fluctuations and sagitta in units of 6328A

Mirror phasemap   22 cm  profilometer  3 scans profilometer  3 scans Zernike Z(2,0) 22 cm 

0.1 to 10 cm-1 2.0 to 2000 cm-1 30 to 30000 cm-1 

rm1b1 1.40 x 10-3 5.11 x 10-4 3.23 x 10-4 0.3090

rm2b1 1.76 x 10-3 4.06 x 10-4 2.24 x 10-4 0.3106

rm3b1 1.29 x 10-3 4.40 x 10-4 3.06 x 10-4 0.3044

rm4b1 1.84 x 10-3 5.48 x 10-4 3.41 x 10-4 0.3098

etm1a 1.16 x 10-3 3.20 x 10-4 1.91 x 10-4 0.6463

etm2a 1.40 x 10-3 2.65 x 10-4 1.90 x 10-4 0.6457

etm3a 1.56 x 10-3 3.68 x 10-4 2.23 x 10-4 0.6486

etm4a 1.63 x 10-3 3.68 x 10-4 2.36 x 10-4 0.6480

ω 4.5=
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