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Finesse and transmission of a symmetric Fabry-Perot cavity

)

List of 4/06/89

LN GO TES CC3E -0 -k,

/0

1 2 1] = 2 R’,Al
H v
Finesse = 77-1-—)- = = & — 2/
n Av(1/2power vy, 2 150M H'z/meter
L /
‘ : T e — .
: t }
—a— = ‘
et e R
e e T .
: et : T :
T - T
-
! 1
: : : :
_—“_ﬂ—;; - {
St —— + T
} ? , == =
: = =
! ! o : e -
] ; : 11. -
: 7
.4
3 - -
. - I' -l : //
; : — : I ot
: _ . — : :
1 —_— ‘ —
. : ; ‘ s T i
i et V.- . _ t ——
e ] . I : — : i
q—_ﬁ-——!—_______:_—;
— =
= - by : : — >
| ——— ; : T i ¥
— - 1 h ' -
| — 1 t » f T 1
e ——— ¥ :
; — ? o R
: - =
: — ==
R — .« -
. : [ . S i
l N H . S8 EUT g
rl. - RIS N VAN BET ; = / -
= : =l - ‘ o : 1
= e to®
.4 T -
: i v :
: =y 7 cam -
! RN IR A : = =
= = L Jl
Y\
: —
. : —_—
ll T b > -
. ‘ ‘:Bi
: = :
. ‘ —= =
= , CeT RO
4 : i -
Z- T Tttt el . ¥ .
A 4 5 678910 2 / P o
: - 8910
kg 2 . 4 5 6 78910
1410 .0



“03/14/89 14:00 617 253 79014 MIT GRAVITY GRP. -+ LIGO @919

Fabry-Perot properties
Assumptions:

1) A single radial mode is excited

2) All calculations made at input which is a wavefront
with R — oo; for example a plane mirror

of a hemispherical cavity.

Plan of the calculation

1) Determine Green’s function (useful for transient analysis later)
2) Determine response to sinusidal excitation

3) Show familiar intensity formula

4) Phase and amplitude of electric field reflection coefficient

= - = R on
Amplitude coeficients 2 =0 z= r= nn

-— -

_T; - rs

—

o—o-—tl t= n'4n

Green’s function: An impulse applied at input at time ¢/

€inc(t) = €,6(t")

produces an exponentially decaying set of pulses at both z = £ (transmitted) and
z = 0 (reflected) pulses

3¢ 5¢
hT(t) = Er(t) = 1836 (t - g) + tyrarytab (t - -c—) + tyraryraritad (t - ?> s

E,
=t,8q i(r;rﬂ"& (t - (—2-'%1)5)

n=0

2¢ 42
hg(t) = Eg(t) = r15(t) ~ it ryd (t - -;-) —tirarirat d (t - *c—)
P

! —tlrgrlrgrlrztlb‘ (t — g4) A

= 1‘15(t) - t1t1f2 i(rlrg)"é (t - M)

c
n=0
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The response of the system for an arbitrary incident electric field is the convolution of the Green’s
function with the incident field. The electric field at z = 0 (only the reflected part) will be the convolution
of the Green’s function with the incident electric field at z=0

t is now, t’ is the time associated with the incident field and 7 is the delay time t' =t 7

ER t) [
field now ha(r)Einc(t —7)dr  reflected field at 2z = 0,¢
The transmitted field at z = £ is then
ﬁeld now / hr(r)Einc(t — r)dr  transmitted field at 2 = ;¢

The transfer function for-reflection or transmission is the response for a sinusoidal incident field

Einc (tl) = 50 eiwt’

E,(t) _ it —idet O n ,—ideat
=e ry —titirg e 2 2(711‘2) e ¢
E° n=0
Since |(r1r2)| < 1 the series can be summed
— et —amd
= gt [rl _ tityra e % ] _ c‘-wt[rl - rg(rf + t%) e ]
(1—rirs e"’mg") (1 —rira e"‘z'g")

Summing series for transmitted beam gives

Er(t) _ eiwt[ tita ]
E, 1—ryrg emt 3

power
coefficients

Check for familiar intensity formulae Time;t?

=r.r*
R TS

Ir _EjEr _ T.T;

Iinc - Eg - 1 + Rle bt 2v RIRQ cos 3‘::_t

In _EREr Ri+(Ri+ T1)3R; — 24/R Ry (R, + T1) cos diut
foe  EZ 1+ RyRy - 2v/R; Ry cos 2%

R, +T =1
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Amplitude coefficient for reflection cavity

Ep ry - fl(ff + t{) e '®
= ~ = 2wl/¢c
E\pc (=) (1 —rira e=i) z /
r=|r| e ra = |ra| €2 7 Phase reversal has been

taken into account already

Approximation

Let r; and r; be real and take account of the losses in the amplitude; Ty = front mirror transmission,
Ai, and A= mirror loss

Approximate
rIE(I—Tl—Al)l/’ f2=(1-A2]1/2

Define Al=1- A —-T4 B = (1 - Az)(l - A1)2 C?= (1 -A; - T1)(1 - Ag)
Er, . [A?-24ABcosz+B*] [, __,/ Bsinz _1{ Csinz
Eine z)—[ 1-2Ccosz + C? ] tan (A—Bcosz)_ (I—Ccosz)

o

)

v}

dp _ B
dz A2+ B?2-2Bcosz

C
1+C2%2~—-2Ccosz

[Acosz— B] — [cosz — C]

Special but important case
A1 €1 A3 €1 T1<1 T3=0
near resonance

7] z
T 0 on resonance
rtx/2 thtdiddz /2 power pt

xt3r/4 Ty
27r+T1/3 tr/2

27,0 tr 1/2 free spectral
range
Btp‘ _ B-CA - 4
dz'*=°~ (A-B)(1-C) (1_ 14%43):)
1
a
a_':‘==t/2 = "‘Tl/2
Egp , P 4(A, + Ajz) Er 5 - — 1 _
R femo)=1- A2 A) PR )21 g,
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1/2 Power points
2
E 2(A +4
IEf: (Az) =1- 2(A1+Aa)

T,
phase

p(Az)=n1%

MIT GRAVITY GRP. ==- LIGO

Az="* Z’-i—‘;,*m radians

Frequency and position sensitivity of reflection cavity

atz =20
-— 28wl 2w AL
Az = ¢ +—'?:—-

Fre itivi =0

- %

dz 187 &
e

o¥ T T (1-(Agkay)

change in optical phase reflected /change in frequency

In terms of energy storage time defined by a source internal to the cavity

Energy stored in cavity =ul, A,

|

Power dissipated or emitted

8f = ATy + A; + Ay)
E(t) = E(0) e~*/Trore ea
Using energy storage time

1 = 1% (1—%%(T1+A;+A_g)
I (1-2(Ai+40))

(1-3 2 (41 +42)

Le . _g

af T Tsen (1_%(4‘4-:42))

A1 +A<<T

"2—? = 87 Tstore en = —47T Tgtore fleld

% power pt full width

Af(3) = T o

1

T 2n TltaTn en

_1_ c (T] + A1 + Ag) - AUf,
2r

A.=beam cross section
£,=length of cavity

=energy density

T = ..H,_A:___y = 2T
store en = (T +A,+4; (T1+A1+43)
— — AT
Tstore fleld = 2Tstore en = (T-l-—‘{"_ill'f" Az)

another formulation of
energy storage time -

— T
Tsten = z_‘["—yl_ rira]

(Ty + Ay + Ap) __ free spectral

range

Al/f,

022
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Position sensitivity
Ap dpos __ ~l6rffe __ —ien
Al 3z at  Ty(1- (AzrlLAa)z) AT (1— (A,%Az)z)

In terms of the energy storage time

Ap o~ —87 Tstore en ( N %%(Al + Ag))
Al AoTiransit (1 = 1s/Te(AL + Az))

A+ A «<Th
Ap a —BT Tstore en _ _ 47 Tatore field

AL T X, firanait Ao Ttransit|

Note: Maximum bandwidth for frequency or length control loops LJ determined by
phase () response going to ¢ = 7 + x. This corresponds to a frequex+y width of
1/2 Avy,. |
ABWpax = i

For LIGO with 4km arms
ABWp,.x = 18.8KHz
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Further properties of cavities

DC transfer function of a Fabry-Perot cavity to a length displacement

Again assume input mirror has B; T} A4,
Back mirror has A; R; =1- A,

En=E, et —

Eret = E,A(AK) (%) (— ¢ —)

Phase change in reflection due to a change of length at resonance

z=2wl/c
i‘e’ = - 4
dz lz=nirx T, (1_(4_.;*141)2)
A3(o) = 1 AAtda)
For a length change AZ
Ap = do éfA L 8w _ 167 Al
v dz d¢ - ch(l—('—‘-L%-‘h)?) T1(1- (A.L%Az)z) Y

h = 24¢ strain to gravity wave amplitude

;‘; for one cavity

Ae _ _ 8x

R ez
Try to define storage time as when intensity drops by 1/e
Begin with wave inside cavity

*‘Zl 1\52
T, A, Ag
S=S(ExB) u=—(E+B?
4r 8r
=L m _ 1.
4r = Z;E

The energy in the cavity is made up of a standing wave with 1/2 the energy traveling R — L and the

other L + R
Utotal = 4+ AL + u_ AL Uy = U=1u_

Utotal = 2vAL

flux out and into mirror 1 S; A4 = vuA(Ty + A1)
flux into mirror 2 S_A = cuAd(A;)

du cUsotal

T inge = " (5+A+ S_A) = —cuA[Ty + A1 + Ag] = === ATy + Ar + 44

cavity
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duJ c
=—-——(Ty+ A As)dt
Utotal ZL( 1+ At 2)
e 2¢ T
U(t) = U, d- = -

T — 3
STu ™ o(Ty + AL+ 43) (1 —|rira))
Ez(t) Ez e Ti4+ Ay + A t
=k, e Ei

- _e(T,+A!+A3! — 4¢
E(t) Ea [ 4 t TSTa.ld c(Tx +Al T A2)

With this definition of storage time

energy storage time E fleld storage time
A - _drreane (1-42 (41 +49)) _ _arrspae (1m35EE(Ai+4q))
* (l—r./r,(Al-}-A,) > (1‘%!"3',"(41-%:43))
one cavity
h—DC

@025
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OPTICAL INHOMOGENEITY

Optical loss when averaged over wavefront

= = E:m i
Ar = (1= < Jo(T sme ) > ) = =ps for small phase shift

In terms of wavefront distortion in ¢cm required to correct
Pe contour of constant phase

average @ line

1/2
T = f 5z (r,8) Amode dimensionda
e f Amode dimensionda

We do not know the distribution §z2 (r,8)' . Optics industry gives average Az over ill defined beam size.

Nevertheless using the average values gives some indication. Usually the specification is given in
Az / lpath =Q

= (350

Another way to specify is in teams of wave front distortion in units of the wavelength

Az = fA

Ag f Q mm/em L= 10cm A = 51454° An

. 1/10  5nm/em 5x10°7
025  1/20 2.5

011  1/30 1.7

0062 1/40  1.25

0040 1/50 1 1x 10”7
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