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1 Definitions

We define the measured cross-correlation (power) spectrum in the frequency domain by

Sm(f) = (1 (f)ha(f)) (1)

The hy(f) are the amplitude spectral densities of the interferometer output. They are
obtained by suitable normalization of the Fourier transform, h(f), of the detected signal
time series, h(t),

h(f) =2/T h(f)
The average in Eq.(1) is over repeated segments of data, each of duration T' [1].

The interpretation of S,,(f) follows from the defining properties of a stochastic background
(assumed isotropic and unpolarized). Namely

(has(t)) = 0
(has(OR(1)) = 327 / H(f)df 2)

where H(f) is a real, non-negative function describing the spectrum of the stochastic back-
ground

H(f) = [h (N)* + [hx () (3)

For interferometers with orthogonal arms

8

Sm(f) = —(HDH(S) (4)

~v(f) is the overlap reduction function. For co-located and co-aligned interferometers v(f) =
1.

D(f) isthe correction to the acceptance (pattern function) of the interferometer as a function
of frequency. It is derived in section 3, but at frequencies f < 1 kHz we can set

D(f)=1.
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The definition of H(f) through Eq.(2) follows the normalization of Allen and Romano [2].
Maggiore [3] uses instead Si(f) = 8T H(f).

As shown in the following section the local energy density in the gravitational wave is

4ric? [
po= T | raG )

Using Eq.(4) and Eq.(5) we can express the energy density per unit frequency interval in
terms of the measured cross-correlation spectrum

dpa 207c?
df — 8G

F2Sm(H) /() D)) (6)

Note that dpg/df is not a derivative but the integrand in Eq.(5), [4]. Finally we define

a(f) Ei % (7)

The convenient notation

is often encountered.

2 Calculation of the local energy density

The local energy density is given by Eq.(35.23) of Misner, Thorne and Wheeler [5]

C2

PG = %<haﬁ(t7f)vhaﬂ(taf>> (9)

The amplitudes h,g(t, ¥) can be uniquely expressed by a plane wave expansion [2]
hastt, ) = 3 [ df [ dfma(r )0 @) (10)
A —0oQ S
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For a stochastic signal (as defined in the previous section), the following holds in the fre-
quency domain [2]

(WA (f, Dhar (', Q) = 8(f = [)8%(Q, V)oan H(S) (11)

Using the expansion of Eq.(10) in Eq.(9) and expressing the ensemble average by Eq.(11)
we can immediately perform the integrations over d€?, df’ and the summation over A’, to
obtain

2
e = g;fG f?Z / df / Qe P H () (12)

The summation over the polarization tensors equals 4 and the integral over e equals 4.
We also limit the integration of df to the range 0 to co (because H(—f) = H(f)) yielding a
further factor of 2, so that

(13)

This proves Eq.(5) and the similar steps lead to Eq.(2). Of course both equations are
evaluated at the same point in space, #. Some subtle issues related to infinitely long time
series are discussed in [6].

Note that Weinberg [7] gives the local energy density in the gravitational wave [his Eq.(10.37)]
as

kyk,
= (R ]+ [h ) (14)

() = 167G

with c =1, k = w =27 f. If we write

o= / toodC2df (15)
A

the summation over polarizations and the integration over solid angle introduce a factor of
167 in agreement with Eq.(13).

Finally for convenience in evaluating Q(f) in Eq.(7) we give
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_ 3¢’H§
Pe = 81G

(16)

3 The interferometer acceptance as a function of fre-
quency

The gravitational wave signal appears at the antisymmetric (dark) port of the interferometer.
It is proportional to the difference in the phase of the carrier light exiting from the two arms.
We follow Sigg [8] in calculating the phase shift induced by a gravitational wave of arbitrary
incidence and polarization.

The interferometer arms are taken along the x and y axes, and the gravitational wave vector
is k, Q = c|k|. In spherical coordinates

ky = sinf cos ¢ k, = sin @ sin ¢ k., = cos (17)

and k = ]1_5] We work in the T'T" gauge and designate the metric perturbation amplitudes
by h, and hy for the two polarizations of the wave. After rotating the gravitational wave
tensor into the interferometer coordinate system we find

hyz = —cosfsin2¢phy + (cos2 6 cos® ¢ — sin” ¢) hy
hy, = cosfsin2¢ph, + (0052 6 sin? ¢ — cos? gzﬁ) hy (18)

The proper time for a light signal is zero

dr? = dz,g,,dz” =0 with I = N + Iy

The change in the phase of the carrier is obtained by integrating the proper time dr over a
round trip along the arm

2L 2L
AD :/ wdT :/
0 0

1+ haa(£))? da (19)

ol&

or
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AD, (ty) = %’/L{Hhmcos [QtoJrk(l—l%m)x]}%der
0
+ %/OL{l—i-hmcos [Qt0+k(2L—(1+/%w)a:>}}%dz: (20)

Since hg,, hyy < 1 we expand the square roots, convert to exponential notation, discard the
time independent term and shift to the time of arrival to find

B Lew it sin @ + ik, cos g — ik e

AP, = = o <1 - k2>

and a corresponding expression for A®,. Here

(I)Q = LQ/C

with L the length of the arm and 2 = 27 f5. The magnitude of Eq. (21) gives the amplitude
of the change in carrier phase and the modulus gives the phase shift with respect to the
gravitational wave. For normal incidence k, = 0 and we recover the usual expression for the
carrier phase.

We must form the phase difference between the two arms for each of the two polarizations
separately, and we combine the results in quadrature

H = Ad, — AD,
Hy = H(hy=0h,=1)
Hy = H(hy=1h,=0)

H = HP+ P (22)

|H.|, |Hyx| and H are shown as a function of the angles of incidence 6, ¢, of the gravitational
wave in Fig. 1 for fg = 0 and in Fig. 2 for &g = 7 (this corresponds to fg = 37.52 kHz for
L =4 km). We refer to H (0, ¢, f) as the antenna pattern at frequency fg.

To evaluate the acceptance of the interferometer, i.e., the function D(f) introduced in Eq.(4)
we must average over 0, and ¢. We do this by integrating

2 T |H(0,0)]
V= / do / sin 6d6 / r2dr (23)
0 0 0
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and setting

D(f)=[V(f)/V(f=0) (24)

Our calculation so far involved a single traversal in the arm. Since the carrier undergoes
multiple reflections in the Fabry-Perot cavity we must add the contribution of these repeated
traversals. It was shown by Schilling [9] that the result for a single traversal, which we
designate H;, is multiplied by the usual transfer function for a resonant optical cavity.
Namely

a |1 — ryrpei?®e|

where 71, 75 are the reflectivities of the input and end mirrors. Thus the result of Eq.(25) is
not modified by the multiple traversals in the arms.

References

1. W.H. Press, S.A. Teukolsky, W.T. Vetterling and B.P. Flannery, Numerical Recipes
in CTt,(Cambridge 2002).

2. B. Allen and J. Romano, Phys. Rev. D59, 102001 (1999).

w

. M. Maggiore, Physics Reports 331, 283 (2000).

4. L. Grishchuk and the LSC Stochastic Group, LIGO internal report T060270-00-Z
(2006).

5. C. Misner, K. Thorne and J. Wheeler, Gravitation, (Freeman 1973).

6. W. Butler and A. Melissinos, Measurement of a Stochastic Gravitational Background
with a Single Laser Interferometer, arXiv:gr-qc/0501089 v1.(2005).

7. S. Weinberg, Gravitation and Cosmology,(Wiley 1972).

0]

. D. Sigg, Strain Calibration in LIGO, T970101-B-D (2003).

9. R. Schilling, Class. Quantum Gravity 14, 1513 (1997).

page 6 of [6]



RMS Average Polarization

h_ Polarization

LIGO-T070043-00-Z

h Polarization

+

AT e S5 4
Miees

RMS Average Polarization

[HRLLT 7 ]
BN
[

L=

e = W)/t

7

A \/

N\
e

h Polarization

A NETTITITN S

NI/ /L

\
>\ = \

N

U] 1Ll 7 7

o 2

e e

h Polarization

Z/IINS

— gy

Figure 1: The acceptance pattern at f < 1 kHz for the plus and cross polarizations and their

rms average

Figure 2: The acceptance pattern at f = 37.52 kHz for the plus and cross polarizations and
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their rms average
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