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This discussion treats a simple model that serves to identify the correct way to combine
segments of analyzed data that may have correlations. This occurs, for example, in the case
of analyzing windowed data using overlapping window functions, where each data point is
used more than once, with different weights.

1 Statement of the problem

Consider two series of data elements, {x11, 212,213, ...,21r} and {x21, 229, T23, ..., 2o g }. The
Zq; may correspond to AS_Q(¢;) for two different detectors, labelled by ov = 1,2. We wish to
analyze the statistics of some function of the data when they are analyzed using windowing
functions and data partitions which overlap. Let the R data points be partitioned into
M mnon-overlapping segments each containing N points. Further, the data are windowed
with 50% overlapping (e.g., Hann) windows, w;. Figure 1A shows this schematically for one
such series z;. As a concrete example, consider 600s of data with a sample rate of 1024
samples per second. Further assume that this data set is partitioned into M = 10 x 60s non-
overlapping segments. Then, referring to the figure we have the following: R = 600 x 1024 =
614400, N = 60 x 1024 = 61440, and 2M — 1 = 19 overlapping segments. The odd set,
I€{1,3,5---,19}, and even set, I € {2,4,6,--- ,18}, of segments do not overlap amongst
themselves. While the odd set of segments covers the full data set, the even set fails to cover
the first N/2 and last N/2 data points.

In particular, we wish to estimate a quantity from each of the overlapping data segments
and to then combine them all in order to obtain a more precise estimate of that quantity.
Referring once again to Fig. 1A, one sees that an analysis based on using only the odd window
functions shown above the data series results in a set of estimates that are independent and
non-overlapping. Let Y; denote the quantities to be estimated and o; the corresponding

variances. Then from the set of estimates {Y7,Y5,---,Yan 1} and associated variances,
{0,035, -+, 0351}, one forms the best estimates Y24 and 02 = (095)? as follows:
-2
odd _ Z]eodd o Y]
Y;pt - —2 (1>
Z[eodd 01
1
2 _
O'O = 72 ) (2)
Icodd 91

Similar expressions hold for the results of analyzing the data using the even window functions
shown below the data series in the figure. The best overall estimate Y, involves further
combining the two results, Y 24! and Y. However, to do this requires properly taking into
account the correlations between the two estimates. In order to do this, we need a number

of intermediate results which will be discussed next.
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Figure 1: Data analysis schema for overlapping windows. A: the full data train of R samples,
partitioned into 50% overlapping segments, each of which contains N points. The upper
windows (odd-numbered) stride through the R data points and consist of R/N = M non-
overlapping and thus independent segments. Similarly, the lower windows, offset by 50%,
represent a different partition of the data into non-overlapping segments. B: Schematic
of two adjacent segments, I and I + 1. Together they span p = 3N/2 data points. The
3N/2 span is composed of three different partitions: interval (1, N/2) containing data only
in segment I, interval (N/2 4+ 1, N), containing data in common between I and I + 1, and
interval (N + 1,3N/2), with data from segment I + 1. C: Schematic of the indexing for
the sums in Eq. 30. As can be visualized in graphic B above, there are four components to
the double sum, three of which involve uncorrelated data (shown in gray) and one of which
(shown in black) contains correlations that must be taken into account. D: Schema showing

terms contributing to the evaluation of (Y emYqd).
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2 Calculation of various statistics of the {z,;}

Since the data will be analyzed in segments of length N, it is useful to consider the following
different partitions of the data:

{xai} - {$a1i}160dd (3)
- {xafi}feevenu{xala"' 7xaN/2}U{IaR—N/27"' 7xaR}7 (4>

where
{Taritreodd = {Ta11, s TaiN; Tasls  » Ta3N; Ta2M—11," " s La2M—1N} (5)
{xali}IEeven = {IEan,"' y La2N; Ladly " s TadNs; La2M—-21," " axa2M—2N}- (6)

As mentioned earlier, the segments labelled by even I do not cover the full data set, failing
to include the first and last N/2 data samples of {z,;} (hence the need for the unions in
Eq. 4).

We will consider the case where the z,,1; are given by the sum of noise components n,, ;; and
a common signal component hy;:

Toti = Nari + i (7)

We will assume that that the noise and signal components are described by zero mean
Gaussian random processes

(nari) =0=(hn), (8)
and that the different noises are uncorrelated with one another and with the signal:
(niringg;) =0= (naphyj) . 9)

Here (---) corresponds to taking the ensemble average of the random variables over many
realizations or trials. We will also assume that data from non-overlapping segments are
uncorrelated with another, and that while the noise power may fluctuate from one segment
to the next, the signal power does not:

(Na1i N gj) = 5IJ0'72LQIRnQI(|i_j|)+
1 o .
1515 5| Tt Rl = 31) 4 02, o1 R (i = 3| (10)
(hrihy;)) = (017 +0re10) 0r Ru(li — j) - (11)

In the above expressions, R denotes a correlation sequence which is normalized to unity at
zero lag. The power spectra of the signal and noise, P, and P, , are the inverse Fourier
transforms of o} R, and 02 _; R, 1, respectively. For white Gaussian data, R(|i — j|) = d;;,
while for colored noise, R(|i — j|) will have be non-zero over some finite range of |i — j,
which we assume is still small relative to the number of samples N in a segment.

Finally, we will assume that the signal power is much smaller than the corresponding noise
power:
o <L o p, (12)
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so that in expressions involving both o2 and o2 ;, we can ignore terms proportional to o2.
h na I h

Now consider the quantity

N
. 1
Y = N 21 X171 X1 W
1=

(13)

This is an experimental estimate of the covariance of between x ; and x5 j; using a windowed,
finite data sample. The window function w; can be any symmetric function of index (i.e.,
time) that equals unity in the middle and tapers to zero near the ends. We now determine

the statistics of the Y7 given the definition of the processes z, .

2.1 The mean of Y;

(Yr) = k= Z(xui Top;) W

=1

=

N
= %Z <<n1]i nori) + (M1 b)) + (hpina ) + (b hn)> w
i=1
2 1 - 2
= O—hﬁ;wz
= o} w?
where
2 = 1 = 2
Ly
i=1

Note that (Y7) is independent of the segment number /.
2.2 The variance of Y;

op = (/) - (¥7)
| M

N2

%
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1 j=1
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where we used the small signal approximation Eq. 12 and the fact that the variances oia I

depend only segment number I and not on 4, j to obtain the last line. Note that for white
noise, where R, (| — j|) = d;j, we have

1 —
2 o 42 2 4
UI Ngnlfangf Nw ) (23)

where N
wh = Z (24)

The generalization to colored noise amounts to deﬁnlng

1 N N
ZZRmI Z_]| n21(|i_j’)wi2w32‘7 (25)

i=1 j=1

Nuk‘

so that

1 —
2. 2 2 Z
O R O0py10ny1 ﬁwz . (26>

Note the I subscript on wj in the last two expressions—i.e., window factors for colored,
non-stationary noise depend on segment number /; there is no I dependence for either white
noise or for stationary, colored noise.

2.3 The covariance of Y;Y)

o1, = (Y1¥s) — (Y){Y3) (27)

Referring to Figs.1A and 1B, one sees that data segments separated by more than J =1+1
involve unrelated, and therefore uncorrelated, data sets. Thus, one immediately obtains
(Y1Y;) = (Y1)(Y;), which implies

o7, =0 for|l—J >1. (28)

Because of the symmetry of the problem, we need to only consider the covariance between
Y, and Y;,;. For this calculation, data from more than a single segment [ are involved. In
fact, a total of 3N/2 points are involved, as can be seen in Fig.1B. Referring to Eqgs. 3, 4, it
is useful here to consider the data as forming a continuous series of 3N/2 points. Thus we
may rewrite the above equation equivalently as

3N/2
Ol141) = e Z > (@rimaimyymag) — (1 020) (@1 225)) Wiw) . (29)
=1 j= N/2+1

The summation may be broken up into four terms:

N 3N/2 N/2 N N/2 3N/2 N 3N/2

SIS SID SIEED DD NS 1 DITD DD SININCY

i=1 j=N/241  i=1 j=N/241 i=N/2+1j=N/2+1 i=1 j=N+1 i=N/2+1j=N+1
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The summations on the right-hand side of the above expression correspond to the shaded
regions in Fig.1C. The first, third, and fourth summations correspond to the non-overlapping
gray regions of the figure, for which (z1;xa; 21, %2;) = (21, 22;){x1, 22;), and thus do not
contribute to af( r+1)- Lhe second summation corresponds to the black-shaded region, which
has the same data in both segments Y; and Y7 ;. Thus, Eq. 29 for o(;41) reduces to

OHran) = Z Z (@15 025015 25) — (@15 225) (215 225)) WiWT_ys - (31)
i=N/241 j=N/2+1

The calculation of this summation is similar to that for 0. The only difference is that because
the data may not be stationary on time scales comparable to the segment length, care must
be taken in the variance we assign to this expression. The most reasonable approach is to
use the average of corresponding quantities from segments I and I + 1. The result is:

N N
1 1 . .
U%(I-&-l) ~ B (Uil 1072121 N2 Z Z Ry 1(|t = 3Ry 1(li = 41) wzzw?—N/Q +
i—N/2 J=N/2
o n1 (I1+1)9 2 (I+1) 2 Z Z Ry 41 ([t = 3D Ry 11y (|2 —J|)w12w]2 N/2>
i=N/2 j=N/2
(32)
For white noise, the above expression simplifies to
2 Lo 2 2 I —=
Tr+1) ¥ 5 <‘7n1 10051 T Ony (141) Oy (141) ) N Wy (33)
where
_ 1 X
T 2, 2
ovl = N/2 Z Wi W;_Ny2 (34)
1=N/2

is a quantity characterizing the overlap between the last half and first half of the window
function. For colored noise, if we define

wf)lvlf Z Z Rmf |Z_]D n21(’2_3|)w12w]2 N/2 > (35>

/ i=N/2 j=N/2
then
2 ~ 1 2 2 1 4 2 2 1 PRV 36
Or(1+1) ~ 2 Oni10ny1 ﬁwovll + 00y (141)%na (141) ﬁwovl (I+1) ) - (36)
Note that the overlapping window factors are convolved with the correlation sequences of

the detector noise and depend on the particular segment 1.

Furthermore, in terms o7 and o7, ;:

1 (1u” 1w
I (I+1)
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Yodd even

3 Determining the covariance matrix of opt. Yopt

Now we can proceed with calculating the covariance matrix of the pair of correlated mea-
surements Y.°44 and Y°'*". Using an obvious notation, we write:

opt opt
_ [ o8 o2
lei=] % 7 (39)
From Eq. 2 the diagonal terms are
1 1
2 2
O-O — ) 9 O-e — ~—  _9 - (39)
> 1e0dd 01 ? D reeven 01 ?

The off diagonal terms are given by

Tae = Tao = (Vo Your™) — (Vo) (V™) (40)

Referring to Eq.1, we get
-2 =2
<Yodd Yeven> . <Yodd><Yeven> _ Zleodd ZJeeven Or 0y (<YI YJ> - <}/}><YJ>) (41>
opt opt opt opt - — —
P P P P Zleodd Oy ? Zjeeven 0y ?

= o’0° Z Z 070,207, (42)

I€odd J€even

To proceed further, note that ¢%, = 0 for |I — J| > 1, so that

2M—3 2M—1
2 _ 22 -2 -2 2 -2 _—2 2
Ooe = 0,0¢ E Or 0r1101(141) + E 07 01-191(1-1) (43)
I odd=1 I odd=3
2 2 2
o o Oon— _
2 2 12 23 (2M-2)(2M-1)
= 0,0, 5ot st t—S—5— |- (44)
oso 050 o o
103 203 oM—2020—1

Finally, substituting for a?( [+1) USIng Eq. 37, we obtain:

1 (1w 1 w? 1 (1wt 1w
2 _ 2 2| = FTovll -2 ~ Tovl2 -2 | Z Zovl2 -2 ~ “ovl3 -2
er - o-oo-e [2 (2 ’LU_% 09 + D) w—% 01 ) + 9 (2 U)_g 03 + 2 w—g ) > + ](45)
= l(7202 1 &2 T2+ ! wél + w&:i oy +
27072\ 2 | W wl

1 1 1
I Wouem—3)  Worrem—1) \ _ I [ Wonenm—2) | _
+§ ( = +—= Oons o+ I\ ooy 1| - (46)

Waopr—3 Wopr—1
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For stationary or white noise, the window factors are all independent of segment number,
yielding the simplified result

2 Lugy 5 5[l 2 L
Ooe = = 0505|5070+ 05 4037+ 0gu o+ 5000 (47)
2 2 2
1w? 1
Mgl oo Lo o) (48)
2wt 2
1w? 1
— 3 oz ot~ ool (o ogi)] (1)
2 it 2
Since the individual variances % are typically M times larger than either o2 or o2, we have
L5, —2 1
§aoae< + Oon— 1) 2M (0 +o ) (50)
so that
1
2 Wo 1 o 2 1
Ohe ™~ ~ 5(00%—06) (1— ZM) (51)

The factor (1 —1/2M) can be thought of as a finite data stream ‘edge-effect’ correction. For,
e.g., M = 10 segments, the term represents a 5% effect.

even

4 Optimal combination of YOdd and Y ¥

As shown in Appendix C of “Optimal combination of signals from co-located gravitational
wave interferometers for use in searches for a stochastic background,” the optimal combi-
nation of two measurements Y; and Y5 that have the same theoretical mean and covariance
matrix

Ci Chi
Cll = 52
o= gr a2 (52
is given by the weighted average
2
LAY
Vo = it (53)
23:1 )‘j
where ,
x=YlCl; (54)
j=1
Explicitly,
022 — 012 011 - C(21
AN = == = - T4
LS det[O]] 2T det]]] (55)
where det ||C|| := C11Cs2 — C12C5;. The theoretical variance of Y, is
2 2
2
O'O t — /\ Cz] >\ (56>
' Zk 1 Ak zzl =1
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For the overlapping window analysis, we have Y; = Yo‘i)‘id and Yy = Y " with
2 2
— O-O O-OC
o= % | 57
50 2 2 2 2
N % 7% % 7 %e _ (58)
o T 9 e .
0508 — (03.)° 0508 — (03.)°

Since we know o2,

2 .
Oopt as desired.

o2, and o2, in terms of the o7 (c.f. Egs. 39, 46), we can calculate Y, and
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