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Abstract

We describe a new procedure for relating the normal mode quality factors (QQ’s) of achain of coupled
harmonic oscillators to the loss angles (¢'s) in the individual stages. We also show how to infer the
spectrum of the thermal noise in such a chain from the losses in the individual stages.

1 Introduction

There are currently anumber of interferometric gravitational-wave detectors under construction world-
wide, including VIRGO [1], GEO 600 [2], TAMA [3], and LIGO [4, 5]. To reduce both seismic and
thermal noise in these detectors, test masses are supported by low-loss suspensions with low nat-
ural resonance frequencies. One common form of such a suspension in the current generation of
gravitational-wave detectors is a simple pendulum, realized by cradling each test mass in a single
loop of fine steel wire. Advanced gravitational-wave detectors such as the anticipated second genera-
tion LIGO I1, as well as the current generation GEO 600, are expected to employ compound pendula
to further reduce the levels of both seismic and thermal noise [6, 7, 8, 9].

The physics of single-pendulum suspensions has been extensively studied [10, 11, 12]. Pendulum
thermal noise for a simple, one-stage suspension is easy to model using the fluctuation-dissipation
theorem, which relates the mechanical 1osses in a system to the spectrum of itsthermal noise [13, 14].
For an extended system, however, the fluctuati on-dissi pation theorem can be difficult to apply simply
because of the complexity of the calculation, and it is easy to lose sight of the underlying physics.
Simpler methods of calculating the thermal noise, such as normal-mode decomposition, often require
agreat deal of careand effort to correctly interpret their results, even for compound systems with only
two stages [15]. Furthermore the relationship between the losses in the system, the thermal noise, and
the quality factors (QQ’s) of the individual modes is often not clear in a system with many modes.

Thermal noise in two-mode systems has been studied in the time domain by Wang and Uhlenbeck
[16] and by Paik [17]. One-dimensional, two-mode systems have also been explored in the frequency
domain using normal-mode decomposition [10], and the normal-mode decomposition method has
been compared with the fluctuation-dissipation theorem, again in a one-dimensional, two-mode sys-
tem [15]. Thermal noisein single-cradle suspensions has been explored in three dimensions, including
violin modes of the wires, using the fluctuation-dissipation theorem [18] and an electrical transmis-
sion line model [19]. In this paper we will explore the relationship between the Q’s of the modes and
the losses in the individual stages of a one-dimensional chain of harmonic oscillators and show how
the off-resonance thermal noise depends on those |osses.

2 A general method for calculating thermal noise in coupled os-
cillators

The fluctuation dissipation theorem predicts the thermal noisein alinear system as[13, 14]

4kpT
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Figure 1: A chain of coupled harmonic oscillators. The first (Ieft-most) mass is attached to a rigid
wall, but the last mass is attached only to the previous stage. The analysis described in the paper can
be easily modified for different boundary conditions. This system is mathematically equivalent to a
compound pendulum in the small-angle approximation.

Where Y = v/f is the mechanical admittance of the system, defined by the velocity of some part
of the system (v) in response to a force applied to that part (f). For a sinusoidal driving force, the
admittanceis just '
1WT
Y = T,
f

where z isthe displacement of that mass from its static equilibrium point.
The mechanical admittanceis straightforwardto calculatefor the case of a1d chain of N harmonic
oscillators, such as the one shown in Figure 1. The equations of motion are

— w22y, = —kn (14 i00) (00 — Tpo1) + kn1 (1 + ibni1) (Tns1 — Tn) + fr,

where k,,, m,,, and ¢,, are spring constants, masses, and loss anglesfor theindividual stages, as shown
in Figure 1. The displacements of the masses from their static equilibrium points are given by «,,, and
any external force applied to the masses are given by f,,. This can be rearranged to

kn(l + i¢n>xn—1 + (mnw2 - kn(l + Z¢n) - kn—l—l(l + Z¢n+1)) Tn + kn—l—l(l + i¢n+1)xn+1 = _fna

or in matrix notation,
Ox = —1.

Thisis easily inverted to find the positions of the masses.
x = —Q7'f

If we only apply aforce to one mass, then the position of that mass will be determined by asingle
entry on the diagonal of the matrix 21, and that entry is given by [20].

o= — |7
Cnn

Finding the position of one mass with aforce applied to just that mass then reducesto a calculation
of two determinants, one of an (V —1) x (N — 1) matrix (the cofactor C',,,,), and the other of an N x N



matrix (€2). These determinants are fairly easy to compute because of the tri-diagonal nature of €2
(See Appendix A).
The admittance at massn isjust Y = iwx,/ f,,, and alittle algebra shows that the thermal noiseis

5 4kpT Re{iC,, |02}
X h = —
' w o |det()?

(2)

3 Lossanglesand modeQ’s

If we use Equation 2 to predict the thermal noise, we will get an expression for x4, in termsof theloss
anglesin theindividual stages, the ¢,,’s. Oftenit isthe quality factors, or )’s, of the normal modes of
a system that are measured, not the losses in the individual stages. In this section we will show how
the two are related.

One way to measure the () of a mode is to excite the system with a driving force of constant
amplitude and varying frequency. The response of the system will have a maximum at the resonant
frequency of each normal mode, and these maximawill show up as peaks in the transfer function of
the system. The () of amode is conventionally defined as its resonant frequency divided by the width
of the peak in the square of its transfer function.

The transfer function of our one dimensional system can be obtained from Equation 1.

X n Cnn

fo o det(Q)

The maximain this transfer function will occur very near to the resonant frequencies of an analogous,

undamped system. If we assume that the peaks are narrow enough that C',,,, is lowly varying over the
width of the peak, then we may estimate the width of the peak by finding the frequencies where

(Re{det(2)})” + (Im {det(2)})* = 2 (Im {det(2)});

wW=we "

Here w, are the frequencies of the eigenmodes. (We use the greek letter o to designate eigenmodes,
and the latin n to number individual stages.) Because the peaks are narrow and the imaginary part is
slowly varying, we can write this as

Re{det(Q)} ~ + (Im{det(2)})

wW=we "

We can expand the left side of this expression in a Taylor series in w to find the widths of the
resonances.

Re{det(2)} ~ Re{det(Q2)} _  + aiRe{det(Q)}
* w
Thefirst terminthisexpansion is zero by definition. That'swhat definesthe normal mode frequencies.
(We can ignore the very small shift in these frequencies introduced by the damping.) If the second
term in the series does not vanish (i.e. there are no degenerate modes [21]), then the width of the
resonance peaksis

Qu——wa)+—~~

W=Wq

21m {det(£2)}
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and the Q of themodeis ‘
2 Re{det(Q)}
Im {det(€2)}
Sincewe are only retaining terms to first order in the various ¢’s, we may invert Equation 3 to get
aset of linear equations relating the ¢’sto the ’s.

Wa

Qu="
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Notethat if any one of thelosses ¢; islarge enough to dominate the expression for Im {det(2)} , ,
then that loss will effectively determine the @ of that mode. The measured @ will be determined by
that one lossy stage. If thisis the case, then we will be unable to deduce the values of the smaller
losses from a simple () measurement.

4 Thegeneral behavior of the thermal noise spectrum

It iseasy to show that the thermal noise spectrum will have peaks at the natural resonance frequencies
of the system. We can also say some very general things about the off-resonance thermal noise, which
we present in this section. Proofs of all of these results are straightforward but quite long, and we do
not include them here in the interest of brevity.

4.1 Upper and lower bounds on mode frequencies

We can set upper and lower bounds on the eigenfrequencies of the modes. We use the greek letter
« to number the eigenmodes of the system, and we define two new quantities wy,., and wy,;, asthe
largest and smallest values of |/k,/m,, where p and ¢ may refer to different stages. For wyax, p and
g may not differ by more than 1, but for w.,;,, p and ¢ may have any values. Note that these are
not the highest and lowest resonant frequencies of the individual stages. Rather, they are the highest
and lowest possible resonant frequencies of individual stages that could be assembled by mixing and
matching masses and springs, with the restriction on wy,,, that the springs were already attached to
either the front or back ends of the masses.
With these definitions, all of the eigenfrequencies must liein the range

2
min < a<2 max-
i\ [NV g p) T e T e

4.2 Asymptotic behavior

In this section we describe the off-resonance spectrum of the thermal noise in the last stage at high
and low frequencies. (Analogous results apply to any arbitrary massin the chain.)

At high frequencies (well above the highest resonance), thethermal noisefalsoff as \/¢n (w) /w®/?,
just like a single oscillator, and it is dominated by the last stage, regardless of the relative values of



the loss anglesin each stage.
4]€BT w2
2 ~ a1}
Tih(w) = Lo ()
At low freguencies (well below the lowest resonance), the thermal noise also resembles the case of a
single oscillator, but here the losses in each stage contribute equally.

_AkpT XL ¢ (w)

x?h(w) ~ Z

w n=1

Mpw?2

Neither of these results are surprising. In the first (high-frequency) case, thermal noise in distant
stages does not show up in the last one because of the filtering action of a harmonic oscillator at
frequencies well above its resonance. The second (low-frequency) result tells us that, at frequencies
where there is no filtering, the thermal noise in all of the stages contributes equally and adds in
quadrature.

Note that in the case of structural damping, where ¢ is constant over a wide range of frequencies
[22], our expression appears to predict a divergence in the thermal noise at w = 0. This divergence
does not really happen because ¢ must be an odd function of w, which means it must go to zero at
w = 0 [23]. This keeps our thermal noise prediction from diverging, but we seldom need to worry
about the low-frequency variation of ¢ when cal culating thermal noise curves, since ¢ usually doesn’t
begin to fall off until you get to extremely low frequencies[10].

4.3 Consequences of the asymptotic behavior

We saw at the end of Section 3 that if there is alarge mismatch in the losses of the individual stages,
we would only be able to measure the largest ¢, by measuring the modal Q’s. Our asymptotic results
show that, in some cases, we can still determine the low-frequency thermal noise spectrum from
such a  measurement, but that we cannot reasonably predict the high-frequency spectrum if the last
stage has low loss. Since it is the high-frequency, low-loss case that we are usually interested in for
gravitational-wave detector suspensions, a modal ) measurement is of little use for predicting the
thermal noise behavior of such a suspension.

5 Someexamples

5.1 Thermal noisein asystem with threeidentical stages

As an example we consider here a system with three stages having identical masses and spring con-
stants but different losses. The natural frequency of one of these stages (by itself, not coupled to any
others) iswy = +/k/m, and we will find it useful to express our measurement frequency with respect
to this single-stage natural frequency. Our unitless measurement frequency is defined as



The thermal noise of asingle stage in isolation is easy to calculate, and we give it here for com-
parison with the three-mass, coupled case.

2 = 4kpT <1> ¢
t (

mwy \C) (¢2— 1)2—|—¢2'
For the three-stage system the thermal noisein the last massis, according to our procedure
) 4kpT (1
T g \¢

$3C% — 603C° + (d2 + 113)¢" — 2(da + 33)C° + (d1 + 2 + ¢3)
[C6 — 5CH 4+ 6¢2 — 1] + [(p1 + 262 + 263)C* — (31 + b + 563)C2 + (¢ + o + b))

The loss angles in these expressions may be frequency dependent, asin the case of thermoelastic
or viscous damping, but they must all be small (¢,, < 1) for this expression to be valid.

Figure 2 shows an example of thermal noise in one and three stage systems. There, the loss angle
in the single-stage system is the same as that of the last (highest-()) element in the three-stage system.

52 (’'sand lossanglesin systemswith identical stages
For the three-stage system considered above, the modal Q’s will be given by

3¢S —10¢3 + 6¢2
(2 =3+ 1)1+ (2¢ =42 + D)o+ (2¢2 — 52 + 1) g3

If 90,03 < p1 < 1, then the mode QQ’s will be dominated by the first stage.

Qa:

1368 — 1065 + 662

R TG
or

Q¢ =045 = %

1

Q=124 = 2%

1

9.28

Q¢ = 1.80) = o

An example of this ) suppression by one lossy stage can be seen in Figure 2, where the peaksin
the coupled system are much lower than the peak in the spectrum of the isolated stage.

5.3 Recoil damping

It has been known for some time that the () suppression described above depends on the relative
masses and natural frequencies of the individual stages. In this section we give an example of how
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Figure 2. A plot of the thermal noise in a three-stage system with identical masses and spring con-
stants but different loss angles, compared with the thermal noise spectrum of a single stage in iso-
lation. Here all loss angles are independent of frequency, as in the case of structural damping, and
the lossin the single stage isidentical to the lossin the last stage in the three-mass system. Note the
suppression of the ’s of the modes by the lossy first element.



our procedure can be used to model reaction damping in a two-stage system where the masses of the
stages are substantially different.

For a two stage system with m; > my and w; > wy, the normal mode frequencies are approxi-
mately

2

my W

2 2 2
wj & w1<1+— 5 2)

2

™Mo w

2 ~ 2 . 2
w” ~ Wy <1 — 2).

This situation is a common one. For example, the second stage could represent a low-loss, low-
frequency pendulum under study, and the first stage would be the table or building to which the
experiment is anchored. Inthiscase, it is the second, low-frequency mode we are interested in, since
it corresponds roughly to the natural mode of the second stage in isolation. The ) of this mode i,
according to our formula,

my  wiw?
DRt S
Q| mi (wf — w3)
Saulson has derived a similar result in the special case of viscous damping using a root-locus
method [10], and our result reducesto his if we set our loss angles proportional to frequency.

1.

6 Summary and conclusions

We have developed a simple method for relating the measured () values of a one-dimensional chain
of coupled harmonic oscillators to the losses in the individual stages and hence to the off-resonance
thermal noise spectrum.

One of the very general conclusions of our model isthat if thelossesin theindividual stages differ
significantly, measuring the modal ()’s can alow us to accurately predict the low-frequency thermal
noise spectrum, but it is not very revealing of the high-frequency behavior.
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A Calculating deter minants of €2

The matrix €2 is symmetric, and its general formis easy to write down. For athree-mass system,

miw? — k1 — ko — i(k1g1 + kago) ko + ikogo 0
Q= ko + ikoco mow? — ky — k3 — i(kaga + k3obs) ks + iksops
0 ks + iksps msw? — ks — i(ksds)



Note that all of the diagonal elements except the last one have the same form. If n < N,

an = man - kn - kn—i—l —1 (kn¢n + kn+1¢n+1) )

whereas
QNN = me2 — kN — ’ikN¢N.
If we leave thefirst massfree, not attached to awall, then thefirst diagonal element will have asimilar
form.
The combinatoric method of calculating determinantsis particularly well suited to this case [20].

ap b o
az by o
as bg C3 . . . = Z aijk...aibjck iy,
ij,k

anN bN CN

wheree; ;... isamulti-argument Levi-Civitasymbol, equal to +1 when the subscript ij% - - - iSaneven
permutation of 123 - - -, —1 when the subscript is an odd permutation of 123 - - -, and zero if any index
is repeated.

This calculation is even easier when the losses are small (¢, < 1), and we only need to retain
terms to first order in the loss angles. Note that the assumption that the losses are small does not
preclude frequency dependence. Our first-order results would be equally valid for structural damping,
where ¢ is constant over a wide range of frequencies [22, 10, 18], thermoelastic damping, viscous
damping (both of which give frequency dependence to the loss angle), or any other mechanism that
introduces frequency dependence to ¢.
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