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The importan
e of the �magneti
�
omponents of gravitational waves in theresponse fun
tions of interferometersChristian CordaFebruary 15, 2007INFN - Sezione di Pisa and Università di Pisa, Via F. Buonarroti 2, I - 56127PISA, ItalyE-mail address: 
hristian.
orda�ego-gw.itAbstra
tWith an enlighting treatment Baskaran and Grish
huk have re
entlyshown the presen
e and importan
e of the so-
alled �magneti
� 
ompo-nents of gravitational waves (GWs), whi
h have to be taken into a

ountin the 
ontext of the total response fun
tions of interferometers for GWspropagating from arbitrary dire
tions. In this paper more detailed angu-lar and frequen
y dependen
es of the response fun
tions for the magneti

omponents are given in the approximation of wavelength mu
h largerthan the linear dimensions of the interferometer, with a spe
i�
 appli-
ation to the parameters of the LIGO and Virgo interferometers. Ourresults agree with the work of Baskaran and Grish
huk in whi
h it hasbeen shown that the identi�
ation of �ele
tri
� and �magneti
� 
ontribu-tions is unambiguous in the long-wavelenght approximation. At the endof this paper the angular and frequen
y dependen
es of the total responsefun
tions of the LIGO and Virgo interferometers are given. In the high-frequen
y regime the division on �ele
tri
� and �magneti
� 
omponentsbe
omes ambiguous, thus the full theory of gravitational waves has to beused. Our results are 
onsistent with the ones of Baskaran and Grish
hukin this 
ase too.PACS numbers: 04.80.Nn, 04.80.-y, 04.25.Nx
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1 Introdu
tionThe design and 
onstru
tion of a number of sensitive dete
tors for GWs is un-derway today. There are some laser interferometers like the VIRGO dete
tor,being built in Cas
ina, near Pisa by a joint Italian-Fren
h 
ollaboration [1, 2℄, theGEO 600 dete
tor, being built in Hanover, Germany by a joint Anglo-Germany
ollaboration [3, 4℄, the two LIGO dete
tors, being built in the United States(one in Hanford, Washington and the other in Livingston, Louisiana) by a jointCalte
h-Mit 
ollaboration [5, 6℄, and the TAMA 300 dete
tor, being built nearTokyo, Japan [7, 8℄. There are many bar dete
tors 
urrently in operation too,and several interferometers and bars are in a phase of planning and proposalstages.The results of these dete
tors will have a fundamental impa
t on astrophysi
sand gravitation physi
s. There will be lots of experimental data to be analyzed,and theorists will be for
ed to intera
t with lots of experiments and data analyststo extra
t the physi
s from the data stream.Dete
tors for GWs will also be important to 
on�rm or ruling out the physi
al
onsisten
y of General Relativity or of any other theory of gravitation [9, 10,11, 12℄. This is be
ause, in the 
ontext of Extended Theories of Gravity, somedi�eren
es from General Relativity and the others theories 
an be seen startingby the linearized theory of gravity [9, 10, 12℄.With an enlighting treatment, re
ently, Baskaran and Grish
huk have shownthe presen
e and importan
e of the so-
alled �magneti
� 
omponents of GWs,whi
h have to be taken into a

ount in the 
ontext of the total response fun
tions(angular patterns) of interferometers for GWs propagating from arbitrary dire
-tions [13℄. In this paper more detailed angular and frequen
y dependen
es ofthe response fun
tions for the magneti
 
omponents are given in the approxima-tion of wavelength mu
h larger than the linear dimensions of the interferometer,with a spe
i�
 appli
ation to the parameters of the LIGO and Virgo interferom-eters. Our results agree with the work of [13℄ in whi
h it has been shown thatthe identi�
ation of �ele
tri
� and �magneti
� 
ontributions is unambiguous inthe long-wavelenght approximation. At the end of this paper the angular andfrequen
y dependen
es of the total response fun
tions of the LIGO and Virgointerferometers are given. In the high-frequen
y regime the division on �ele
tri
�and �magneti
� 
omponents be
ome ambiguous, thus the full theory of gravita-tional waves has to be used [13℄. Our results are 
onsistent with the ones of [13℄in this 
ase too.2 Analysis in the frame of the lo
al observerIn a laboratory enviroment on earth, the 
oordinate system in whi
h the spa
e-time is lo
ally �at is typi
ally used [12, 13, 15, 16, 17℄ and the distan
e betweenany two points is given simply by the di�eren
e in their 
oordinates in the senseof Newtonian physi
s. In this frame, 
alled the frame of the lo
al observer,GWs manifest themself by exerting tidal for
es on the masses (the mirror and2
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an be laun
hed from the beam-splitter to be boun
ed ba
kby the mirrorthe beam-splitter in the 
ase of an interferometer, see �gure 1).A detailed analysis of the frame of the lo
al observer is given in ref. [15℄,se
t. 13.6. Here we remember only the more important features of this frame:the time 
oordinate x0 is the proper time of the observer O;spatial axes are 
entered in O;in the spe
ial 
ase of zero a

eleration and zero rotation the spatial 
oor-dinates xj are the proper distan
es along the axes and the frame of the lo
alobserver redu
es to a lo
al Lorentz frame: in this 
ase the line element reads
ds2 = −(dx0)2 + δijdxidxj + O(|xj |2)dxαdxβ ; (1)the e�e
t of GWs on test masses is des
ribed by the equation for geodesi
deviation in this frame

ẍi = −R̃i
0k0x

k, (2)where we have 
alled R̃i
0k0 the linearized Riemann tensor [15℄.Re
ently Baskaran and Grish
huk have shown the presen
e and importan
eof the so-
alled magneti
 
omponent of GWs and have 
omputed the dete
torpattern in the low frequen
ies approximation [13℄. A
tually a more detailedangular and frequen
y dependen
es of the response fun
tions for the magneti

omponents 
an be given in the same approximation (i.e. wavelength mu
hlarger than the linear dimensions of the interferometer), with a spe
i�
 appli
a-tion to the parameters of the LIGO and Virgo interferometers.Before starting with the analysis of the response fun
tions of interferometers,a brief review of Se
tion 3 of [13℄ is ne
essary to understand the importan
e ofthe �magneti
� 
omponents of GWs. In this paper we use di�erent notationswith respe
t the ones used in [13℄. We work with G = 1, c = 1 and ~ = 1and we 
all h+(ttt + ztt) and h×(ttt + ztt) the weak perturbations due to the +and the × polarizations of the GW whi
h are expressed in terms of syn
rony3




oordinates ttt, xtt, ytt, ztt in the transverse-tra
eless (TT) gauge. In this waythe most general GW propagating in the ztt dire
tion 
an be written in termsof plane mono
hromati
 waves [15, 16, 17, 18℄
hµν(ttt + ztt) = h+(ttt + ztt)e

(+)
µν + h×(ttt + ztt)e

(×)
µν =

= h+0 exp iω(ttt + ztt)e
(+)
µν + h×0 exp iω(ttt + ztt)e

(×)
µν ,

(3)and the 
orrespondent line element will be
ds2 = dt2tt − dz2

tt − (1 + h+)dx2
tt − (1 − h+)dy2

tt − 2h×dxttdxtt. (4)The wordlines xtt, ytt, ztt = const are timelike geodesi
s whi
h representthe histories of free test masses [15, 17℄. The 
oordinate transformation xα =

xα(xβ
tt) from the TT 
oordinates to the frame of the lo
al observer is [13, 19℄

t = ttt + 1
4 (x2

tt − y2
tt)ḣ+ − 1

2xttyttḣ×

x = xtt + 1
2xtth+ − 1

2ytth× + 1
2xttzttḣ+ − 1

2yttzttḣ×

y = ytt + 1
2ytth+ − 1

2xtth× + 1
2yttzttḣ+ − 1

2xttzttḣ×

z = ztt −
1
4 (x2

tt − y2
tt)ḣ+ + 1

2xttyttḣ×.

(5)In eqs. (5) it is ḣ+ ≡ ∂h+

∂t
and ḣ× ≡ ∂h×

∂t
. The 
oe�
ients of this trans-formation (
omponents of the metri
 and its �rst time derivative) are takenalong the 
entral wordline of the lo
al observer [13, 14, 19℄. We emphasize that,in refs. [13, 19℄ it has been shown that the linear and quadrati
s terms, aspowers of xα

tt, are unambiguously determined by the 
onditions of the frame ofthe lo
al observer while the 
ubi
 and higher-order 
orre
tions are not deter-mined by these 
ondi
tions, thus, at high-frequenies, the expansion in terms ofhigher-order 
orre
tions breaks down [13, 14℄.Considering a free mass riding on a timelike geodesi
 (x = l1, y = l2, z = l3)[13℄ eqs. (5) de�ne the motion of this mass with respe
t the introdu
ed frameof the lo
al observer. It is
x(t) = l1 + 1

2 [l1h+(t) − l2h×(t)] + 1
2 l1l3ḣ+(t) + 1

2 l2l3ḣ×(t)

y(t) = l2 −
1
2 [l2h+(t) + l1h×(t)] − 1

2 l2l3ḣ+(t) + 1
2 l1l3ḣ×(t)

z(t) = l3 −
1
4[ (l

2
1 − l22)ḣ+(t) + 2l1l2ḣ×(t),

(6)whi
h are exa
tly eqs. (13) of [13℄ rewritten using our notation. In absen
e ofGWs the position of the mass is (l1, l2, l3). The e�e
t of the GW is to drive themass to have os
illations. Thus, in general, from eqs. (6) all three 
omponentsof motion are present [13℄. 4



Negle
ting the terms with ḣ+ and ḣ× in eqs. (6) the �traditional� equationsfor the mass motion are obteined [15, 17, 18℄
x(t) = l1 + 1

2 [l1h+(t) − l2h×(t)]

y(t) = l2 −
1
2 [l2h+(t) + l1h×(t)]

z(t) = l3.

(7)Cleary, this is the analogue of the ele
tri
 
omponent of motion in ele
trod-inami
s [13℄, while equations
x(t) = l1 + 1

2 l1l3ḣ+(t) + 1
2 l2l3ḣ×(t)

y(t) = l2 −
1
2 l2l3ḣ+(t) + 1

2 l1l3ḣ×(t)

z(t) = l3 −
1
4[ (l

2
1 − l22)ḣ+(t) + 2l1l2ḣ×(t),

(8)are the analogue of the magneti
 
omponent of motion. One 
ould thinkthat the presen
e of these magneti
 
omponents is a �frame artefa
t� due to thetransformation (5), but it has to be emphasized that in Se
tion 4 of [13℄ eqs.(6) have been obteined dire
tly by the geodesi
 deviation equation too, thus themagneti
 
omponents have a really physi
al signi�
an
e. The fundamental pointof [13℄ is that the magneti
 
omponent be
omes important when the frequen
yof the wave in
reases, like it is shown in Se
tion 3 of [13℄, but only in the low-frequen
ies regime. This 
an be understood dire
tly from eqs. (6). In fa
t,using eqs. (3) and eqs. (5), eqs. (6) be
ome
x(t) = l1 + 1

2 [l1h+(t) − l2h×(t)] + 1
2 l1l3ωh+(t) + 1

2 l2l3ωh×(t)

y(t) = l2 −
1
2 [l2h+(t) + l1h×(t)] − 1

2 l2l3ωh+(t) + 1
2 l1l3ωh×(t)

z(t) = l3 −
1
4[ (l

2
1 − l22)ωh+(t) + 2l1l2ωh×(t).

(9)This also means that the terms with ḣ+ and ḣ× in eqs. (6) 
an be negle
tetonly when the wavelenght goes to in�nity [13℄ while at high-frequen
ies, theexpansion in terms of ωlilj 
orre
tions, with i = 1, 2, 3, breaks down [13, 14℄.Now let us 
ompute the total response fun
tions of interferometers for themagneti
 
omponents.Equations (6), that represent the 
oordinates of the mirror of the interfer-ometer in presen
e of a GW in the frame of the lo
al observer, 
an be rewrittenfor the pure magneti
 
omponent of the + polarization as
x(t) = l1 + 1

2 l1l3ḣ+(t)

y(t) = l2 −
1
2 l2l3ḣ+(t)

z(t) = l3 −
1
4 (l21 − l22)ḣ+(t),

(10)5



where l1, l2 and l3 are the umperturbed 
oordinates of the mirror.To 
ompute the respon
e fun
tions for an arbitrary in
oming dire
tion ofthe GW we have to remember that the arms of our interferometer are in the
−→u and −→v dire
tions, while the x, y, z frame is the frame of the lo
al observer(i.e. the observer is assumed lo
ated in the position of the beam splitter) inphase with the frame of the propagating GW. Then we have to make a spatialrotation of our 
oordinate system:

u = −x cos θ cosφ + y sinφ + z sin θ cosφ

v = −x cos θ sin φ − y cosφ + z sin θ sin φ

w = x sin θ + z cos θ,

(11)or, in terms of the x, y, z frame:
x = −u cos θ cosφ − v cos θ sin φ + w sin θ

y = u sinφ − v cosφ

z = u sin θ cosφ + v sin θ sin φ + w cos θ.

(12)In this way the GW is propagating from an arbitrary dire
tion −→r to theinterferometer (see �gure 2). Be
ause the mirror of eqs. (10) is situated in the
u dire
tion, using eqs. (10), (11) and (12) the u 
oordinate of the mirror is givenby

u = L +
1

4
L2Aḣ+(t). (13)where we have de�ned

A ≡ sin θ cosφ(cos2 θ cos2 φ − sin2 φ), (14)and L =
√

l21 + l22 + l23 is the lenght of the arms of the interferometer.The 
omputation for the v arm is parallel to the one above. Using eqs. (10),(11) and (12) the 
oordinate of the mirror in the v arm is:
v = L +

1

4
L2Bḣ+(t), (15)where we have de�ned

B ≡ sin θ sin φ(cos2 θ cos2 φ − sin2 φ). (16)3 The response fun
tion of an interferometer forthe magneti
 
ontribution of the + polarizationEquations (13) and (15) represent the distan
e of the two mirrors of the interfer-ometer from the beam splitter in presen
e of the GW (i.e. only the 
ontribution6
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Figure 2: a GW propagating from an arbitrary dire
tion
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of the magneti
 
omponent of the + polarization of the GW is taken into a
-
ount). They represent parti
ular 
ases of the more general form given in eq.(33) of [13℄.A �signal� 
an also be de�ned in the time domain (i.e. T = L in our nota-tion):
δT (t)

T
≡

u − v

L
=

1

4
L(A − B)ḣ+(t). (17)The quantity (17) 
an be 
omputed in the frequen
y domain using theFourier transform of h+ de�ned by

h̃+(ω) =

∫
∞

−∞

dth+(t) exp(iωt), (18)obtaining
δ̃T (ω)

T
= H+

magn(ω)h̃+(ω),where the fun
tion
H+

magn(ω) = − 1
8 iωL(A − B) =

= − 1
4 iωL sin θ[(cos2 θ + sin 2φ1+cos2 θ

2 )](cosφ − sin φ)

(19)is the total response fun
tion of the interferometer for the magneti
 
om-ponent of the + polarization that is in perfe
t agreement with the result ofBaskaran and Grish
huk (eqs. 46 and 49 of [13℄). In the above 
omputation thederivation theorem of the Fourier transform has been used.We emphasize that in our work the x, y, z frame is the frame of the lo
alobserver in phase with respe
t the propagating GW, while in [13℄ the two framesare not in phase (i.e. in our work the third angle is put equal to zero, this isnot a restri
tion as it is known in literature, see for example [12℄).In �gures 3 and 4 the absolute value of the response fun
tions (19) of theVirgo (L = 3Km) and LIGO (L = 4Km) interferometers to the magneti
 
om-ponent of the + polarization of GWs for θ = π
4 and φ = π

3 are respe
tivelyshown in the low-frequen
y range 10Hz ≤ 100Hz. This value grows with fre-quen
ies. In �gures 5 and 6 the angular dependen
e of the response fun
tion(19) of the Virgo and LIGO interferometers to the magneti
 
omponent of the
+ polarization of GWs for f = 100Hz are shown.4 Analysis for the × polarizationThe analysis 
an be generalized for the magneti
 
omponent of the × polar-ization too. In this 
ase, equations (6) 
an be rewritten for the pure magneti

omponent of the × polarization as 8
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Figure 3: the absolute value of the total response fun
tion of the Virgo interfer-ometer to the magneti
 
omponent of the + polarization of GWs for θ = π
4 and

φ = π
3 in the low-frequen
y range 10Hz ≤ 100Hz
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Figure 4: the absolute value of the total response fun
tion of the LIGO inter-ferometer to the magneti
 
omponent of the + polarization of GWs for θ = π
4and φ = π

3 in the low- frequen
y range 10Hz ≤ 100Hz9
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x(t + z) = l1 + 1
2 l2l3ḣ×(t + z)

y(t + z) = l2 + 1
2 l1l3ḣ×(t + z)

z(t + z) = l3 −
1
2 l1l2ḣ×(t + z).

(20)Using eqs. (20), (11) and (12) the u 
oordinate of the mirror situated in the
u arm of the interferometer is given by

u = L +
1

4
L2Cḣ×(t). (21)where we have de�ned

C ≡ −2 cosθ cos2 φ sin θ sin φ, (22)while the v 
oordinate of the mirror situated in the v arm of the interferometeris given by
v = L +

1

4
L2Dḣ×(t). (23)where it is

D ≡ 2 cos θ cosφ sin θ sin2 φ. (24)Thus, with an analysis parallel to the one of previous Se
tions, it is possi-ble to show that the response fun
tion of the interferometer for the magneti

omponent of the × polarization of GWs is
H×

magn(ω) = −iωT (C − D) =

= −iωL sin 2φ(cosφ + sin φ) cos θ
(25)that is in perfe
t agreement with the result of Baskaran and Grish
huk (eqs.46 and 50 of [13℄). In �gure 7 and 8 the absolute value of the total responsefun
tions (25) of the Virgo and LIGO interferometers to the magneti
 
ompo-nent of the × polarization of GWs for θ = π

4 and φ = π
3 are respe
tively shownin the low- frequen
y range 10Hz ≤ 100Hz. This value grows with frequen
iesin analogy with the 
ase seen in previous Se
tion for the magneti
 
omponentof the + polarization. In �gure 9 and 10 the angular dependen
e of the totalresponse fun
tion (25) of the Virgo and LIGO interferometers to the magneti

omponents of the × polarization of GWs for f = 100Hz are shown.5 The total response fun
tion of interferometersin the full theory of gravitational wavesThe low-frequen
ies approximation, that has been used in previous Se
tions toshow that the �magneti
� and �ele
tri
� 
ontributes to the response fun
tions12
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Figure 7: the absolute value of the total response fun
tion of the Virgo interfer-ometer to the magneti
 
omponent of the × polarization of GWs for θ = π
4 and
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3 in the low- frequen
y range 10Hz ≤ 100Hz
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Figure 8: the absolute value of the total response fun
tion of the LIGO inter-ferometer to the magneti
 
omponent of the × polarization of GWs for θ = π
4and φ = π

3 in the low- frequen
y range 10Hz ≤ 100Hz13
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an be identi�
ated without ambiguity in the longh-wavelenght regime (see also[13℄), is su�
ient only for ground based interferometers, for whi
h the 
ondition
f ≪ 1/L is in general satisfed. For spa
e-based interferometers for whi
h theabove 
ondition is not satisfed in the high-frequen
y portion of the sensivityband [13, 14, 22, 23℄ the full theory of gravitational waves has to be used.If one removes the low-frequen
ies approximation, to 
ompute the total re-sponse fun
tions of interferometers generalized in their full frequen
y depen-den
e, an analysis parallel to the one used for the �rst time in [16℄ 
an be used:the so 
alled �boun
hing photon metod�. We emphasize that this metod has beengeneralized to s
alar waves, angular dependen
e and massive modes of GWs in[12℄. This is also a part of a more general problem of �nding the null geodesi
of light in the presen
e of a weak gravitational wave [13, 15, 20, 21, 22, 23℄.In this se
tion we 
ompute the variaton of the proper distan
e that a photon
overs to make a round-trip from the beam-splitter to the mirror of an interfer-ometer [12, 16℄ with the gauge 
hoi
e (4). In this 
ase one does not have thene
essity of introdu
ting the frame of the lo
al observer (see also Se
tion 5 of[13℄). In this way, with a treatment parallel to the one of [12, 16℄, the analysisis translated in the frequen
y domain and the general response fun
tions areobtained.A spe
ial property of the TT gauge is that an inertial test mass initially atrest in these 
oordinates, remains at rest throughout the entire passage of theGW [15, 16, 18℄. Here we have to 
larify the use of words � at rest�: we wantto mean that the 
oordinates of the test mass do not 
hange in the presen
e ofthe GW. The proper distan
e between the beam-splitter and the mirror of ourinterferometer 
hanges even though their 
oordinates remain the same [15, 16℄.We start from the + polarization. In this 
ase the interval (4) takes the form(i.e. in this Se
tion the 
oordinates of the TT gauge are 
alled t, x, y, z):

ds2 = −dt2 + dz2 + [1 + h+(t + z)]dx2 + [1 + h+(t + z)]dy2. (26)But we re
all that the arms of our interferometer are in the −→u and −→vdire
tions, while the x, y, z frame is the proper frame of the in
oming GW.We 
an write for the metri
 tensor (see Chap. (10) of [17℄ ):
gik =

∂xi

∂x′l

∂xk

∂x′m
g′lm. (27)By using eq. (11), eq. (12) and eq. (27), in the new rotated frame, the lineelement (26) in the −→u dire
tion be
omes:

ds2 = −dt2 + [1 + (cos2 θ cos2 φ − sin2 φ)h+(t + u sin θ cosφ)]du2. (28)It has to be emphasized that in the line element (28), di�erently from that ineq. 2 of ref. [16℄, where, be
ause of the simplest geometry, there is a purely timedependen
e, there are a spatial dependen
e in the u dire
tion and an angulardependen
e too. Thus our analysis is more general than the analysis of [16℄,16



and parallel to the one of Se
tion 7 of [12℄ for the angular response fun
tion ofthe s
alar 
omponent.A good way to analyze variations in the proper distan
e (time) is by meansof �boun
ing photons� (see [12, 13, 16, 20, 21, 22℄ and �gure 1). A photon 
anbe laun
hed from the beam-splitter to be boun
ed ba
k by the mirror.The 
ondition for null geodesi
s (ds2 = 0) in eq. (28) gives the 
oordinatevelo
ity of the photon:
v2 ≡ (

du

dt
)2 =

1

[1 + (cos2 θ cos2 φ − sin2 φ)h+(t + u sin θ cosφ)]
, (29)whi
h is a 
onvenient quantity for 
al
ulations of the photon propagationtime between the the beam-splitter and the mirror [12, 16℄. We remember thatthe beam splitter is lo
ated in the origin of the new 
oordinate system (i.e.

ub = 0, vb = 0, wb = 0). We know that the 
oordinates of the beam-splitter
ub = 0 and of the mirror um = L do not 
hanges under the in�uen
e of theGW, thus one 
an �nd the duration of the forward trip as

T1(t) =

∫ L

0

du

v(t′ + u sin θ cosφ)
, (30)with

t′ = t − (L − u).In the last equation t′ is the retardation time (i.e. t is the time at whi
h thephoton arrives in the position L, so L − u = t − t′).To �rst order in h+ this integral 
an be approximated with
T1(t) = T +

cos2 θ cos2 φ − sin2 φ

2

∫ L

0

h+(t′ + u sin θ cosφ)du, (31)where
T = Lis the transit time of the photon in the absen
e of the GW. Similiary, theduration of the return trip will be

T2(t) = T +
cos2 θ cos2 φ − sin2 φ

2

∫ 0

L

h+(t′ + u sin θ cosφ)(−du), (32)though now the retardation time is
t′ = t − (u − l).The round-trip time will be the sum of T2(t) and T1[t − T2(t)]. The latter
an be approximated by T1(t−T ) be
ause the di�eren
e between the exa
t andthe approximate values is se
ond order in h+. Then, to �rst order in h+, theduration of the round-trip will be 17



Tr.t.(t) = T1(t − T ) + T2(t). (33)By using eqs. (31) and (32) one sees immediatly that deviations of thisround-trip time (i.e. proper distan
e) from its imperurbated value are given by
δT (t) = cos2 θ cos2 φ−sin2 φ

2

∫ L

0 [h+(t − 2T − u(1 − sin θ cosφ))+

+h+(t + u(1 + sin θ cosφ))]du.

(34)Now, using the Fourier transform of the + polarization of the �eld, de�nedby eq. (18) one obtains , in the frequen
y domain:
δT̃ (ω) = (cos2 θ cos2 φ − sin2 φ)H̃u(ω, θ, φ)h̃+(ω) (35)where

H̃u(ω, θ, φ) = −1+exp(2iωL)
2iω(1+sin2 θ cos2 φ)

+

+− sin θ cos φ((1+exp(2iωL)−2 exp iωL(1−sin θ cos φ)))
2iω(1+sin θ cos2 φ) ,

(36)and we immediately see that H̃u(ω, θ, φ) → L when ω → 0.Thus, the total response fun
tion of the arm of the interferometer in the −→udire
tion to the + 
omponent of the GW is:
Υ+

u (ω) =
(cos2 θ cos2 φ − sin2 φ)

2L
H̃u(ω, θ, φ), (37)where 2L = 2T is the round trip time in absen
e of gravitational waves (notethat in [16℄ the Lapla
e transform is used. Here the Fourier one is used be
ausewe are going to gra�
 the frequen
y response fun
tions of the Virgo and LIGOinterferometer for the two polarizations of the GW, see also [12℄).In the same way the line element (26) in the −→v dire
tion be
omes:

ds2 = −dt2 + [1 + (cos2 θ sin2 φ − cos2 φ)h+(t + v sin θ sin φ)]dv2, (38)and the response fun
tion of the v arm of the interferometer to the + polar-ization of the GW is:
Υ+

v (ω) =
(cos2 θ sin2 φ − cos2 φ)

2L
H̃v(ω, θ, φ) (39)where now it is

H̃v(ω, θ, φ) = −1+exp(2iωL)
2iω(1+sin2 θ sin2 φ)

+

+− sin θ sin φ((1+exp(2iωL)−2 exp iωL(1−sin θ sin φ)))
2iω(1+sin2 θ sin2 φ) ,

(40)18



with H̃v(ω, θ, φ) → L when ω → 0. In this 
ase the variation of the distan
e(time) is
δT̃ (ω) = (cos2 θ cos2 φ − cos2 φ)H̃v(ω, θ, φ)h̃+(ω). (41)From equations (35) and (41), the total distan
es of the two arms in presen
eof the + polarization of the GW and in the frequen
y domain are:

T̃u(ω) = (cos2 θ cos2 φ − sin2 φ)H̃u(ω, θ, φ)h̃+(ω) + T. (42)
T̃v(ω) = (cos2 θ cos2 φ − cos2 φ)H̃v(ω, θ, φ)h̃+(ω) + T, (43)that are parti
ular 
ases of the more general equation (39) of [13℄.Thus the total frequen
y-dependent response fun
tion (i.e. the dete
torpattern) of an interferometer to the + polarization of the GW is:

H̃+(ω) = Υ+
u (ω) − Υ+

v (ω) =

= (cos2 θ cos2 φ−sin2 φ)
2L

H̃u(ω, θ, φ)+

− (cos2 θ sin2 φ−cos2 φ)
2L

H̃v(ω, θ, φ)

(44)that in the low frequen
ies limit (ω → 0), if one retains the �rst two termsof the expansion, is in perfe
t agreement with the dete
tor pattern of eq. (46)of [13℄ for the + polarization:
H̃+(ω → 0) = 1

2 (1 + cos2 θ) cos 2φ+

− 1
4 iωL sin θ[(cos2 θ + sin 2φ1+cos2 θ

2 )](cos φ − sin φ).

(45)This result also 
on�rms that the magneti
 
ontribution to the distan
e is anuniversal phenomenon be
ause it has been obtained starting by the full theoryof gravitational waves in the TT gauge (see also [13℄).Now the same analysis 
an be made for the × polarization. In this 
ase,from eq. (4) it is:
ds2 = −dt2 + dz2 + dx2 + dy2 + 2h×(t + z)dxdy (46)for the line element, and, by using eq. (11), eq. (12) and eq. (27), in thenew rotated frame, the line element (46) in the −→u dire
tion be
omes:

ds2 = −dt2 + [1 − 2 cos θ cosφ sin φh×(t + u sin θ cosφ)]du2. (47)In this way the response fun
tion of the u arm of the interferometer to the
× polarization of the GW is:

Υ×

u (ω) =
− cos θ cosφ sin φ

L
H̃u(ω, θ, φ). (48)In the same way the line element (46) in the −→v dire
tion be
omes:19



ds2 = −dt2 + [1 + 2 cos θ cosφ sin φh×(t + u sin θ sin φ)]dv2 (49)and the response fun
tion of the v arm of the interferometer to the × polar-ization of the GW is:
Υ×

v (ω) =
cos θ cosφ sin φ

L
H̃v(ω, θ, φ) (50)Thus the total frequen
y-dependent response fun
tion of an interferometerto the × polarization of the GW is:

H̃×(ω) =
− cos θ cosφ sin φ

L
[H̃u(ω, θ, φ) + H̃v(ω, θ, φ)] (51)that in the low frequen
ies limit (ω → 0) is in perfe
t agreement with thedete
tor pattern of eq. (46) of [13℄ for the × polarization::

H̃×(ω → 0) = − cos θ sin 2φ − iωL sin 2φ(cos φ + sin φ) cos θ, (52)while the total distan
es of the two arms in presen
e of the ×polarization ofthe GW and in the frequen
y domain are:
T̃u(ω) = (cos θ cosφ sin φ)H̃u(ω, θ, φ)h̃×(ω) + T. (53)

T̃v(ω) = (− cos θ cosφ sin φ)H̃v(ω, θ, φ)h̃×(ω) + T, (54)that also are parti
ular 
ases of the more general equation (39) of [13℄. Wealso emphasize that the total low frequen
ies response fun
tions of eqs. (45) and(45) are more a

urate than the ones of [24, 25℄ be
ause our equations in
ludethe �magneti
� 
ontribution (see also [13℄).Then, we have shown that a generalization of the analysis of [12, 16℄ worksin the 
omputation of the response fun
tions of interferometers and that ourresults in the frequen
y domain are totally 
onsistent with the results of [13℄.Thus our results 
on�rm the presen
e and importan
e of the so-
alled �magneti
�
omponents of GWs and the fa
t that they have to be taken into a

ount in the
ontext of the total response fun
tions of interferometers for GWs propagatingfrom arbitrary dire
tions.In �gs. 11 and 12 the absolute values of the total response fun
tions ofthe Virgo interferometer for the + and × polarizations of gravitational wavespropagating from the dire
tion θ = π
4 and φ = π

3 are shown respe
tively. Thesame for the LIGO interferometer is shown in �gs. 13 and 14. We 
an see fromthe �gures that at high frequen
ies the absolute values of the response fun
tionsde
reases respe
t to the 
onstant value of the low frequen
ies approximation.Finally, in �gs. 15 and 16 the angular dependen
e of the total response fun
tionsof the Virgo interferometer to the + and × polarizations of GWs for f = 100Hzare shown, while in �gs. 17 and 18 the same angular dependen
es are shown forthe LIGO interferometer. 20
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Figure 11: the absolute value of the total response fun
tion of the Virgo in-terferometer to the + polarization of the gravitational waves for θ = π
4 and

φ = π
3 .
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4 and

φ = π
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Figure 13: the absolute value of the total response fun
tion of the LIGO in-terferometer to the + polarization of the gravitational waves for θ = π
4 and

φ = π
3 .
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Figure 14: the absolute value of the total response fun
tion of the LIGO in-terferometer to the × polarization of the gravitational waves for θ = π
4 and

φ = π
3 .

24



0

1

2

3

Theta

0

2

4

6

Phi

0
0.25
0.5

0.75

1

Value

0

1

2

3

ThetaFigure 15: the angular dependen
e of the total response fun
tion of the Virgointerferometer to the + polarization of GWs for f = 100Hz6 Con
lusion remarksIn this paper more detailed angular and frequen
y dependen
es of the responsefun
tions for the magneti
 
omponents of GWs have been given in the approx-imation of wavelength mu
h larger than the linear dimensions of the interfer-ometer, with a spe
i�
 appli
ation to the parameters of the LIGO and Virgointerferometers. Our results agree with the work of [13℄ in whi
h it has beenshown that the identi�
ation of �ele
tri
� and �magneti
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y dependen
es of the total response fun
tions of theLIGO and Virgo interferometers have been given. In the high-frequen
y regimethe division on �ele
tri
� and �magneti
� 
omponents be
ome ambiguous, thusthe full theory of gravitational waves has been used. Our results are 
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